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Abstract. The aim of this article is to study the weak and strong convergence of implicit
iteration process with errors to a common fixed point for a finite family of asymptotically
nonexpansive mappings in Banach spaces. The results presented in this paper extend and
improve the corresponding results of [1]-[2], [4]-[11], [13]-[18].

1. INTRODUCTION

Let C' be a nonempty subset of a real Banach space E. Let T: C — C
be a mapping. We use F(T') to denote the set of fixed points of T', that is,
F(T)={z € C:Tx = z}. Recall that a mapping T: C' — C is said to be:

(1) asymptotically nonexpansive if there exists a sequence {a,} in [1,00)
with a, — 1 as n — oo such that

|7~ T < anllz—yl, (L1)

for all z,y € C' and n > 1.
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(2) A mapping 7' is said to be semi-compact if any bounded sequence {z,}
in C' with limy,_y ||z, — Txy|| = 0, there exists a subsequence {z,} of {z,}
such that {z,,} converges strongly to some z* in C.

(3) T is said to be demiclosed at the origin, if for each sequence {z,} in C,
the condition x,, — xg weakly and Tz, — 0 strongly imply Tx¢ = 0.

(4) Let {T1,Ts,...,Tn}: C — C be N mappings. {T1,Ts,...,Tn} are said
to be uniformly L-Lipschitzian if there exists a constant L > 0 such that

[T =Tyl < Liz—yl, (1.2)

forall z,y € C,i=1,2,...,N and n > 1.

Recall that F is said to satisfy the Opial’s condition [9] if for each sequence
{z,} in E weakly convergent to a point = and for all y # x

liminf ||z, — x| < liminf ||z, —y|| .
n—0o0 n—oo

The examples of Banach spaces which satisfy the Opial’s condition are
Hilbert spaces and all LP[0,27] with 1 < p # 2 fail to satisfy Opial’s con-
dition [9].

Proposition 1.1. Let C be a nonempty subset of a real Banach space E,
{Ti}f\ilz C — C be N asymptotically nonerpansive mappings. Then
(1) there exists a sequence {an} C [1,00) with an, — 1 as n — oo such that

[T e =Tyl < anllz -yl (1.3)

forallz,y e C,i=1,2,...,N and n > 1.
(ii) {T1,Ts, ..., TN} is uniformly L-Lipschitzian, that is, if there exists a
constant L such that
[Tz =Tyl < Lilz—yl, (1.4)

where L = sup,,>q a, > 1 and for allz,y € C,i=1,2,...,N andn > 1.

Proof. (i) Since for each i = 1,2,...,N, T;: C — C is an asymptotically
nonexpansive mapping, there exists a sequence {agf)} C [1,00) with aq(f) —1
as n — oo such that

IT7e =Tyl < aff |z =yl

forall z,y € C,i=1,2,...,N and n > 1.
Letting

an = max{aM a?, ... M},
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then we have that {a,} C [1,00) with a,, = 1 as n — oo and

T2 — TPyl < ol ||z —y| < anllz -yl

forall z,y € C,i=1,2,...,N and n > 1.
(ii) Taking L = sup,>; a, > 1, then the conclusion of (ii) can be obtained
from the conclusion of (i) immediately. O

Let E be a Hilbert space, let K be a nonempty closed convex subset of F,
and let {T1,T5,...,Tn}: K — K be N nonexpansive mappings. In 2001, Xu
and Ori [17] introduced the following implicit iteration process {z,} defined
by

Tn = onTp-1+ (1= an)Thimod N)yTn, 7 2>1, (1.5)
where z¢ € K is an initial point, {ay, }n>1 is a real sequence in (0, 1) and proved

the weakly convergence of the sequence {z,} defined by (1.5) to a common
fixed point p € F' = ﬂf\il F(T;).

In 2003, Sun [13] introduced the following implicit iterative sequence {x,}
Tn = (I—ap)rp_1+ Ochng;)xn, n>1, (1.6)

for a finite family of asymptotically quasi-nonexpansive self-mappings on a
bounded closed convex subset K of a Hilbert space E with {a,} a sequence
in (0,1) and an initial point 29 € K, where n = (k(n) — 1)N +i(n), i(n) €
{1,2,..., N}, and proved the strong convergence of the sequence {xz,} defined
by (1.6) to a common fixed point p € F' = ﬂfvzl F(Ty).

