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Abstract. This study finds three different solutions (3-Sol’s) for the fourth order non-
linear discrete anisotropic equations (DAE) with real parameter. We use the variational
method(VM) and ¢,-Laplacian operator (¢,-LO) to prove the main results. In the following
paper, we take the parameters A, p such that A > 0 and p > 0 into consideration.

1. INTRODUCTION

Recently, there has been a surge in interest in discrete equations the ex-
istence results of boundary value problems(BVP) with (¢,-LO). Fixed point
theorems in cones are commonly used to get conclusions on this issue (see
[T, 2, 3, 4, 5l 6], 16] and references therein). The upper and lower solution ap-
proach is another instrument for studying nonlinear difference equations (see,
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for instance, [8, [9] 10, [11] and references therein). The variational methodol-
ogy and critical point theory have been good tools for dealing with differential
equations issues. Variational approaches have recently been used to explore
the presence and multiplicity of solutions for nonlinear discrete boundary value
problems(DBVP) (see [12), 13}, [14] [I5] [17]).

The major results of the article are obtained the existence of (3-Sol’s) for
the nonlinear discrete fourth-order anisotropic equations(DAE) as follows:

~A%(¢pA%u(i — 2)) — A(gpAuli — 1)) + q(i)pp(u(i))
— M (i) + ng, uli)) + h(u(i)), i € [2, K]z, (1.1)
u(0) =u(l) =u(K +1) =u(K +2)=0,
where A present the operator of forward difference and presented by
Afu(i)] = [u(i +1) —u(i)],
AMy(i) = AAT Vi),

Pp(u) = [ulPu.
K is fixed positive integer and satisfy K > 2, [2, K|z is discrete interval
{2,3,..., K}, h : R — R is a monotone strictly continuous Lipschitz function
with Lipschitz constant L > 0 and h(0)=0 and f,g : [2,K]z x R — R are
continuous functions. A > 0, ¢ : [2, K + 1]z — R is a function.

2. METHODS FOR SOLVING PROBLEM

A smooth version is a primary tool for identifying whether there are admit
three solutions to the problem (1.1)). Our next result is the implications of the
existence result of a local minimum [I8, Theorem 2.1}, which is inspired by
[18].

Definition 2.1. Suppose x is a Banach space. I : x — R is said to be coercive
on y if

lim I(u) =400
[[uf|—>o00

and the functional I is Gateaux continuously differentiable. I is called fulfills
the Palais-Smale in the brief PS-condition if for each sequence {u,} C x such
that I(uy) is bounded and I'(u,) convergent to zero in x* has a convergent
subsequence in x that is mean

(1) I(uy) is bounded,

(2) for each {x,} with I'(u,) — 0 in x* it has a subsequence in x.

Theorem 2.2. ([19, Theorem 2.7]). Assume x being a real finite-dimensional
Banach space, ®, ¥ : y — R the functionals being coercive with

inf ® = ®(0) = ¥(0) = 0.
X
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Suppose that there exist r > 0 and v € x with r < ®(v) such that
SUPgp(y<r ¥(v) _ U(w
(Pl) 2 )ré < @ég§7

(P2) for A€ A, = (Q{;Eg’ sup<1><v>rgr\ll(v)), the functional ® — AV is coercive.

Then the functional ® — AW has at least three different critical points in x for
each A € A, .

3. THE BASICS NOTATIONS AND AUXILIARY RESULT

In order to provide the problem (1.1)) with a variational formulation, let’s
begin by introducing

X :i={u:[0,K+2]z = R:ul0] =u[l] = u[K + 1] = u[K + 2] = 0},

equipped with the norm

K+2 P
[ull = (Z(\AQU(Z' = 2)[P + [Au(i = 1)]P +(J(i)IU(i)\”> :

i=2
Consider the K-dimentional Banach space concerning the norm

K+2 »
X1 = |lullp = {Z |U(i)p} :
i=2

By using the notation in [7] and taking y; into account we find the following
formula

K+2 %
Jull = <Z (IA%u(i = 2)P + |Aui — PP + q(i)!u(i)\p)

1=2

K42 % K42 P
< {Z(\AQu(i - 2))?} + {Z(!Au(i - 1))\p}
i=2 1=2
K42 5 (K42 ’
+ {Z q(i)} {Z(Iu(i))!”}
=2 =2

< (K +2)[ull? + (K + 2)[Ju”

