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Abstract. In this paper, we propose and study an implicit iteration process for a finite
family of total asymptotically quasi-nonexpansive mappings and a finite family of asymptot-
ically quasi-nonexpansive mappings in the intermediate sense in convex metric spaces and
establish some strong convergence results. Also, we give some applications of our result in
the setting of convex metric spaces. The results of this paper are generalizations, extensions

and improvements of several corresponding results.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, N denotes the set of natural numbers and J =
{1,2,---, N}, the set of first N natural numbers. Denote by F(T") the set of
all fixed points of T" and by

f:(ﬁF@Dﬂ(ﬁF@»

the set of common fixed points of two finite families of self-mappings {S; : j €
J} and {Tj:j € J}.
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Lets remember some definitions and present simple results derived from the
known theorem for leading the main results.

Definition 1.1. ([23]) Let (X,d) be a metric space. A mapping W : X x
X x [0,1] — X is said to have a convex structure on X if for each (z,y,\) €
X xX x[0,1] and v € X,

d(u, W(z,y,\)) < Md(u,z) + (1 = N)d(u,y).

A metric space X together with the convex structure W is called a convez
metric space.

Definition 1.2. ([23]) Let X be a convex metric space. A nonempty subset A
of X is said to be convex if W (x,y, ) € A whenever (z,y,\) € A x Ax[0,1].

In 1982, Kirk [15] used the term “hyperbolic type spaces” for convex met-
ric spaces, and studied iteration processes for nonexpansive mappings in this
abstract setting. Later on, many authors discussed the existence of the fixed
point and the convergence of the iterative process for various mappings in con-
vex metric spaces (see, for example, [3, 4, 5, 7, 10, 11, 13, 14, 17, 18, 19, 23]).

Recently, Yildirim and Khan [26] extend Definition 1.1 as follows:

Definition 1.3. A mapping W : X3 x [0,1]3 — X is said to have a convex
structure on X, if it satisfies the following condition: For any (z,y, 2z;a,b,¢) €
X3 x[0,1? witha+b+c=1and u € X,

d(W (z,y,z;a,b,¢),u) < ad(x,u) + bd(y,u) + cd(z,u).

If (X,d) is a metric space with a convex structure W, then (X, d) is called
a convex metric space.

Let (X,d) be a convex metric space. A nonempty subset A of X is said to
be convex if W(z,y,2;a,b,c) € A, for all (z,y,z) € A3, (a,b,c) € [0,1]? with
a+b+c=1

Takahashi [23] has shown that open sphere B(z,r) = {y € X : d(y,z) <r}
and closed sphere Blz,r| = {y € X : d(y,x) < r} are convex. All normed
spaces and their convex subsets are convex metric spaces. But there are many
examples of convex metric spaces which are not embedded in any normed
space (see [23]).

Remark 1.4. Every normed space is a special convex metric space with a
convex structure W(z,y,z;a, 5,7) = ax + By + vz for all z,y,z € X and
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a, B,v € 10,1] with o + 8 + v = 1. In fact,

d(u, W(z,y, 2z 0, 8,7)) = |lu — (ax + By +72)||
< allu — 2| + Bllu —yl +~llu - =]l
= ad(u,x) + Bd(u,y) + vd(u, 2), Vu € X.

Definition 1.5. A mapping T : X — X is called:

(1) nonexpansive [6] if d(Tx,Ty) < d(z,y) for all z,y € X,

(2) quasi-nonexpansive [16] if F(T) # () and d(Tz,p) < d(z,p) for all
x € X and p € F(T),

(3) asymptotically nonexpansive [6] if there exists a sequence {u,} C
[0, 00) with nll_}ngo u, = 0 such that

d(T"z, T™y) < (1 + uy,)d(z,y)

for all xz,y € X and n € N,
(4) asymptotically quasi-nonexpansive [21] if F(T') # () and there exists a
sequence {u,} C [0,00) with lim w, = 0 such that
n—oo

d(T"z,p) < (1 + uy)d(z,p)

forallz € X, pe F(T) and n € N,
(5) total asymptotically nonexpansive [2] if there exist sequences {uy},

