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Abstract. We define the notions of ergodic shadowing property, d-shadowing property and
eventual shadowing property in terms of the topology of the phase space. Secondly we
define these notions in terms of the compatible uniformity of the phase space. When the
phase space is a compact Hausdorff space, we establish the equivalence of the corresponding
definitions of the topological approach and the uniformity approach. In case the phase space
is a compact metric space, the notions of ergodic shadowing property, d-shadowing property
and eventual shadowing property defined in terms of topology and uniformity are equivalent

to their respective standard definitions.

1. INTRODUCTION

Generally by a dynamical system we mean a pair (X, f), where X is a
compact metric space called phase space with metric p, and f a continuous
self map. Recently, the standard notions of a dynamical system have been
extended to the case when X is a uniform space. Almost all the standard
notions of dynamical systems are defined in terms of the metric except for
some cases (Topological transitivity etc.) where the definitions are purely
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topological. It is interesting to know that sensitivity defined based on metric
is related to transitivity and dense periodic points defined based on topology
(see [5], [6], [13], [19]).

The fact that distance between two points z,y is less than €, that is,
p(x,y) < € for metric space can be analogously expressed in terms of suit-
able entourage U, that is, (z,y) € U for uniform space. One can see such
approach in ([9], [10], [15]). In general, the uniformity of a uniformizable
space is not unique just like the metric of a non compact metric space is not
unique. Therefore the question of inconsistency of the definitions of various
notions arises, that is, a dynamical system may be expansive with respect to
one compatible uniformity V whereas the same dynamical system may not be
so with respect to another compatible uniformity Z/. The inconsistency ceases
when one takes a compact uniform space in which the uniformity is unique.

In more generalized way, many researchers have extended various notions
of a dynamical system to Hausdorff topological spaces using the concept of
finite open cover. Indeed they are defining the various notions of dynamical
systems in terms of the topology of the phase space. It is quite interesting to
know how the metric oriented definitions of the notions of dynamical systems
are analogously defined in terms of finite open covers of Hausdorff topolog-
ical spaces. One can see such generalization in ([8], [14]). When we study
dynamical systems on the class of Hausdorff topological spaces, indeed, we
are extending the standard dynamical notions of compact metric spaces to a
bigger class of Hausdorff topological spaces.

In this paper, by a Hausdorff dynamical system we mean a pair (X, f), where
f is continuous self-map, and X is a Hausdorff space. When the phase space X
is a Hausdorff uniform space we refer to (X, f) as a uniform dynamical system
whereas we simply say that (X, f) is a dynamical system when X is a metric
space. We prefix Hausdorff in the nomenclature of each notion of Hausdorff
dynamical system whereas we prefix uniform in the case of uniform dynamical
system. When the definition of a notion is purely based on the topology of the
space, we use the same nomenclature in all cases. For example, topological
transitivity is defined purely based on the topology of the space, therefore the
definition “A system (X, f) is topological transitive if for each pair U,V of
nonempty open sets there exists a positive integer n such that f"(U)NV # ¢
or (U)N f7™(V) # ¢” is used for Hausdorff dynamical systems as well as for
uniform dynamical systems.

In [14], Good and Macias have defined Hausdorff sensitivity and Hausdorff
shadowing and further they have proved that they are equivalent to their re-
spective standard notions when the phase space is a compact metric space.
In [20], the author defines Hausdorff equicontinuity, Hausdorff equicontinuous
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point, and Hausdorff sensitivity point in terms of finite open covers. In case
the phase space is a compact metric space, he proves that Hausdorff equiconti-
nuity, uniform equicontinuity, and standard equicontinuity are equivalent. In
[11], the authors define positive expansivity, chain transitivity, rigidity, and
specification property in terms finite open covers. In [3], the authors extended
the study of dynamical systems on the completion of totally bounded uni-
form spaces. In [2], we extend notions such as expansiveness, pseudo orbit
tracing property, chain transitivity, periodic shadowing property to uniform
dynamical system (X, f), where X is a compact uniform space.