K+2 % K+2
+ {z q<z~>} S o, 1)
=2

1=2

it implies that
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K+42 %
Jul < {2(K+ 2)|Jull” + {Z Q(i)} up}

=2

K+2 7
< (2(K +2)+ {Z q(i)} ) [[ullP. (3:2)

Define the functional requirements ®, ¥ : y — R
K+2

= flull - Z H(u (3.3)
and

K
LM
U(u) =) (F(i +5 Z (4, u(i (3.4)
i=2
where F,G: 2, K]z xR—R, H: R — R is shown bellow, accordingly

F(i,x) = /Ox fi,s)ds, V (i,z) € 2, K]z xR,

G(i,x) = /090 g(i,8)ds, ¥V (i,x) € [2, K]z X R,

H(x) ::/ h(s)ds, Yz € R.
0
Let
I, = ®(u) — A\¥(u). (3.5)
Then a simple calculation ensures that Iy is of class C' on x with
K+2

' (u)(v) = Z [¢p(A2u(i — 2)A%(i — 2)) + Op(Au(i — 1)Av(i — 1))
=0 p
+q()[uli) P 2uli)o(i)] = > h(u(i))o(i)
1=2

K
==Y A (¢p(A%u(i — 2))A*(i) — A(gpAu(i — 1)A%v(i))

i=2
— q(@)[u(@) [P 2u(i)v (i) + h(u(i))v(i) (3.6)
and
K
V' (u)(v) = Z[f(i, u(i)) + gg(i, u(i))]v(4)] (3.7)
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for anyone at all u,v € x, the weak solutions to the equation are obviously
the most essential feature of Iy. The norm |- | is clearly the same as the norm
|| - ||y Given that (x,]||-||), it is compactly embedded in C([2, K]z, R),

p—1
(K+2) 7

oo < =

[ull, Vuex, (3.8)

where ||[ul|co = max;ep g1, [u(k)]-
(R1) Assume that the functions f, g : [2, K]z x R — R are continuous.
(R2) Assuming h : R — R is continuous Lipschitz mapping and strictly
monotone of order p — 1 fulfilling Lipschitzian fixed L with 0 < L < %,
that is,
\h(zl) — h(’LQ)’ < L|i1 — ig’p_l Viig €R, p>1
and h(0) = 0.
In the following lemmas, we first give some essential characteristics of the
functionals ¢ and V.

Lemma 3.1. The functional I in (3.5)) is differentiable.

Proof. From (3.6) and (3.7)) the functionals (3.3)) and (3.4) are differentiable,
and since I given in the formula of (3.5)) so, we have obtained the proof. [

Lemma 3.2. ® is a coercive operator.

Proof. From the relation (3.3) and the formula in (3.2) we get the following
result:
K+2

®(u) = |lull = Y H(u(i))
1=2

S =

K+2 K42 (k)
s<mwm{2w%\wu2/ (k) dk
i=2 i=2 /0
koo b 1
<9 Q2K +2)+ {Z (J(i)} [Jull” — ];LHUHP
=2

K42 P 1
= [Jull” § (K +2) + {Z q(i)} ok

=2

Hence, we have ®(u) — 400 as ||u||P — 400, so, we obtained that the
functional ® is corecive. il
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4. THERE ARE AT LEAST THREE NONTRIVIAL SOLUTIONS

Using the conditions of Theorem we prove that the problem ([1.1) has
at least three nontrivial weak solutions.

For our convenience, set

K
G := %ng(k,g) for all ¢ >0
i=2 I51=¢
and
K
Gq:=Y _ G(k,d) for all d > 0.
=2

To define the best method for giving the solution to the first part of problem
(1.1). Fix ¢,d > 0 in our first outcome, such that

(R3) Set the following:

(2(K +2) + {Z{iﬁ q(z‘)};’ — L)
ZifiQ F(iv d)

1

200(2(K +2) + {152 ()} - L)

< —
(K +2) 7 35, maxjge, F(4,€)
(R4) Pick:
(2K +2)+ { TP q(z’)}; L)
AeEA= ( i - ,
Zizz F(i,d)

1

200(2(K +2) + {152 a(i) }” - L)

b1 )
(K +2)7 Y0, maxy<. F(i,€)

).