{vn} C [0,00) with lim w, = lim v, = 0, and strictly increasing and
n—oo n—oo

continuous function ¢ : [0,00) — [0, 00) with ¢(0) = 0 such that
d(T"z, T"y) < d(z,y) + und(d(z,y)) + vn

forall z,y € X and n € N,
(6) total asymptotically quasi-nonexpansive [1] if F(T) # () and there
o

oo

exist sequences {uy},{vn,} C [0,00) with Zun < 00, Zvn < 09,
n=1 n=1

and strictly increasing and continuous function ¢ : [0,00) — [0, 00)

with ¢(0) = 0 such that
d(T"z,p) < d(z,p) + un(d(z,p)) + vn (1.1)

forallzx € X, pe F(T) and n € N,
(7) uniformly L-Lipschitzian if there exists a constant L > 0 such that

d(T"z, T"y) < Ld(x,y)

for all xz,y € X and n € N,
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(8) asymptotically quasi-nonexpansive in the intermediate sense [26] if
F(T) # 0 and the following inequality holds:

limsup  sup (d(p,T”y) — d(p,y)) <0. (1.2)
n—00 peF(T),yeX

If we define

Pn = Max {0, sup (d(p7 Tny) - d(p7 y))} ’
pEF(T),yEX

then p, — 0 as n — oo. It follows that (1.2) reduced to

d(p, T"y) < d(p,y) + pn (1.3)
forallpe F(T),y € X and n € N.

Remark 1.6. From Definition 1.5, if F(T) # 0, ¢(\) = A, then (1.1) takes
the form

d(T"z,p) < (14 un)d(z,p) + vn.

In addition, if v,, = 0 for all n > 1, then total asymptotically quasi-nonexpansive
mappings coincide with asymptotically quasi-nonexpansive mappings. If u,, =
0 = vy, for all n > 1, then we obtain from (1.1) the class of quasi-nonexpansive
mappings. Thus the following statements are obvious.

(1) Every quasi-nonexpansive is asymptotically quasi-nonexpansive map-
ping.

(2) Every asymptotically quasi-nonexpansive is total asymptotically quasi-
nonexpansive mapping.

(3) Every asymptotically quasi-nonexpansive mapping is asymptotically
quasi-nonexpansive in the intermediate sense.

(4) The converse of these statements may not be true in general.

In 2003, Sun [22] introduced the following process for common fixed points
of a finite family of asymptotically quasi-nonexpansive mappings {7; : i € I},
I={1,2,---,N} in uniformly convex Banach spaces:

Ty = apTp_1 + (1 — an)Tikxn, n €N, (1.4)

where n = (k — 1)N + 4, i € I and {ay,} is a real sequence in (0,1).

Sun [22] studied the strong convergence of the process (1.4) for common
fixed points of the finite family of mappings {T; : i € I}, requiring only one
member of the family to be semicompact. The results of Sun [22] generalized
and extended the corresponding results of Xu and Ori [25].
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In 2008, Khan et al. [8] studied the following n-step iterative processes for a
finite family of mappings {7; : i = 1,2,--- ,k}. Let 1 € K. Then the iterative
sequence {x,} is defined as follows:

Tpt1 = (1 — apn)Tn + T Y(k—1)n;
Yk—1n = (1 = @e—1)n)Tn + -1 T 1Y(k—2)n>
: (1.5)
Yon = (1 — on)n + 2015 Y1n,
( Y1n = (1 — a1n)Tn + @1nT1"Yon, 1> 1,
where yo, = x,, for all n € NU{0} and a, € [0,1], n > 1and i € {1,2,--- ,k}.

In 2010, Khan and Ahmed [7] considered the iteration process (1.5) in con-
vex metric space as follows:

Tp+1 = W(Tlgy(k—l)na T Qn ),
Yk—1)n = W(Tg—ly(ka)m Ln; Oé(kq)n),
: (1.6)

Yon = W(T3'y1n, Tn; 2n),
Yin = W(T1'"Yon, Tn; 0an), n =1,
where yo, = x, for all n € NU{0} and oy, € [0,1], » > 1 and i € {1,2,--- ,k}.

In 2019, Kim [12] studied the following double acting iterative process in
CAT(0) space:

Let I ={1,2,--- ,r},wherer > 1 and {7 : i € I} be a family of generalized
p-weak contraction self-mappings on K. The scheme is

T € K7 Tn+l1 = Un(i)xnv (RS Ia n > 17

where
Un(o) = 1a (: the identity mapping),

Un1)z = a1y @ (1 — an1)) 11 Up(0) @,
Un(2)® = ap) © (1 — ap2)) 15 Upy,

Un(rfl)x = Qp(r-1)T D (1 - an(rfl))T:—lUn(r72)x7
Un(r)x = Qp(r)& ® (1 - O‘n(r))TﬁUn(r—l)xv
where a;,(;) € [0,1] for each i € I.