The notion of ergodic shadowing was introduced by Fakhari and Ghane in
[12]. They established the fact that ergodic shadowing is stronger than the
shadowing property in the sense that any mapping with the ergodic shad-
owing property has the shadowing property. In [9] Silberstein and Coornaert
give sufficient conditions for sensitivity of continuous group actions on uniform
spaces. In [10] the authors introduced the notion of weakly ergodic shadowing
and proved the equivalence of ergodic shadowing, weakly ergodic shadowing,
shadowing, d-shadowing, and d-shadowing. In [18], the author defined Even-
tual shadowing property on a closed f-invariant subset A C X. He proves that
a map f has eventual shadowing property if and only if f has the eventual
shadowing property on A.

Motivated by the works on the generalizations of dynamical systems, we
want to extend the notions of ergodic shadowing, d-shadowing, eventual shad-
owing to the systems where the phase space is a Hausdorff space or a uniform
space. In section 2, we give brief accounts of uniform spaces, and some stan-
dard notions of dynamical systems which are used in the paper. We try to
simplify the notations as much possible as we can.

In section 3, we give definitions and results. We give various notions of
dynamical systems when the phase space is a Hausdorff space or a uniform
space. Let (X, f) be a dynamical system where X is a compact Hausdorff space
and U be the unique uniformity on X which induces the topology for X. For
Uel,letey ={x € X : 3D € U such that for all n > 0, (f"(y), f*(2)) € U}.
Then we prove that e is inversely invariant, open and € = [ ey.

veud

It is a well known that a transitive system (X, f) is either sensitive or almost
equicontinuous ([1]). We extend this result in uniform dynamical systems.
Since every compact metric space is both a Baire space and a second countable
space, the expression ¢ = () ey can be written as countable intersection of

Ueld
dense open sets and thereby proving that the system is almost equicontinuous.

In case the phase space is a compact Hausdorff space we prove the result as

follows: A transitive system on a compact Hausdorff space is either uniformly
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sensitive or ey is dense for each U € Y. We define the notions of Hausdorff
ergodic shadowing property and uniform ergodic shadowing property. In case
the phase space is a compact Hausdorff space, we prove that the two notions
are equivalent and further they are equivalent to ergodic shadowing prop-
erty when the phase space is a compact metric space. We define Hausdorff
d-shadowing property and uniform d-shadowing property. We prove that if
(X, f) has Hausdorff ergodic shadowing property then for any natural number
k, (X, f¥) has Hausdorff ergodic shadowing property. Lastly we extend the
notion of eventual shadowing to Hausdorff dynamical systems and uniform
dynamical systems.

2. PRELIMINARIES

In this section, we give a brief account of a uniform space and its associated
terminologies, and as well as some of standard notions of a dynamical system.

Weil [21] introduced the notion of uniformity. Let X be a non-empty set
and U, V subsets of X x X. Define UoV by UoV = {(z,y) € X x X : Iz € X,
such that (x,2) € U, and (z,y) € V} and U™ by U™} = {(z,9) € X x X :
(y,r) € U}. Ut is called the inverse of U. If U = U~!, we say that U is
symmetric. Also, U N U1 is symmetric. A non-empty collection I of subsets
U C X x X is said to have uniform structure if the following are satisfied:

(a) Each member U of U contains the diagonal A,
where A = {(z,x) : x € X},

(b) UeUd =V oV CU forsome V eld,

() UeU=U"teU,

) UecUUandV e =UNV el,

e)UeUandUCV CXxX=Vel.

U is called a uniformity for X and the pair (X,U) is called a uniform space.
Members of U are known as entourages. For x € X and U € U, the set
Ulz] ={y € X : (z,y) € U} is called the U-neighborhood of z. If D C X x X
and E a symmetric entourage, then

EoDoE= |J E[s]xE[y.
(zy)eD
For a finite sequence of points {y;}¥_,, we have

k

Byl x Ely) CEocAoE=EoE.

i=1
For an entourage V € U, the family C(V) = {V[z] : z € X} is a cover for
X. A cover B is said to refine another cover A if for each B € B, there exists
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A € A such that B C A. A cover A of a uniform space (X,U) is said to be a
uniform cover if there is an entourage V' € U such that C(V') refines A.

Let (X, f) be a uniform dynamical system. A point z € X is uniformly
sensitive if there is a symmetric entourage £ € U such that for any neigh-
borhood V' of x, there are y € V and n > 1 with (f™(x), f"(y)) ¢ E. The
system (X, f) is uniformly sensitive if there is a symmetric entourage F € U
such that for any nonempty open subset O of X, there are x,y € O and n > 1

with (f"(z), ["(y)) ¢ E.