Moreover, for finding A according to the parameter u for the part of the
function G we put the following formulas:
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Oxg
- {2cp<2<K+2>+{z£22q(z’)}p—;L>—Ap<K+2>”? Diss maxig<cF (1,€)
- (K +2)% Ge ’
2K +2 K24 %—lLdp—)\ K F(i,d
‘<< +2)+ (=5 qQ} L)@ - w3, F( >‘} "
min{0, G4}
and

1

Brg = min {dr, . 4.2)

S, G(k,a} } (

b1
max {0, (K +2) » limsupjg|_, 100 S
where % = 400 is used whenever this condition happens.
The following theorem holds if (1), (Re) and (R3) are all true.
Theorem 4.1. Assume that there are three positive constants ¢, p and d with

e < d(K +2)P"! and d < c,

(R5)
(K +2) 7 3ty maxjg<. F(i.€) _ S K, F,d)
2cP ar ,
(Rs)
lim sup Sisp F(0.) < Tty maxie<c F(i,§)
|€] oo &p 20P

Furthermore, for any continuous function g : [2, K|z x R — R and A € A and
as a result,
(R7) B
lim sup Li= G,
glotoo &P
Then there is 0y 4 > 0 provided by such that the problem has at
least three nontrivial weak solutions for each p € (0 , E)

< 4o0.

Proof. Let us establish that the functionals ®, ¥ meet the requirements in
Theorem in order to apply in our situation. The functionals &, ¥ : W —

R are provided by (3.3) and (3.4]) for any u € W. For each A\ € R, we now
set the functional Iy := ®(u) — A¥(u). Then the functional I} is differentiable
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as a result of Lemma [3.1] and the functional ® is coercive as a conclusion of
Lemma Set

2¢P(2(K +2) + {Z{g? q(i)}; — L)

p—1
p

r =
(K +2)
and [ ]
— d, €2, K|z,
v(i) = { 0, otherwise.
_ _ K+2 /. . 1
Clearly 7 € W and ®(7) = (2(K+2) + 2 ) - L) &P, Since 28 <

d(K + 2)P~!, we can get that r < ®(v). Taking into account, one has
maxe2 k1, |u(k)| < ¢, and we can obtain

SUPyed—1((—o0,r]) ‘I/(u) - SUP® (u)<r 25:2 |:F(k7 u(k) + %G(t U(k)}

r 20 (2((K+2)+{ 42 q(i)}%—%L)
(K+2)p771
_ iy maxgise [P0, + §G(19)

2er (2+((K42)+ {TKH2 4(1)} 7 —3D)
(K-s—2)pT71

S K, maxie <. F(4,€)

200 (2+((K+2)+{ X K52 q(k)}% —3D)
(K+2)ple

GC
(20)P (2((K+2)+{ > K42 q@}% -5 '

p—1
(K+2) »

<

+

>|=

From this, if G¢ = 0, we get

SUPyed—1((—o0,r]) \Ij(u) ZZILQ maxie|<c F(ta 5)
r 200 (((K+2)+ {52 (i)} P —L 1)

p—1
(K+2) »

R )
(K +2) 7 )i ymaxp<. F(4,8)
= 1
20(2(K +2) + {152 a0} - L1)
1
A7
while, if G¢ > 0, given that, it turned out to be correct u < dy 4.

<
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Furthermore, one must

Y, (Fi,d) + G(L"ld)
< # (K +2)+ {Zf;Qq()}p—;L> v
Yisy Fi,d)
(2* (K +2)+ K42 (')—L)dp
n

Ga

>|=

(2e 42+ (SE2 a0} - 20 ) a0

Hence, if G4 > 0, it will be as follows:

(4.3)

ggg > 1, since p < 8)4. From (P;) of Theorem

we now establish the functional’s coercivity for & — AW.

and if G4 < 0, also we have

First, we start with the assumption that

K .
F
lim sup Zz 2 (255) >0
|€]—+o0 14
As a result, verify that
K . K )
o I .~ 5 Inax F(q,
hm sup M <e< ZI—Q \£|§c ( 5) '
|é| =400 lﬁlp (26)1’

A positive constant h. exists, obtained from (%) as a result

K

ZF(Z',&) < €[¢P 4 he for each & € R.
=2

And also because

22K +2)+ (S50} - 1D)
A< P} ,
(K+2) 7 Y maxyg<. F(i, )
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it follows that

/\ZF i, u(i)) < Xel€[P + Ahe

1

200(2(K +2) + {2152} - 11)
(K +2)F K, maxie<, F(k, &)
200(2(K +2) + { 1557 q(i)}’l’ ~1p)
(K +2)"% YK, maxge, F(k, &)

for each v € W. Furthermore, if u < d) 4 is taken into consideration, then it
follows that

<e

[ ?