In 2010, Khan et al. [9] introduced an implicit iteration process for two
finite families of nonexpansive mappings as follows:

Let (E,|| - ||) be a Banach space and S;,T; : E — E (i € I) be two families
of nonexpansive mappings. For any given xg € F, define an iteration process



908 K. S. Kim

{z,} as

Ty = pTp—1 + BrSpTy + Y TnTn, N € N,
where Sy = Sy (mod N)s Tn = Tpmoany and {an}, {Bn}, {n} are three se-
quences in (0, 1) such that a,, + 8, + v, = 1 for all n € N.

In 2017, Saluja and Hyun [20] introduced the following:

Let (X, d, W) be a convex metric space with convex structure W, S; : X —
X be finite families of asymptotically quasi-nonexpansive mappings and T; :
X — X be finite families of asymptotically quasi-nonexpansive mappings in
the intermediate sense. For any given zg € X, define iteration process {x,}
as follows.

w1 = W(zo, S171, Thz1; 1, B1, M),

xo = W(x1, Soxa, Toxa; o, B2, ¥2),

xy =W(zn_1,Snven, TNeN; an, BN, YN),

2 2
Ty = W(zn, STeni1, TT TN 1, N1, BN 1, YN+1),

2 2 .
xon = W(zan—1, Syzan, TNT2N; Con, Pan, V2N ),

3 3 .
on+1 = W(xan, ST{xan+1, T TaN+1; 0aN+1, B2aN+1, V2N+1)s

This iteration process can be rewritten in the following form:
Ty = W(xn,l, Sf:nn,ﬂkmn;an,ﬁn,vn), neN, (1.7)

where n = (k — 1)N +4, ¢ € I and {an}, {fn}, {7n} are three sequences in
(0,1) such that a,, + B, + v, = 1 for all n € N and they established some
strong convergence results which generalized some recent results of [7, 9, 22,
24, 25, 26].

Notice that the iteration scheme (1.6) deals with one family and uses n-steps
whereas (1.7) deals with two families and uses only one step.

Motivated and inspired by [20] and some others, we introduce and study
the following iteration scheme:

Definition 1.7. Let (X, d, W) be a convex metric space with convex structure
W, S; + X = X be finite family of total asymptotically quasi-nonexpansive
self-mappings and 7; : X — X be finite families of asymptotically quasi-
nonexpansive self mappings in the intermediate sense. For any given g € X,
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we define iteration process {x,} as follows:

x1 = W(zo, S121, Th21; 001, B1, M),
xg = W(x1, Saxa, Toxa; a2, B2, 72),

zy = W(zn_1,Sven, TNN; an, BN, YN),

2 2
ryy1 = W(an, STeni1, TTTN 15 ANy 1, BN 1, YN +1),

2 2 i
xon = W(zan—_1, Syzan, TNT2N; CoN, Pan, V2N ),

3 3
on+1 = W(xan, STxan+1, T Tan+1; 02N +1, P2aN+1, V2N+1)s

This iteration process can be rewritten in the following compact form:
Tn = W(mnflaS]I'anaT]kxn;anaBm'Yn)a n €N, (1~8)

where n = (k — 1)N + j, j € J and {an}, {Bn}, {7n} are three sequences
in (0,1) such that o, + B, + v, = 1 for all n € N and establish some strong
convergence results in the setting of convex metric spaces.

Lemma 1.8. ([16]) Let {an}, {bn}, {cn} be three sequences of nonnegative
real numbers satisfying the following conditions:

o @] o
an+1 < (14 bp)an + cpy, n >0, an<oo, ch<oo.
n=0 n=0

Then
(i) lim a, exists.
n—0o0

(ii) Moreover, if liminf a,, =0, then lim a, = 0.

Remark 1.9. It is easy to verify that Lemma 1.8 (ii) holds under the hypoth-
esis limsup a,, = 0 as well. Therefore, the condition of Lemma 1.8 (ii) can be

n—oo
modified and reformulated as follows.