The notion of shadowing was first introduced in 1970 by Anosov [4] and
Bowen [7]. For any A C Z7, define the upper density and lower density of A
by

_ . 1
d(A) = nh_)r{)lo sup E‘A n{0,1,...,n— 1}
and .
d(A) = nh_)rrolo inf E[A Nn{0,1,...,n —1}|
respectively, where |.| denotes the cardinality of set. If there exists a number

d(A) such that d(A) = d(A) = d(A), then we say that the set A has density
d(A).

Let (X, f) be a dynamical system, and § > 0. A sequence { = {&;};ez+ in
(X, f) is said to be d—pseudo orbit if p(f(&;),&+1) < ¢ for all j € ZT. We

say that the §—pseudo orbit ¢ is e—shadowed by a point y if p(f7(y),&;) < €
for all j € ZT, where € is a positive number.

For a sequence &, and for 6 > 0, denote by the sets
N(&,0) = {j € Z" : p(f(&),&+1) < 6}

and
N(&,0) :=={j € Z" : p(f(&),&j+1) % 6}
respectively. If € is a —pseudo orbit, then N(£,5) = Z™.

For a given sequence £, a point gy, and € > 0, denote by the sets
N(y,&,€) = {j € Z" : p(f'(y),&)) < €}

and A
Ne(y,&,e):={j € Z* : p(f'(y),&;) £ €}
respectively. If € is e—shadowed by y, then N(y,&,¢) = Z7.

In [12] Fakhari and Ghane introduced the notion of j—ergodic pseudo orbit
and ergodic shadowing property. A sequence £ is said to be d-ergodic pseudo
orbit if d(N¢(£,0)) = 0. We say that the 0—ergodic pseudo orbit £ is e—ergodic
shadowed by some point y if d(N¢(y,&,€)) = 0. A dynamical system (X, f) is
said to have ergodic shadowing property if for each € there exists J such that
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every d—ergodic pseudo orbit is e—ergodic shadowed by some point. In [10]
Das and Das define the notion of d-shadowing. A dynamical system (X, f)
is said to have d-shadowing if for every e > 0, there is § > 0 such that
every d-ergodic pseudo orbit & is e-shadowed by some point y in such a way
that d(N(y,&,¢)) > 0. A dynamical system (X, f) is said to have eventual
shadowing property if for every € > 0 there exists § > 0 such that for each
5-pseudo orbit ¢ there exist N > 0, y € X such that p(fi(y),&) < e for all
i>N.

We want to extend the notations N(&,6), N¢(§,9), N(y,&,€), N(y,&,¢€) to
uniform dynamical systems and Hausdorff dynamical systems. We put suffixes
U and H in the corresponding notations of uniform dynamical systems and
Hausdorff dynamical systems respectively. Let (X, f) be a uniform dynamical
system, and D an entourage. A sequence & = {{;},cz+ in (X, f) is said to be
D—pseudo orbit if (f(§;),&j+1) € D for all j € Z*. We say that the D—pseudo
orbit ¢ is E—shadowed by a point y if (f/(y),¢;) € E for all j € Z*, where E
is an entourage. For a sequence &, and for an entourage D, denote by the sets

Ny(&,D):={j € Z" : (f(§),&+1) € D}
and

NG(& D) :={j € Z" : (f(§),&+1) ¢ D}
respectively. If £ is a D—pseudo orbit, then Ny (¢, D) = Z*. For a given
sequence &, a point y, and an entourage E, denote by the sets

Nu(y, & E):=={j € Z" : (f'(y),&;) € E}
and

NGy & B):={j e Z" : (' (y).&) ¢ E}
respectively. If ¢ is F—shadowed by y, then Ny (y,&, FE) = Z*1. A sequence
¢ is said to be uniform ergodic D-pseudo orbit if d(Nf;(§, D)) = 0. We say

that the uniform ergodic D—pseudo orbit £ is uniform ergodic F—shadowed
by some point y if d(N§(y,§, E)) = 0.