Recently, in 2006, Gu [6] introduced the following implicit iterative sequence
{zy} with errors

In = (1 - an)xn—l + Oénjlkzg;)yn -+ Uy,
yn = (L= Ba)an + BaTjioy Tn+vny n 21, (17)

for a finite family of asymptotically nonexpansive mappings on a closed con-
vex subset K of a Banach space X with K + K C K, {a,} and {8,} be
two sequences in [0,1], {u,} and {v,} be two sequences in K, and an initial
point zg € K, where n = (k(n) —1)N +i(n), i(n) € {1,2,..., N}, and proved
the weak and strong convergence of the sequence {x,} defined by (1.7) to a
common fixed point p € F = ﬂf\il F(T3).

It should be pointed out that the sequence defined by (1.6) is a special case
of the sequence defined by (1.7) with u, = v, =0, 8, =0, for all n > 1.
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Recently concerning the convergence problems of an implicit (or nonim-
plicit) iterative process to a common fixed point for a finite family of asymp-
totically nonexpansive mappings (or nonexpansive mappings) in Hilbert spaces
or uniformly convex Banach spaces have been considered by several authors
(see, e.g., Bauschke [1], Chang and Cho [2], Goebel and Kirk [4], Gornicki [5],
Gu [6], Halpern [7], Lions [8], Osilike [10], Reich [11], Schu [12], Sun [13], Tan
and Xu [14], Wittmann [16], Xu and Ori [17] and Zhou and Chang [18]).

Inspired and motivated by [6, 13, 17] and many others, we introduce the
following implicit iterative sequence {z,} with errors defined by

k
Tp = QpTp—1-+ /BnT’Z(ES)yn + YnUn,
~ >k ~
Yn = COpTp_1-+ Bnﬂ(g)% + YnUn, n2>1, (1.8)

where n = (k(n) — 1)N +i(n), i(n) € {1,2,..., N}, is called the implicit it-
erative sequence for a finite family of asymptotically nonexpansive mappings
{T;}Y,, where {an}, {Bn}, {7}, {dn}, {Bn} and {+,} are six sequences in
[0, 1] satisfying a, + Bpn + Y0 = dpn + B, + Yo = 1 for all n > 1, ¢ is a given
point in K, as well as {u,} and {v,} are two bounded sequences in K.

Especially, if {Tz}fL K — K are N asymptotically nonexpansive map-
pings, {an}, {Bn}, {7n} are three sequences in [0,1], and xg is a given point
in K, then the sequence {z,,} defined by

k
Tp = QpZp—1-+ Bnirz(g;)xn—l + Ynln, n=>1, (19)
is called the explicit iterative sequence for a finite family of asymptotically

nonexpansive mappings {Tz}i\il

The purpose of this article is to study an iterative sequences defined by
(1.8) and (1.9) for a finite family of asymptotically nonexpansive mappings in
Banach spaces and also establish the weak and strong convergence theorems
for said iteration schemes and mappings.

In the sequel we need the following lemmas to prove our main results:

Lemma 1.1. ([15]) Let {an}, {bn} and {6} be sequences of nonnegative real
numbers satisfying the inequality

Gn41 < (1 + 5n)an + by, n > 1.

If Y70 0n < 00 and Y 02 by < 00, then limy, o0 an exists. In particular, if
{an} has a subsequence converging to zero, then lim, oo a, = 0.
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Lemma 1.2. ([12]) Let E be a uniformly convexr Banach space and 0 < a <
tn < b <1 forallm > 1. Suppose that {x,} and {y,} are sequences in E
satisfying
limsup ||z,| <, limsup ||yn| < 7,
n—oo n—oo

lm |[tpz, + (1 —ty)ynl| =7,

n—oo
for some r > 0. Then
[0 = ynll = 0.

lim
n—o0o
Lemma 1.3. ([3, 5, 14]) Let E be a uniformly convex Banach space, C' be
a nonempty closed convex subset of E and T: C — C be an asymptotically
nonexpansive mapping with F(T) # (. Then I — T is semi-closed at zero,

i.e., for each sequence {x,} in C, if {x,} converges weakly to ¢ € C and
{(I =T)xn} converges strongly to 0, then (I —T)q = 0.