(ii)’ If either liminfa, =0 or limsupa, =0, then lim a, = 0.
n—00 n—00 n—00
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2. MAIN RESULTS

In this section, we prove some strong convergence theorems for iteration
scheme (1.8) in the framework of convex metric spaces. First, we shall need
the following lemma.

Lemma 2.1. Let (X,d,W) be a convex metric space with convex structure
W oand {S; : X — X : j € J} be a finite family of total asymptotically

quasi- nonexpansive self-mappings with sequences {ug)}, {vgj)} C [0,00) such

o0
that Z <1§1€a}<U ) < o0, Z (Tjﬂeaji v(j)> < 00 and there exist constants My,
=1

M > 0 such that
d(A) < Mo

for all x> M. Let {T; : X — X : j € J} be a finite family of asymptotically

quasi-nonezrpansive self-mappings in the intermediate sense. Suppose that F #

0, 20 € X and {zy} is as in (1.8) such that {B,} C (s,1—s) for some s € (0, 3)
o

and Z’yn < 00. Put

n=1

jed peF,yex

A, = max {max sup (d(p, T]ky) —d(p, y)), 0} , (2.1)

where n = (k—1)N + j and j € J such that ZAZ- < oo. Then we have the
i=1
following statements:
(1) h_)m d(zy,p) exists for allp € F,
(ii) ILm D(xy, F) exists, where D(z, F) = inf{d(z,y) : y € F},
(iii) of li_)m D(zp, F) =0, then {x,} is a Cauchy sequence.
Proof. (i) Let p€ F and n= (k—1)N +j, j € J. Then from (1.8) and (2.1),
we have
d(zn,p) = d(W(zn-1, S;‘fxna ﬂk$n; s By Yn)s P)
< and(Tn—1,p) + Bud(SF2n,p) + Ynd(TF 20, p)
< and(@n-1,p) + Buld(wa p) + uf 6 (d(n, p) + v}
+ Yn[d(zn, p) + An
p)+
(

(Bn + m)d(zn, p)
+/8nuk (d(xn, p)) + YnAn +ank . (2.2)

< (679 (xn 1,P
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Since ¢ is an increasing function, it follows that

d(\) < p(M), if X< M,
d(\) < MoA, if A > M.

In either case we obtain
¢(d(xn,p)) < ¢(M) + Mo d(xn,p), Vn=1.
Thus, from (2.2), we have
(1= o = 3a)d(w0, D) < Qnd(w-1,p) + Bouf!’ (6(M) + Mo d(wn, p))
+ Y An + ﬁnv,(cj)
= and(@n-1,p) + Mo B d(@n, p)
+ Buu) (M) + v An + ol (2.3)

Since lim ~, = 0, there exists an n; € N such that n > ny, v, < 5. Therefore
n—o0

s s
1-— n_nzl_ 1-— -5 5
B = 1-s)=5=3
for n > ny. From (2.3) and v, < §, we get
()
Qnp MOBnUk
d(zp,p) £ ————d(@n-1,p) + —F7——d(zn,p
(Zn,p) 1_ﬁn_%( 1,D) 1—5n—%( )
1 . .
+ m(ﬁnu,ﬁ%w )+ YuAn + o)

< d@n-1,p) + = Lu d(@np) + (60 + o)) + A,
Thus
(1 - Sougﬁ) d(n.p) < dlnrp) + - (600w +0) + A (24)

()

Since lim maxw;’ = 0, there exists an ny € N such that
k—oo jeJ
() 5
u < 2.5
kT AMy (2:5)
for k > ng and j € J. From (2.4), we have
s
d(Ty,p) < 7md($n—lap)
s — 2Mouy;
2 ; ; s
+ s (o) + o) + ——— A (26)
s — 2Mouy; s — 2Mouy;
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Let
S QMO'LL](Cj)
Itop=— G =1+— 7
s — 2M0uk_] s — 2M0uk_]

