Nonlinear Functional Analysis and Applications

Vol. 27, No. 4 (2022), pp. 895-902

ISSN: 1229-1595(print), 2466-0973(online) “
cHF A

https://doi.org/10.22771 /nfaa.2020.27.04.15
http://nfaa.kyungnam.ac.kr/journal-nfaa
Copyright © 2022 Kyungnam University Press

KUPress

FINDING A ZERO OF THE SUM OF TWO MAXIMAL
MONOTONE OPERATORS WITH MINIMIZATION
PROBLEM

Abdallah Beddani

Department of Mathematics, Faculty of Science and Technology,
Relizane University, Bourmadia 48000, Algeria
Laboratory of Fundamental and Applied Mathematics of Oran (LMFAO),
University of Oran 1, Ahmed BENBELLA
e-mail: beddani2016@gmail.com

Abstract. The aim of this paper is to construct a new method for finding the zeros of
the sum of two maximally monotone mappings in Hilbert spaces. We will define a simple
function such that its set of zeros coincide with that of the sum of two maximal monotone
operators. Moreover, we will use the Newton-Raphson algorithm to get an approximate zero.

In addition, some illustrative examples are given at the end of this paper.

1. INTRODUCTION

Let X be a real Hilbert space and A : X = X, B : X = X be two maximal
monotone operators on X. We consider the following principal problem: find
an element z in X such that

0€Az)+B(z). (1.1)

We denote the set of solutions of (1.1) by (A + B)~'(0).

The problem (1.1) was studied by various authors for example, see, [1, 2, 3,
4,7,8,9, 10, 11, 12, 14, 15).
For all A > 0, we define the following function fy : X2 — X2 by
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f)\ r,Y)= )
r+y
T ) - =

where J f\‘ and J )]\3 are respectively the resolvents of A and B, which are defined
as follows:

J () =T+ ) (x) and JP(2):=T+IB) (),
where I is the identity operator in X.

For all A > 0, we consider the problem:

i )| = 0. 1.2
Lmin [ ()] (12)

It is well known that the second problem (1.2) has many algorithms to obtain
one of its solutions(see [13]).

This paper is organized as follows: in the second section, we establish some
notations and some properties of maximal monotone operator. In the third
section, we will explain the relationship between the problems (1.1) and (1.2).
In the last section, we use the Newton-Raphson algorithm to approximate a
solution of (1.1).

2. PRELIMINARIES

Let X be a real Hilbert space and A : X = X a set-valued map. We denote
by dom A the domain of A that is, dom A := {x € X : Az # 0}, and the graph
of A is given by:

graph A := {(z,y) e XxX:z € dom A and y € Ax}.

Definition 2.1. ([6]) The operator A is said to be monotone, if:
(y1 —y2, 1 —x2) >0 forall (z;,y;) € graph A,i =1,2.

Definition 2.2. ([6]) A monotone operator A is called maximal, if its graph
has not an extension to a graph of another monotone operator.

We can rephrase the definition of a maximal monotone operator in terms of
its graph. If A is a monotone operator, then A is maximal if and only if the
following conditions are equivalents:

(1) ue A(z),
(2) for all (y,v) € graph(A), (u—v,z—y) > 0.

Proposition 2.3. ([6]) Let A : X =2 X be a mazimal monotone operator.
Then for all X > 0, (I + \A) is surjective.
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Proposition 2.4. ([6]) Let A be a mazimal monotone operator. For each
y € X, there is a unique x € dom A such that y € x + AA (z) .

For A > 0, the Yoshida approximation of a maximal monotone A is given
by
1.
Ay (z) == 3 (id — J3) ().

Proposition 2.5. ([5, 6]) For all element y € X, we have
Ax(y) € A(n(y))-

Definition 2.6. The sum A + B is defined as:
A(x)+ B(z)={u+v/uec A(x) and v € B(z)}.
Clearly dom (A+B) =dom A N dom B.

Let f : X — RU{oo} be a proper, convex and lower semicontinuous function.
The subdifferential of f, 0f : X = X is defined by

Of (@) ={2" € X: f(y) = f(z) =2 (y —z,2"), VyeX}.
It is known that 0f : X = X is a maximal monotone operator on X, and
0 € 9f (z*) if and only if z* is a minimizer of f. Setting df = A, it follows
that solving the inclusion 0 € Az, in this case, is equivalent to solving for a
minimizer of f.

3. MAIN RESULTS

Our goal in this section is to find the relation between the problems (1.1)
and (1.2), we start with the following theorem.

Theorem 3.1. For all A > 0, the problem (1.2) has a solution if and only if
(1.1) has a solution.

Proof. For all A > 0, if (z,y) is a solution of (1.2), then

r+y
K@) =20
Tty
YJORES

Therefore,
y=2J{ (z) —x,
{ 2JB (y) =z +y.
Replacing y by ZJ;\4 (z) —x in 2JP (y) = 2 +y, we get,
JE (204 (@) —2) = J{ ().
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So
2J (x) —x € J{ (x) + AB (J{ (2)) .