Lemma 1.4. Let E be a real Banach space, C' be a nonempty closed convex
subset of E. Let {T;}.;: C — C be N asymptotically nonexpansive mappings
with F = ﬂfil F(T;) # 0. Let {un,} and {v,} be two bounded sequences in C,
and let {o}, {Bn}, {7}, {dn}, {Bn} and {3n} be siz sequences in [0,1] and
{an} be the sequence defined by (1.3) and L = sup,>ya, > 1 satisfying the
following conditions:

(i) an + B+ T :dn‘*‘gn"i"fn =1

(i) op2y(an — 1)Bn < oo;

(ili) 7 =sup{Bn:n > 1} < 75;

(iv) D op21 Yn <00, 3250 Yo < 00
If {x,} is the implicit iterative sequence defined by (1.8), then for each p €
F =Y, F(Ty) the limit lim,, oo ||z, — pl| exists.

Proof. Since F' = ﬂf\il F(T;) # 0, for any given p € F, it follows from (1.8)
and Proposition 1.1 that

k(n
o =pll < (1= Bn—70) l2n-1 =PIl + Bu [ T5S 90

+Yn [Jun — pl|
= (1= Bn—m) lzn-1—pll + B Tﬁg)yn - Ti]z,(f;)pu
+n [t — |

IN

(1= Bn) [len—1 = pll + Bnaym) lyn — pll
+’YnHun_pH7 (110)
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Again it follows from (1.8) and Proposition 1.1 that

lyn —pll < (1= Bp =) 1201 — pll + 6o | TS, — p
(n)

+ o [vn = p
= (1= B =) o1 = ol + B || T w0 — T
+n [vn =
< (1= Ba) -1 = pll + Baarin Ilon — pl
+n llon — 1l (1.11)

Substituting (1.11) into (1.10), we obtain that
lzn —p| < (1- Bngnak(n)) |lzn—1—pl + ﬁngna%(n) lzn — pll
+Bn’)7nak(n) v = pll + Yn [Jun — Pl ,
which implies that
(1- Bngnaz(nﬂ lzn —pll < (1- Bnﬁnak(n)) |Zn—1 = pll + pn, (1.12)

where (i, = BpYn@i(n) [[vn — Pl + Y lun — pl|. By condition (iv) and bound-
edness of the sequences {8,}, {arm)}, {llun —pll}, and {||vn — pl[}, we have
>0 | Hn < 00. From condition (iii) we know that

ﬁngnai(n) < Bnaz(n) <7< 1,
and so
1-— ﬁnﬁnai(n) >1-—7L%>0, (1.13)

hence from (1.12) we have

1- /Bngnak(n) Hn
— < (_ZRERTRR) el — o
lon =l < (1= Mﬁ(n)) n-1 = pll + —2
k) — 1)Bn Ana n n
= (14 DR g
- nﬁnak(n)
(arm) — 1)ﬁn3nak(n) L,
< _
- (1 + 1—7L? ) lzn—1 =Pl + 1—7L2
= (1 + An) ||xn71 - P|| + By, (114)
where
(@h(ny — 1)BnBrann) fn,
An = 1—7L2 and By = 1—7L2%
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By conditions (ii) and (iii) we have that

o0 1 [e.e] .
ZAn = 1-+12 Z(ak(n) - 1)ﬁnﬁnak(n)
n=1

T TLQ Z (akn) — 1) Bnar(n)

1—7L22ak D)Bn < o0

and
_ fin
B, = Zl—TL2 < 00.
n=1
Taking a, = ||zn—1 — p|| in inequality (1.14), we have
apt1 < (1 + An)an + By, Vn>1,

and satisfied all conditions in Lemma 1.1. Therefore the limit lim,,_, ||z,
exists. Without loss of generality we may assume that

lim |z, —pll=d, p€F.
n—oo

This completes the proof of Lemma 1.4.

2. MAIN RESULTS

We are now in a position to prove our main results in this paper.