From (2.5), we have

2u,(€j)< i 8—2M0u](€j)28—§:g

= 27]\407 9
for k > ny and j € J. It means that
1 2
S (2.7)
s — 2Mouy; S
and so
oMoul  AMy
Pr = L
S — 2Mguk s
Thus, we have
o o0
4Mo ()
< .
D on < — =) maxy < oo
k=1 k=1
Now by (2.6) and (2.7), we have
4 . .
Awnsp) < (1+ p)d(en-1,p) + - (600 + o) + 240 (28)
o [o.¢] . (o] . o0
Since Zcpi < 00, Zma}(uy) < 00, ma}cvim < oo and ZAi < 00,
i1 -1 7€ i-1 7€ i=1

it follows from Lemma 1.8-(i) that the sequence {d(z,,p)} is bounded and

lim d(zy,p) exists.
n—oo

(ii) Taking the infimum over all p € F in (2.8), we have

Dlen, F) < (14 @)Dl 1, F) + = (600 +00) 424, (29)

o o . o0 . o0
Since Zg&i < 00, ma}ugj) < 00, ma}wim < oo and ZAi < 00, it
i=1 i—1 7€ i—1 7€ i=1
follows from (2.9) and Lemma 1.8-(i) that lim D(z,,F) exists.
n—0o0

(iii) First, we consider the following case. Let

n=(I0—-2)N+N, n+m=(1—-1)N+N
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for some [ € N. Since 1 + z < €%, x > 0, from (2.8), we have
d(xn+m7p)

1
< (1+ @)d(@nsm-1,7) + - (ng(M) (V) 1 N )) 2 Anim

4 _
< e {(1 + o) d(Znam—2,p) + (¢(M)U§N Dt 1)) + 2A"+m_1}

4 N
+;<¢(M) "+ o) 4 24

< e d(Tpym—2,D)
. é e {(d)(M)Ul(N_l) N Ul(N—l)) n <¢(M)U§N) i Uz(N))}

+2- 62901 (-Anﬁ»mfl + An+m)

< eV d(xm p)

+é.6N‘Pl{<¢(M> ()+vl(1))+ —|—<¢(M) (N)+UZ(N)>}

S

< eNd(x,, p)

n+m

4
+—.eNeL N <¢(M) maxul(]) +maxvl(])> + 2. N Z A;.
S jeJ jeJ .
i=n+1
Next, we consider general case, there exist k,l € N such that
n=((k-1)N+j n+m=(0—-1)N+j
for j, 7' € J, then
d(xn+m7p)
< eNzézk ei d(JUn:p)
4 l : (4) (4)
N, o
_‘_g.e Eszw N;<¢( I}fleaj{ul +Hjlea'}{vj>
. n+m
+2.6NZ¢:kWi . Z A;
i=n+1
AN l ) n+m
< R | d(xpn,p) + — ( M) max u,’ +maxv )+2 A | (2.10)
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for all p € F, n,m € N and R = eV 2o,
Now, we use (2.10) to prove that {zp} is a Cauchy sequence. From the

hypothesis li_>rn D(z,, F) = 0, maxu(]) < 00, maxv(J) < oo and
n (o]

=1 jed =1 jed
o0
Z A; < oo, for each € > 0, there exists n3 € N such that
i=1
€

D(y, V> n, 2.11
(xn, F) < R D) n > ns (2.11)
maxul « — Zv(j) < Vn >ns (2.12)
LT S 16(MNR T &= S 16NRT "
and
> €
z‘:zn;rlA T 219

Thus, from (2.11), there exists ¢ € F such that

d(xn,q) < , ¥Yn > ns. (2.14)

€
A(R+1)
Using (2.12), (2.13) and (2.14) in (2.10), we obtain
d(@ptm, Tn)

S d(l‘ner, C_I) + d(xna Q)
l

AN el
< R(d(:):n,p)+8 Z(gb(M) maxui”—l—maxv ‘7)) +2 Z A; ) +d(zn, q)

eJ eJ
i=k J J i=n-+1

ANR l ) n+m
:(R+1)d(acn,q)+SZ((;S(M)maqu +maxv >+2R Z A;

1=k et i=n+1
€ 4 p(M)NR se ANR  se
R+1)- . . oOR. =
DA AT — 166(M)NR s 16NR ' B8R
=¢

for all n,m > ng. Thus {z,} is a Cauchy sequence. This completes the
proof. O

Theorem 2.2. Let (X,d,W) be a convexr metric space with conver structure
W oand {S; : X — X : j € J} be a finite family of total asymptotically
quasi-nonerpansive self-mappings with sequences {ug)},{v,(lj)} C [0,00) and
{T; : X - X :j € J} be a finite family of asymptotically quasi-nonexpansive
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self mappings in the intermediate sense as in Lemma 2.1. Suppose that F # (),
xo € X and {z,} is as in (1.8) such that {B,} C (s,1—s) for some s € (0, 3)

o
and Z Tn < 00 and let Ay, as in (2.1). Then we have the following statements:
n=1

(1) if {zn} converges strongly to a point in F, then
liminf D(z,,, F) = limsup D(x,, F) =0,

n—00 n—00
(2) if X is complete and either liminf D(x,,, F) = 0 or limsup D(z,, F) =
n—oo n—00

0, then {x,} converges strongly to a point in F.