Let (X, f) be a Hausdorff dynamical system, and A, C be finite open covers.
A sequence § = {{;}cz+ in (X, f) is said to be A—pseudo orbit if for each
j € Z*, there exists A € A such that {f(&;),&j+1} € A. We say that the
A—pseudo orbit ¢ is C—shadowed by a point y if for each j € Z™, there exists
C € C such that {f7(y),&;} € C. For a sequence &, and a finite open cover A,
denote by the sets

Nu(&,A) :={j € Z" : {f(&),&+1} € A, for some A € A}

and

NIC-I<£7-A) = {j YA {f(éj)véj—i-l} ,¢— Av for any Ae A}
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respectively. If £ is a A—pseudo orbit, then Ny (¢, A) = ZT. For a given
sequence &, a point y, and a finite open cover C, denote by the sets

Nu(y,§,C):={jez": {fj(y),fj} C C, for some C € C}

and

Ni(y,€,C):=={j € Z" : {f!(y),&} ¢ C, for any C € C}
respectively. If £ is C—shadowed by y, then Ng(y,&,C) =Z™.

3. MAIN RESULTS

Definition 3.1. Let (X, f) be a uniform dynamical system, where X is a
Hausdorff Uniform space. A point x € X is said to be uniformly equicontinu-
ous if for each entourage U € U, there is D € U such that (f"(x), f*(y)) € U
whenever y € D[z] and n € ZT. The set of uniformly equicontinuous points is
denoted by . We say that (X, f) is almost uniformly equicontinuous if the set
of equicontinuous points is dense. (X, f) is uniformly equicontinuous if every
point of X is a uniformly equicontinuous point.

Put ey = {# € X : 3D € U, such that for all y,z € D[z], for all n >
0,(f"(y), f*(2)) € U}. We call ey the U—equicontinuous set of (X, f). In the
following theorem we prove that e;; is inversely invariant and open. It is an
extension of the Proposition 2.30 ([17]) to uniform dynamical systems.

Theorem 3.2. Let (X, f) be a Hausdorff dynamical system where X is a
compact Hausdorff space. LetU be the unique Uniformity on X which induces

the topology of X. Then, ey is inversely invariant, open and e = () ey.
veld

Proof. First, we show that ;s is inversely invariant. Let z € f~!(ey). We can
find a symmetric entourage D € U such that Do D C U, and (f"(y), f"(2)) €
U for all n > 0 whenever y,z € D[f(x)]. By uniform continuity, we can find
a symmetric entourage F with E C D such that (f(2), f(y)) € D whenever
(z,y) € E. For y,z € E[z], we have f(y), f(z) € D[f(x)]. Tt follows that
(" (y), f**(2)) € U for all n > 0 whenever y, z € E[x].

Now, it is clear that x € ey. Therefore ey is inversely invariant. Next, we
show that €7 is open.

Let x € ey be an arbitrary point. As in above, we can find a symmetric
entourage D with D o D C U such that (f"(y), f*(z)) € U for all n > 0,
whenever y,z € D[x]. Let D' € U be a symmetric entourage such that D’ o
D' ¢ D. Now, D'[z] C ey. Indeed, if w € D'[z] and if y,z € D'[w], it
can easily be shown that y,z € Dlz|, and therefore (f"(y), f*(z)) € U for all
n > 0. It follows that w € eyy. Therefore, D' [z] C ey. Hence ey is open.
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If x € ey for all U € U, then = € . Conversely, let x € €, and U € U be
arbitrary. Take U € U such that U o U C U. There exists D € U such that
for all y € D[z], and for all n, we have (f"(z), f*(y)) € U. For y,z € D|z],

we have (f™(y), f*(z)) € U oU' C U. Therefore, e = ) ey. O
veu

In [1], it is proved that a transitive system is either sensitive or almost
equicontinuous. Every compact Hausdorff space is a Baire space, therefore
countable intersections of open dense sets is dense. In case of a compact metric

space, owing to second countability, one can express e = () ey as countable
Ueld
intersections of dense open sets and thereby showing that ¢ is dense.

In the following we give similar result for a compact Hausdorff space.

Theorem 3.3. A transitive system on a compact Hausdorff space is either
uniformly sensitive or ey is dense for each U € U.