That means

~Ay (z) € B(J{ (2)).
Since Ay (z) € A (J{! (z)), we obtain

0€A(J5 (z) + B (J5{ (2)).

Consequently

Jil (z) € (A+ B)~(0).

Conversely, if z € (A4 B)~(0), then z € dom A. This means that there
exists an element 2’ € X such that 2/ € A(z). So,

¥ +zez+A(2),
and by the definition of the resolvent of A, we get
z = Jj\4 (a:’ + z) .

We conclude that, for all z € (A + B) ™" (0), there exists s = 2/ + z € X such
that 2 = J{! (s) . Thus we have

I (s) € (A+B)1(0).
Then
0€ A () + B ().
Therefore, there exists a € X such that

a€A (Jf (s)),
{ —a € B (J{(s)).
Hence
a+J(s) € I (s)+ A (JL (),
{ —a+ () € T (s) + B (I (9))
By the definition of the resolvent of A, we have

{ J{ (s) = I3 (I (s) + a)
J/‘\4 (s) = Jf (JX4 (s) — a) )

We can write J§! (s) as
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where
{ z=J{(s)+a,
y=J{(s) —a
Then
INOEE==S
2
r+y
T (W) = =5
Consequently, the problem (1.2) has a solution. O

Remark 3.2. Let A > 0, > 0, S\ = {(z,y) e X xX: || fa (z,y)]| = 0} and
Su=A{(z,y) € XXX |[fu (x,y)] = 0} . Then

{J)f1 (z) : (z,y) € Sa} = {Jﬁ1 (z): (z,y) € Su}-
that is,
(A+B)71(0) = {J (x) : (z,y) € Sp}, YA>0.

Theorem 3.3. For all A > 0, if Ox(a) = JZ (27 (a) — a) — J{}(a) + a, then
J{H (S (0x) = (A+ B)~(0),
where S (0)) denotes the set of all fixed points of 0.
Proof. If a is a fixed point for the function 8y, we have
a=J227a) - a) — J{a) + a = JE(2J{(a) — a) = J{Ha)
= 2J{(a) —a € J{(a) + AB (J5(a))
1
=3 (J5(a) — a) € B (J3X(a))
< —A,(a) € B(J{(a)).
Since A, (a) € A (J(a)), we get 0 € A (J{{(a)) + B (Ji(a)). O
Example 3.4. Consider A (z) = {2z}, B (z) = {4z} and X = R. We will find
a solution of the following problem:
0€ A(x)+ B(x). (3.1)

Clearly, for all A > 0,
x

A _
I (@) = A+ 1

and JP (z) =

x
220 +1
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We can define the function: fy : R — R? by

r+y T T+y
I3 @) = =5 M+1 2
f,\(x,y): JB z+y = y Tty
x5 A+l 2
If || fx (z,y)|| = 0, then
x x—i—y_o
2A+1 2 7
y 2ty _,
4N +1 2 '

Hence (z,y) = (0,0) . Apply Theorem (3.1), we obtain J§! (0) = 0 is a solution
of (3.1).

4. NUMERICAL EXAMPLE

4.1. Algorithm. We have:
f: R?2 5 R?
r+y
2
r+y
2

I3 (x) -
(z,y) = [ (2,y) =
I (y) —

The Jacobian matrix of f is :
S B
ox 2 2
1 dJB 1

2 Oy (v) - 2
We calculate the determinant of J¢ (z,y):

oJi 1\ [0J8 1\ 1
(5@ -3) (% w-3)-1
oJd  9JB 10J 19J8
e gy W5 W57, W

Newton-Raphson method, or Newton Method, is a powerful technique for
solving the equations numerically:

Jf (l‘,y) =

det J¢ (z,y)

(karlaykJrl) = (xkayk) - Jf_l ('xkayk) f (xkvyk) ) k= 07 1727
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4.2. MATLAB programming,.

clear all; close all; clc ; z = 10;

y = 10;

variable = [z; y];

t = [0;0J;

delta = 1;

iteration = 1;

while (abs(delta) > le — 20)

f = [J{(variable(1)) + 0.5 x (variable(1) * variable(2))
JP (variable(1)) + 0.5 x (variable(1) x variable(2))];
jacop= [(%]—wf(variable(l))— 0.5) 0.5 ; (60.5) %]—f(variable(l))— O.5>];
delta = (jacop) * (t — f);

variable = variable + delta;

iteration = iteration + 1;

end

format long

x_optimise = variable(1)

y_optimise = variable(2)

Example 4.1. Let f: R — R and g : R — R be two convex functions defined
as:

f(x)=2z+1)* and g(x)= (5z+2)>
Then
Of (x) = {8z +4} and 0Jg(z)= {50x+ 20}.

It is known that A =90f : R = R and B = 9¢ : R = R are maximal monotone
operators on R. Our problem,

0€df(x)+0g(x). (4.1)
Then, for all A > 0,
T — 4\ z — 20\
J (z) = d JP(z)= .
@ =57 ad N =g

If we choose A = 1, we obtain by using the above program,
(z,y) = (0.246, —1.073)

and from Theorem 3.1, J{' (0.246) = —0.417 is an approximate solution of
(4.1).
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