Proof. (1) Let {z,,} converge to ¢ € F. Then nh_g)lo d(xpn,q) = 0. Thus, for a
given € > 0, there exists ng € N such that

d(zpn,q) <&, Vn>ny.
Taking the infimum with respect to ¢ € F, we obtain

D(zp, F) <e, ¥Yn > nyg,
that is,

lim D(z,,F)=0. (2.15)

n—00

Therefore, we have

lim inf D(zy,, F) = limsup D(x,, F) = 0.

n—00 n—00

(2) Let X be complete and either lim inf D(x,,, F) = 0 or limsup D(x,,, F) =
n—00 n—00
0. From Lemma 1.8-(ii) and Remark 1.9, we have li_>m D(x,,F) = 0. More-
n oo
over, from the completeness of X and Lemma 2.1-(iii), Cauchy sequence {x,}
converges to a point v € X, that is,

lim z, = u. (2.16)
n—oo

From (2.15) and (2.16), we have
D(u,F) =0.

Since the set F, which is the set of common fixed points of two finite families
of {Sj:je€J}and {T};: j € J}, is closed, we get

u € F.

This shows that u is a common fixed point of {S; : j € J} and {Tj : j € J}.
Hence {x,} converges to a point in F. This completes the proof. O
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If the strictly increasing and continuous function ¢ is defined by ¢(A) = A
and v, = 0 for all n > 1 in (1.1), then we have following corollary which is a
generalization of the result of [20].

Corollary 2.3. Let (X,d,W) be a convex metric space with convex struc-

ture W oand {S; : X — X : j € J} be a finite family of asymptotically

quasi-nonerpansive self-mappings with sequence {ug )} C [0,00) such that
ma}ugj) < oo and {T; : X = X : j € J} be a finite family of asymp-

° J€

=1

totically quasi-nonexpansive self-mappings in the intermediate sense. Suppose

that F # 0, xg € X and {z,,} is as in (1.8) such that {B,} C (s,1 —s) for

oo

some s € (0,3) and Z’yn < oo and let A, as in (2.1). Then we have the
n=1
following statements:

(1) if {xn} converges strongly to a point in F, then
lim inf D(x,,, F) = limsup D(zp, F) =0,

n—00 n—00
(2) if X is complete and either liminf D(x,,, F) = 0 or limsup D(x,, F) =
n—oo

n—oo
0, then {x,} converges strongly to a point in F.

3. APPLICATIONS

In this section, we establish some results for strong convergence as an ap-
plication of Theorem 2.2.

Theorem 3.1. Let (X,d, W) be a complete convex metric space with convex

structure W and {S; : X — X : j € J} be a finite family of total asymptotically

quasi-nonerpansive self-mappings with sequences {ug)},{vgj)} C [0,00) and

{T; : X = X :j € J} be a finite family of asymptotically quasi-nonexpansive

self-mappings in the intermediate sense as in Theorem 2.2. Suppose that F #

0, zo € X and {x,} is as in (1.8) such that {B,} C (s,1 — s) for some
o

s €(0,3) and Z'yn < oo and let A, as in (2.1). Assume that the following
n=1
two conditions hold:

(i) nlgn;o d(xn, Tpt1) =0,

(ii) the sequence {zp} in X satisfying lim d(zn, zn4+1) = 0 implies
n—oo

either liminf D(z,, F) =0 or limsup D(z,,F) =0.

n—oo n—o0

Then {x,} converges strongly to a point in F.
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Proof. From hypothesis (i) and (ii), we have
either liminf D(z,,F) =0 or limsup D(z,,F) = 0.

n—00 n—0o0
Therefore, we obtain from Theorem 2.2-(2) that the sequence {x,} converges
strongly to a point in F. This completes the proof. U