Proof. Let (X, f) be a transitive system, where X is a compact Hausdorff
space, and U the unique uniformity which induce the topology of X. Let
U € U be an entourage. Then ey is inversely invariant and open. Therefore
f™™(ev) C ey for all n > 1. Assume that e is nonempty and non-dense.
Then, O = X —&p is open and nonempty. So, ¢ # ONf~"(ey) C ONey = ¢,
this is a contradiction. Therefore, ¢ is either empty or dense. If ey = ¢ for
some U € U, then the system is sensitive with sensitivity entourage U ', where
U'is a symmetric entourage such that U "oU' c U. Indeed for any x € X
and for any open neighborhood V' (x) of x, there exist y,z € V(z) and n > 0
such that (f"(y), f"(z)) ¢ U. It follows that either (f"(y), f*(z)) ¢ U  or
(f™(2), f™(z)) ¢ U'. This completes the proof. O

We want to extend the notion of ergodic shadowing property to Hausdorff
dynamical system and uniform dynamical system. We prove that Hausdorff
ergodic shadowing property is equivalent to uniform ergodic shadowing prop-
erty when the phase space is a compact Hausdorff space. Further, we prove
that they are equivalent to ergodic shadowing property when the phase space
is a compact metric space.

Definition 3.4. Let (X, f) be a Hausdorff dynamical system, and A, C finite
open covers of X. A sequence £ is said to be Hausdorff ergodic A—pseudo
orbit if d(N§(&,A)) = 0 and it is said to be Hausdorff ergodic C—shadowed
by a point y if d(N§;(y,€,C)) = 0.

Definition 3.5. A Hausdorff dynamical system (X, f) is said to have Haus-
dorff ergodic shadowing property if for any finite open cover C, there exists
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a finite open cover A such that every ergodic A-pseudo orbit £ is Hausdorff
ergodic C-shadowed by some point y, that is,d(N§; (y,§,C)) = 0.

Definition 3.6. Let (X, f) be a uniform dynamical system. (X, f) is said to
have uniform ergodic shadowing property if for each entourage E € U, there
exists an entourage D € U such that every uniform ergodic D-pseudo orbit &
is uniform ergodic E-shadowed by some point y, that is, d(N;(y,&, E)) = 0.

Theorem 3.7. Let (X, f) be a Hausdorff dynamical system, where X is a
compact Hausdorff space. Then the following claims are equivalent:

(1) (X, f) has Hausdorff ergodic shadowing property.
(2) (X, f) has uniform ergodic shadowing property.

If X is metric, then (1) and (2) are equivalent to:
(3) (X, f) has ergodic shadowing property.

Proof. (1) = (2): Assume that (X, f) is Hausdorff ergodic shadowing. Let
U be the unique uniformity on X that induces its topology. Let E € U be a
symmetric entourage, and E' a symmetric entourage such that E oE CE.
Then {E'[z] : z € X} is an open cover of X. By compactness, there are
21,22, «ey Zm 10 X such that C = {F’[z;] : i = 1,2,...,m} is a finite subcover.
By (1), there exists a finite open cover A = {A1, Ao, ..., A;} such that every
ergodic A-pseudo orbit is ergodic C-shadowed by some point. Now, D =
Ule A;x A; is a symmetric entourage. It is obvious that every uniform ergodic
D—pseudo orbit is a Hausdorff ergodic A—pseudo orbit and vice-versa. Let &
be an ergodic A—pseudo orbit. Then there exists y € X such that

d(Nir(y, &, C)) = 0. (3.1)

Equation (3.1) is equivalent to d{j € Z* : (f/(y),§;) ¢ E o E' C B} = 0. It
follows that d(N{;(y,&, E)) = 0.

(2) = (1): Assume that (X, f) has uniform ergodic shadowing property. Let

k
C ={C1,Cy,...,C}} be a finite open cover of X. Put E = |J C; xC}, then E is
i=1
a symmetric entourage. By hypothesis, there exists an entourage D € U such
that every uniform ergodic D-pseudo orbit is uniform ergodic E-shadowed
by some point. Let D' be a symmetric entourage such that D' oD c D.

Since X is compact, there exists a set of finite points z1, 29, ..., z;, such that
m / / / /

X = U D [z]. Put A= {D [z1],D [#2],..., D [zm]}. Then it is obvious that
i=1

everyZHausdorff ergodic A-pseudo orbit is a uniform ergodic D-pseudo orbit.
Let ¢ be a Hausdorff ergodic A—pseudo orbit. By (2), there exists a point
y € X such that

d(NG (y,€, E)) = 0. (3.2)
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Equation (3.2) is equivalent to d{j € Z* : (f/(y),&;) ¢ Ci x C;, for any C; €
C} = 0. It follows that d(Ny;(y,&,C)) = 0.