+ he

(4.4)

K

X k 2P
i sup Zh2 O6) _
e e (K +2)7

Thus, for any £ € R and some constant 7, > 0, one has

ZGkﬁf W|€|p+7'#.

Hence, by using (3.8]) for each u € W, we get

ZG“‘ u«ipz)p e

Now, from formula , and considering the (3.5). Then, from (4.4))
and (4.5) we have

K+2 P 1
() = M () < Jull” (2 (K +2)+ {Z q@} )

=2 p
(2072 (K +2)+ {X57a() }" - 1)
3i maxjgi< F (i)

2P EA) - T a0~ ) .
(K +2) Y, maxig <. F (i, €) !

+|1—c¢

If
K .
Ny
lim sup 722:2 (i,€) <0,
|€]—+00 1344
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then for any & € R, there exists h. such that Zfiz F(i,€) < h and reasoning
as previously, we obtain

K+2 P
O(u) = AW (u) < flull” | 2% (K +2) + {Z Q(k‘)} - L

=2

==

e+ (TP a0} 50
‘ (K +2)3°K o maxe <. F(4, ) e

Both instance results in ® — AU coercivity. Thus, Theorem (Py) fulfills.
Using the relationships (4.3) and (4.4]), one may indeed

o () r
re (‘I’(U) " SUDg(y)<y W(“)) .

Finally, all of the requirements of Theorem are met. Hence we have the
desired result. O

We have shown the following instances in which the hypotheses of Theorem
are met, resulting in the equation ®'(u) + AW (u) = 0 for each A € A.
There are at least three nontrivial solutions to the problem , because x
has at least three nontrivial critical points.

Example 4.2. Let ¢ = 3, d = 2, K = 11, i € [2,11]z, q(i) = i + 4 %1,
L = 0.002. Consider the following discrete fourth-order problem:

— A% ($aA%u(i — 2)) — A(palu(i — 1)) + (i + 4 % i) pa(uli))
= Af(1, u(@)) + pg(i, u(i)) + h(u(i), t € [2,8]z, (4.6)
u(0) = u(1l) = u(12) = u(13) =0

for every i € [2,11]z and u(t) € R, where
fG,u(i)) =i+sin(u(i)) +4, h(u(i)) = arcsin(0.002u(z)),
g(i,u(i)) = 2i + cos(u(i)),

£
* 1 (i) du / (i-+sin(u(i)+4) du= (i€l +cos(€)+4E—1),

3 3
G(i,&) = /0 g(i,u(i)) du = /0 (21 4 cos(u(i))) du = 2i%€ + sin(€),

11 11
max F(i,£) = 30, Y F(i,d) = 295.013,
— l¢l<2 e
11 11
gllzg G(i,€) = 242.0348, Y G(i,d) = 3011.977,

1=2
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K+2

2(K +2) + {Z q(z')}p — ;L = 31.8626.

=2

By using conditions of Theorem we can get that A € (1.728 , 25.1317),

lim sup T F8) _ g Zizpmaxig<c F(k8) _ 0.117,
gloroo &P (2¢)
5 _ BI6LT808 —A205.0348 —
»g 1657.04891 o TAg T T

so, for every u € (0 , m), the problem (4.6) has at least three nontrivial
weak solutions.

Remark 4.3. This study discovered no asymptotic constraints on f and g are
necessary in the results and only algebraic restrictions on f must be satisfied.
Furthermore, one of the three solutions may be trivial in the findings of the
preceding results since the values of f(¢,0) and ¢(4,0) for ¢ € [2, K]z are not
specified.

With p = 0, the following outcome is a particular instance of Theorem

Remark 4.4. Suppose that all hypotheses in Theorem are valid. Then
for each

(20 + 2+ {500} — 21
ZiIiZ F(i7d)
(2¢)P (2 (K +2)+ {ZEPa)} - ;L> )

(K +2)p~ 1 S8 maxie < F (4, €)

Y

AeA:(

)

the problem
— A%y (1) A%u(i — 2)) — A($pAuli — 1)) + q(i)dp(u(0))
— A, u(i)) + h(u(), i € 2, Kz, (47)
w(0) =u(l) =u(K+1)=u(K+2)=0

has three weak solutions in x.

Example 4.5. Taking Example [£.2] into account and suppose that u = 0 we
can find the existence of three solutions by using Remark [£.4]
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