A mapping T : X — X is said to be semi-compact if every bounded sequence
{zp} in X with lim d(z,,Tz,) = 0 has a convergent subsequence.
n— o0

Theorem 3.2. Let (X,d, W) be a complete convex metric space with convex

structure W and {S; : X — X : j € J} be a finite family of total asymptotically

quasi-nonerpansive self-mappings with sequences {ug)},{vg)} C [0,00) and

{T; : X = X :j € J} be a finite family of asymptotically quasi-nonexpansive

self-mappings in the intermediate sense as in Theorem 2.2. Suppose that F #

0, 20 € X and {z,} is as in (1.8) such that {B,} C (s,1—s) for some s € (0, 3)
oo

and Z'yn < oo and let A, as in (2.1). Assume that lim d(zp,Sjz,) =
1 n—oo

H_)m d(zn,Tjxn) = 0 for all j € J. If there exist one of the mapping in

n o

{S;: X =X:jeJ}and{T; : X — X : j € J}, which is semi-compact.

Then the sequence {xy} converges strongly to a point in F.

Proof. Without loss of generality, we can assume that 7; (I € J) is a semi-

compact. From Lemma 2.1-(i), we know that the sequence {z,} is bounded

and by hypothesis, we know that lim d(z,,Tjx,) = 0 for some [ € J. Since
n—oo

T; is a semi-compact, there exists a subsequence {z,,} of {z,} such that
Zn, — x* € X. Thus

A" Tya") = lim d(za,, Tyza,) = 0

7—00

and

d(a*,852") = lim d(xn,, Sjen,) =0

r—00
for all j € J, which imply that

x*eF.
Therefore, we have

lirginfD(:nn,]:) < lirginfD(xm,]-") < lim d(zp,,,x") = 0.

r—00

It follows from Theorem 2.2-(2) that {x,} converges strongly to a point in F.
This completes the proof. O
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Remark 3.3. Theorem 3.2 is a generalization and modification of the result
of [9, Theorem 13].

Theorem 3.4. Let (X,d, W) be a complete convex metric space with convex
structure W and {S; : X — X : j € J} be a finite famzly of total asymptotically

quasi-nonexrpansive self-mappings with sequences {un 1 {vn } C [0,00) and
{T; : X = X :j € J} be a finite family of asymptotically quasi-nonexpansive
self-mappings in the intermediate sense as in Theorem 2.2. Suppose that F #
0, z0 € X and {z,} is as in (1.8) such that {8,} C (s,1—s) for some s € (0, %)

and Z'yn < oo and let A, as in (2.1). Assume that hﬂolod(ﬂfmijn) =

n—
n=1
lim d(xy,Tjz,) = 0 for all j € J. If one of the following conditions holds,
n—oo
then the sequence {x,} converges strongly to a point in F.
(Ch) If there exists a nondecreasing function g : [0,00) — [0, 00) with g(0) =
0, g(t) > 0 for all t € (0,00) such that

either d(xy, Sjzn) > g(D(zp, F)) or d(xyn, Tjxn) > g(D(zy, F))

forallneN and j € J.
(Ca) There exists a function h : [0,00) — [0,00) which is right continuous
at 0, h(0) =0 and

either h(d(xy, Sjzn)) > D(xyn, F) or h(d(zy, Tjzy)) > D(xn, F)
forallmeN and j € J.
Proof. Case I. Assume that (C) holds. Then, we have either
Jim g(D(2n, F)) < lim d(zn, Sjzn) =0
or
nlgrolog(D(xn,f)) < nh—>Holo d(zy, Tjzy) = 0.
No matter what cases, we have
lim g(D(zy,F)) =0.

n—oo

By the property of g, we obtain li_>m D(x,, F)=0.
Case II. Assume that (C3) holds. From hypothesis, we have either
lim D(x,,F) < lim h(d(wn, Sjon)) = h ( lim d(zn, S, xn)> = h(0)=0

n—oo n—o0 n—oo

or

lim D(zn,F) < lim h(d(zn, Tjzn)) = h ( lim d(zn, T xn)> = h(0) = 0.

n—oo n—oo n—oo
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No matter what cases, we have lim D(z,,F) = 0.
n—oo

Therefore, from above both cases, we obtain

lim D(z,,F)=0.

n—o0

Thus the condition of Theorem 2.2-(2) is satisfied, the sequence {x,} converges
strongly to a point in F. This completes the proof. O
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