For the metric space X:

(1) = (3): Let € > 0 be arbitrary. Denote by B(z,¢€), the open ball of
radius € with center at z. Then {B(z,€¢/2) : z € X} is an open cover of X.
Since X is compact, there exists a finite set {z1, 22, ..., 2, } of points in X such
that C = {B(z;,€¢/2) : 1 <i < m} is a finite open cover of X. By (1), there
exists a finite open cover A such that every ergodic A-pseudo orbit is ergodic C-
shadowed by some point. Let d be a Lebesgue number of A. Let £ be an ergodic
-pseudo orbit, that is, d{j € Z* : p(f(&;),&+1) £ 6} = 0. It implies that
d{j e Z" : {f(&),.&+41} € A, for any A € A} = 0. By (1), there exists y € X
such that d{j € Z* : {f/(y),&;} € B(zi,€/2), for anyi € {1,2,...,m}} =0. It
is equivalent to d(N(y,&, €)) = 0. Hence (3) holds.

(3) = (1): Assume that (X, f) has ergodic shadowing property. Let C be
a finite open cover of X, and € > 0 a Lebesgue number for C. Since (X, f)
has ergodic shadowing property, for € > 0 there exists 6 > 0 such that ev-
ery ergodic d-pseudo orbit of f is ergodic e-shadowed by some point in X.
Since {B(z,6/2) : z € X} is an open cover of X, there are finite points
21,22, ..y Zm € X such that A = {B(z;,0/2) : 1 < ¢ < m} is a finite open
cover. Let ¢ be an ergodic A- pseudo orbit. Then, d{j € Z" : {f(y;),yj+1} &
B(z;,6/2), for any: € {1,2,...,m}} = 0. It implies that £ is an ergodic
d—pseudo orbit. Therefore, there exists y € X such that d(N°(y,&,¢€)) = 0.
It implies that d{j € ZT : {f/(y),&} € C, for anyC' € C} = 0. Hence (1) is
proved. O

We define uniform d-shadowing property and Hausdorff d-shadowing prop-
erty in uniform dynamical systems and Hausdorff dynamical systems respec-
tively.

Definition 3.8. A uniform dynamical system (X, f) is said to have uniform
d-shadowing property if for every entourage E there is an entourage D such
that every uniform ergodic D—pseudo orbit £ is F-shadowed by some point y
in such a way that d(Ny(y,&, E)) > 0.

Definition 3.9. A Hausdorff dynamical system (X, f) is said to have Haus-
dorff d-shadowing property if for every finite open cover A, there is a finite
open cover BB such that every ergodic B-pseudo orbit £ is A-shadowed by some
point y in such a way that d(Ny(y,&, A)) > 0.

Theorem 3.10. Let (X, f) be a Hausdorff dynamical system, where X is a
compact Hausdorff space. Then, the following claims are equivalent:
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(1) (X, f) has Hausdorff d-shadowing property.
(2) (X, f) has Uniform d-shadowing property.

If X is metric, then (1) and (2) are equivalent to:
(3) (X, f) has d-shadowing property.

Proof. The proof is similar to Theorem 3.7. U

In [10] Das and Das prove that if a uniform dynamical system (X, f) has
uniform ergodic shadowing property then for any natural number k, (X, f¥)
has uniform ergodic shadowing property. We want to extend this result to
Hausdorff dynamical system. In this theorem, we don’t necessarily restrict
the space X to be a compact space. When the space is a compact Hausdorff
space, due to Theorem 3.7, the result of Das and Das in [10] is equivalent to
the following theorem.

Theorem 3.11. If (X, f) has Hausdorff ergodic shadowing property then for
any natural number k, (X, f¥) has Hausdorff ergodic shadowing property.

