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Abstract. In this paper, we completely describe the automorphism group of the bounded
Kohn-Nirenberg domain in [5].

1. INTRODUCTION

The automorphism group Aut(D) of a domain D in C" is the set of all bi-
holomorphic self-mappings defined on D. The automorphism group is a topo-
logical group with compact-open topology. The bounded symmetric domain
are well-known examples of domains with noncompact automorphism groups.
If a domain has compact automorphism group, then the explicit description
of automorphisms of a domain is difficult. There are few known examples
of domains with explicit description of automorphisms. In general, a domain
has the compact automorphism group. For example, Kohn and Nirenberg [7]
constructed the domain Dy in C? defined by the following defining function

15
Y(z,w) := Rew + |zw|? + |2|® + 7\z\2Re(z6) < 0.

In [2], Byun proved that the automorphism group Aut(Dky) is generated
by the map II : C2 — C? defined by

(z,w) = (/32 w).
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It means that Aut(Dky) is equal to {II" | n =1,...,6}, where II" is denoted
by n-times composition function ITo ---oII. This group is a cyclic group of
order 6. This domain is an unbounded domain in C?.

In [5], Calami constructed an example of domain € called the bounded
Kohn-Nirenberg domain defined by the following defining function
1 15
p(z,w) := Rew + 5|w|2 + [zw|* + |2 + 7|z|2Re(z6) < 0. (1.1)
This domain €2 is bounded and real-analytic. The origin is a weakly pseu-

doconvex boundary point, while all the other boundary points are strongly
pseudoconvex.

In this paper, we will show that all automorphism of €2 are generated by 1I.
The paper is organized as follows. Section 2 is devoted to the computation of
the automorphism group. In Section 3, we will introduce main theorem and
prove it base upon the result in Section 2.

2. LEMMA FOR MAIN THEOREM

Let O = (0,0) be the origin of C? and let f be an automorphism of . The
notation f(O) = O means that there is a sequence of points ¢; € €2 converging
to the origin such that

lim f(q;) = O.
j-}OO
In this case, we say that the automorphism f preserves the origin.
In this section, we will prove that all automorphisms f € Aut(2) should

preserve the origin.

Lemma 2.1. Let Q is the bounded Kohn-Nirenberg domain defined by the
equation (1.1) in C2. If f be an automorphism of Q, then f(O) = O.

Proof. Expecting a contradiction, we suppose that there is a sequence of points
g;j € € converging to the origin such that

jli)rgof(%') # 0.

Since 2 is bounded, we can suppose that f(g;) converges to a boundary point
p € 0 not the origin. Since the result of [1, 6], f can be extended to the
boundary. This implies that

8=7(0)=7(p) =2,

where 7(p) is the D’Angelo type at the boundary point p. This is contradict
to the facts that the D’Angelo type should be preserved under the action of
biholomorphisms. O
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3. MAIN RESULT
In this section, we will prove that Aut() is a cyclic group of order 6.

Theorem 3.1. The automorphism group of the bounded Kohn— Nirenberg do-
main € is equal to the set {II" :n =1,2,3,4,5,6}. Therefore, it is compact
and a cyclic group of order 6.

Proof. Let f be an automorphism of 2. By Lemma 2.1, f should preserves
the origin O. It means that f(O) = O.

Let Hp be the holomorphic tangent space at O to the boundary of €.
To follow the proof of the Kohn-Nirenberg domain and the Fornaess domain
cases in [3, 4], it is needed the fact that the automorphism f with f(O) = O
preserves the subset Hp N ). It means that

fHoNQ) CcHoNQ.
Let
p(2, ) = Rew + élw\Q +lzwl? + |2 + %ZPRe(zG)
and f = (f1, f2). Then p is a defining function for Q. By assumption, p o f

is also a local defining function near the origin. Thus there is a positive real-
analytic function p such that

pof=p-p. (3.1)
We restrict this to the holomorphic tangent space Hp at the origin. Note that
Ho = {(2,0) : z € C}. The right-hand side of (3.1) is as follows :

(2, 0)p(z,0) = (2, 0)([=f* + 2 |2IRe(="))

has no harmonic terms on Hp N Q2.
On the other hand, the left-hand side of (3.1)

po f(2,0) =Refo + IRl + | f1ol? + [AI° + 21 PRe(f1)°

the harmonic term Re f2(z,0). Thus the harmonic term should vanish Re f2(z, 0)
= 0. It means that f(Hpo N Q) C Ho N .

The restriction map f on HpN<Q is determined by one-variable holomorphic
function h(z) = fi(z,0) for all z satisfying (z,0) € Hp N .

Note that Ho N Q = {(z,0) : |2(% + 2Re(2%) < 0}. The holomorphic func-
tion h : D — D is a bijective map, where

7

Note that h can be holomorphically extended near the origin by the result of
[1, 6]. Since f(O) = O, we get h(0) = 0. If the first derivate |h/(0)] < 1, then

1
D= {zG(C : \z|6+£Re(26) <O}.
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the origin is attracting fixed point of h at the origin. It means that there is an
automorphism orbit accumulating at the origin. This is a contradiction of the
result [2]. If |A/(0)| > 1, then the inverse of h has attracting fixed point at the
origin. Also, this is impossible by the same reason. Hence we get |h/(0)| = 1.
So there is a @ such that h’(0) = €. Since the boundary of D consists of six
lines through the origin and h preserves the lines, we get

7T
0=k
3

for some k € Z. By Cartan Identity Theorem,
h(z) = e*52 = f1(z,0).

Let g(z,w) =II"*o

(z,w). Then g € Aut(Q2) and g¢(z,0) = (2,0) for all
(2,0) € Q. For all (2,0) €

Q,
_ (a(z) b(2)

dg(z,0) = <C(Z) d(z))

Since g(z,0) = (2,0), a(z) = 1 and ¢(z) = 0. Since all points (z,0) € Q are

fixed points of the automorphism ¢ and €2 is complete hyperbolic, the auto-

morphism sequence g" = go--- o g has a convergent subsequence converging

to some automorphism. we get d(z) has modulus 1 for all z with (z,0) € Q.
By Maximum modulus theorem, d(z) = 1. Since

w0 =(; "),

we get b(z) = 0. Note that for all (z,0) € ©, g(z,0) = (z,0) and

dg(z,0) = <é (1)) .

By Cartan Identity Theorem, g = Id = II ¥ o f is the identity map. Therefore
f=11".

This completes the proof. O
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