Proof. Suppose (X, f) has Hausdorff ergodic shadowing property. Fix k >
1, and let A be a finite open cover of X. Then there exists a finite open
cover B of X such that every ergodic B-pseudo orbit is A-shadowed by some
point in X. Let { = {{;},cz+ be an ergodic B-pseudo orbit for f5. Putting
{F(&), F2(&), F2(&)s o F771(&)} in between & and &4y for each i € Z*, we
get an ergodic B-pseudo orbit v = {y;};ez+ for f such that y; = & for all
i € ZT. Since f has Hausdorff ergodic shadowing and the sequence {ik};cz+
has positive density 1/k, the fact that 7 is being ergodic A-shadowed by some
point y with respect to f implies £ is ergodic A shadowed by y with respect
to f*. O

Lastly we want to extend the notion of eventual shadowing property to
Hausdorff dynamical system and uniform dynamical system. We prove that
Hausdorff eventual shadowing property is equivalent to uniform eventual shad-
owing property when the phase space is a compact Hausdorff space. Further,
we prove that they are equivalent to eventual shadowing property when the
phase space is a compact metric space.

Definition 3.12. A Hausdorff dynamical system (X, f) is said to have Haus-
dorff eventual shadowing property on a closed invariant subset A of X if for
every finite open cover A of A there is a finite open cover B of A such that for
each B-pseudo orbit £ in A there exist N > 0, and y € X such that for each
i > N there exists A € A with {f!(y),r;} C A. If A = X, then (X, f) is said
to have Hausdorff eventual shadowing property on X.
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Definition 3.13. A uniform dynamical system (X, f) is said to have uniform
eventual shadowing property on a closed invariant subset A of X if for each
entourage E' € U there exists an entourage D € U such that for each D-pseudo
orbit & in A there exist N > 0, and a point y € X such that (fi(y),&) € E
for all s > N.

Remark 3.14. Let X be a compact Hausdorff space, and U the unique uni-
formity of X that induces its topology. Then, for every open cover A of X
there exists V' € U such that C(V') refines A (see [16, Proposition 8.16]).

Theorem 3.15. Let (X, f) be a Hausdorff dynamical system, where X is a
compact Hausdorff space. Then, the following statements are equivalent:

(1) (X, f) has Hausdorff eventual shadowing property.
(2) (X, f) has Uniform eventual shadowing property.

If X is metric, then (1) and (2) are equivalent to:
(3) (X, f) has eventual shadowing property.

Proof. (1) = (2): Suppose (X, f) has Hausdorff eventual shadowing property.
Let U be the unique uniformity inducing the topology on X. Let B, D € U be
symmetric entourages such that Do D C E. {D]z]: z € X} is an open cover
of X. Since X is compact, there exist points z1, 29, 23, ..., Z;, in X such that
A = {Dl[z1], D[z2], ..., D]z} is a finite open cover of X. By (1), there exists
a finite open cover B such that every B-pseudo orbit is Hausdorff eventual
shadowed by some point in X. Let V € U be a symmetric entourage such
that C(V) refines B [by Remark 3.14]. Let & be a V-pseudo orbit. Then
(f(&),&i41) € V for all i € ZT, that is, f(&) € V[&i41] for all 4 € ZT. Since
C(V) refines B, there exists B € B such that V[§ 1] C B. It follows that &
is a B-pseudo orbit. Hence, there exist y € X, and N > 0 such that for each
i > N there exists j € {1,2,...,m} with {f(y),&} C D[z;]. It follows that
(fi(y),&) € E for all i > N.

(2) = (1): Suppose (X, f) has uniform eventual shadowing property. Let

m
A= {A1,As,...,Ap} be a finite open cover of X. Put £ = |J A; x A;, then
=1

FE is a symmetric entourage in U, where U is the unique unjiformity inducing
the topology of X. There is an entourage D such that every D-pseudo orbit is
eventual F'—shadowed by some point. Let V' be a symmetric entourage such
that VoV C D. Now, {V[z] : z € X} is an open cover of X. Since X is
compact, there exist points 21, 22, ..., 2, such that B = {V]z],...,V[z,]} is a
finite open cover of X. It is obvious that every B-pseudo orbit is a D—pseudo
orbit. Let £ be a B—pseudo orbit. By hypothesis, there exist a point y, and a
positive integer N such that (f%(y),&) € E for all i > N. So, for each i > N
there exists j € {1,2,...,m} with {f(y),&} C A;.
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For the metric space X:

(1) = (3): Suppose (X, f) has Hausdorff eventual shadowing property. Let
€ > 0. Then, {B(z,¢/2) : z € X} is an open cover of X. Since X is compact
there exist points z1, 22, ..., 2, in X such that A = {B(z1,¢/2), B(22,€¢/2), ...,
B(zm,€/2)} is a finite open cover of X. By hypothesis, there exists a finite
open cover B such that every B-pseudo orbit is eventual .A—shadowed by some
point. Let § > 0 be a Lebesgue number of B, and £ a d-pseudo orbit. It can
be shown that & is a B-pseudo orbit. So, there exist a positive integer N,
and a point y such that for each i > N there exists j € {1,2,...,m} with
{fi(y),&} C B(zj,€/2). It is equivalent to say that p(fi(y),&) < e for all
1> N.

(3) = (1): Suppose (X, f) has eventual shadowing property. Let A be a
finite open cover of X. Let ¢ > 0 be a Lebesque number of A. By hypothesis,
there exists § > 0 such that every d-pseudo orbit is eventual e—shadowed by
some point. {B(z,0/2) : z € X} is an open cover of X. Since X is compact,
there exist finite points z1, 22, ..., 2y, such that B = {B(z;,6/2) : 1 < j < m}
is a finite open cover. It is obvious that every B—pseudo orbit is a J—pseudo
orbit. Let £ be a B-pseudo orbit. Then, there exist a positive integer NV, and
a point y such that p(f%(y),&) < e for all i > N. So, for each i > N, there
exists A; € A with {fi(y),&} C A;. O

In [18] the author proves that if a continuous map f has eventual shadowing
property on X, then f has eventual shadowing property on A, where A is a
closed f-invariant set of X. We extend this result to the case when X is a
compact Hausdorff space.

Theorem 3.16. Let A be a closed f-invariant subset of X. If f has Hausdorff
eventual shadowing property on X, then f has Hausdorff eventual shadowing
property on A.

Proof. Suppose f has Hausdorff eventual shadowing property on X. Let A be
a finite open cover of A. Then A" = A|J(X —A) is an open cover of X. There
exists a finite open cover B of X such that every B-pseudo orbit is Hausdorff
eventual A-shadowed by some point in X. Let £ be a B-pseudo orbit in A C X.
Then there exist N > 0, and y € X such that for each i > N, there exists
A e A with {fi(y),&} € A. If A = X — A, then it follows that & ¢ A, a
contradiction. Therefore, {f%(y),&} C A, for some A € A. O

Remark 3.17. Because of Theorem 3.15, the above theorem can also be
stated as: Let A be a closed f-invariant subset of X. If f has uniform eventual
shadowing property on X, then f has uniform eventual shadowing property
on A.
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Theorem 3.18. Let A be an f-invariant dense subset of X, where X is a
compact Hausdorff space. If f has uniform eventual shadowing property on A,
then f has uniform eventual shadowing property on X.

Proof. Suppose f has the uniform eventual shadowing property on A. Let
E,D € U be symmetric entourages such that D o D C E. Then there exists
U € U such that every U—pseudo orbit in A is uniform eventual D—shadowed
by some point. Let V be a symmetric entourage such that VoV oV C U.
Let & be a V-pseudo orbit in X. Without loss of generality we can take
VoVoV CU C D. Since f is uniformly continuous, there exists a symmetric
entourage W € U with W C V such that for any z,y € X if (z,y) € W
then (f(z), f(y)) € V. Since A is dense in X, we have W[&] N A # ¢ for all
i > 0. Let y; € W[§] N AL Tt follows that (f(&), f(yi)) € V for all i > 0.
Now, (f(&),&i+1)) € Vi (&iv1,0iv1) € W, (f(vi), f(&)) € V. Tt follows that
(f(yi),yi+1) € VoV oV C U C D. Therefore, n = {yo,y1,---sYn,-..} is a
U-pseudo orbit in A. Since f has uniform eventual shadowing property on A,
there exist N > 0, and a point z € X such that (f(z),y;) € D for all i > N.
Therefore, (fi(2),&) € Do D C E. O

Remark 3.19. Because of Theorem 3.15, the above theorem can also be
stated as: Let A be an f-invariant dense subset of X, where X is a compact
Hausdorff space. If f has Hausdorff eventual shadowing property on A, then
f has Hausdorff eventual shadowing property on X.
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