151

-7

Theorem 2.1. Let E be a real Banach space, C' be a nonempty closed convex
subset of . Let {Tz}f\i1 C — C be N asymptotically nonexpansive mappings

with F = ﬂfil F(T;) # 0. Let {un} and {v,} be two bounded sequences in C,

and let {an}, {Bn}, {m}, {dn}, {Bn} and {7,} be siz sequences in [0,1] and
{an} be the sequence defined by (1.3) and L = sup,>,a, > 1 satisfying the

following conditions:

(i> 04n+5n+'7n:dn+3n+’)7n:1;
(il) 2onzi(an —1)Bn < 00;

(iii) T—sup{ﬁn n>1}<L2,

(1V> Zn 177L<OO Zn 17n<oo
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Then the implicit iterative sequence {x,} defined by (1.8) converges strongly
to a common fized point p € F = ﬂfil F(T;) if and only if
liminf d(x,, F) = 0. (2.1)

n—oo

Proof. The necessity of condition (2.1) is obvious.
Next we prove the sufficiency of Theorem 2.1. For any given p € F, it
follows from (1.14) in Lemma 1.4 that

lzn —pll < (1+An) 201 —pl + Bn Yn 21, (2.2)
where R
(an — 1)BpBnan L,
A, = and B, — —""
1—7L? T 1-rL?
with > >° | A, < oo and Y 2| B, < co. Hence, we have
d(zn, F) < (14 A,)d(zp—1,p) + B, Vn>1. (2.3)

It follows from (2.3) and Lemma 1.1 that the limit lim, o d(zy, F') exists.
By the condition (2.1), we have

lim d(zp, F)=0.

n—0o0

Next, we prove that the sequence {z,} is a Cauchy sequence in C. In fact,
since ) o7 Ap <00, 1+ <e” for all z > 0, and (2.2), therefore we have

|z —pl] < eAn |€n—1 —p| + Bn Yn > 1. (2.4)

Hence, for any positive integers n, m, from (2.4) it follows that

[Zptm — ol < eAntm |Zntm—1 — Pl + Bntm
< eAnt+m |:6An+m71 H$n+m—2 7p|| +Bn+mfl] + Bpim
< .
{zrmal {Trma) &
< el |zn — pll + € > Bi
i=n-+1
n+m
< Wlaen—pl+W Y B (2.5)
i=n+1

T o
where W = e{ Zn=1 < 00. Since limy, o0 d(xp, F) = 0and Y2 | B, < 00,
for any given € > 0, there exists a positive integer ng such that

d(zy, F) < Z B < 5w Vn > ng.

W+1
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Therefore there exists p; € F' such that

13
d(xnapl) < 2(W + 1)7 Vn = No

Consequently, for any n > ng and for all m > 1, we have

|Tnem = zall < Tngm — p1ll + |20 — p1|

n+m
< Wey —pi|| + W Z Bi + ||zn — p1|
i=n-+1
n+m
= WHDllza—pll+W Y B
i=n+1
< (W+1).2L+Wi

(W+1) 2W

= e
This implies that {z,} is a Cauchy sequence in C. By the completeness of
C, we can assume that lim,_,., z, = p*. Since the set of fixed points of
an asymptotically nonexpansive mapping is closed, hence F' is closed. This
implies that p* € F', and so p* is a common fixed point of 11,75, ..., Tx. This
completes the proof of Theorem 2.1. O

Theorem 2.2. Let E be a real Banach space, C' be a nonempty closed convex
subset of E. Let {T;}N.,: C — C be N asymptotically nonexpansive mappings
with F' = ﬂzj\il F(T;) # 0. Let {uy,} be a bounded sequence in C, and let {c,},
{Bn}, {1} be three sequences in [0,1] and {a,} be the sequence defined by
(1.3) and L = sup,,~; an > 1 satisfying the following conditions:
(i) an + Bn +m =1

(i) Z?:l(an —1)Bn < 005

(il) 0 <7 =sup{Bp:n>1} < 75;

(iv) D ontqm < 0.

Then the implicit iterative sequence {x,} defined by (1.8) converges strongly
to a common fized pointp € F = ﬂfil F(T;) if and only if liminf,,_, o d(zp, F)
=0.
Proof. Taking Bn =, = 0, foralln > 1in Theorem 2.1, then the conclusion of

Theorem 2.2 can be obtained from Theorem 2.1 immediately. This completes
the proof of Theorem 2.2. O

Theorem 2.3. Let E be a real uniformly convexr Banach space satisfying Opial
condition, C be a nonempty closed convex subset of E/. Let {Tl}f\il C — C be

N asymptotically nonexpansive mappings with F = (X, F(T;) # 0. Let {uy}
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and {v,} be two bounded sequences in C, and let {an}, {Bn}, {m}, {dn},
{Bn} and {¥n} be siz sequences in [0,1] and {a,} be the sequence defined by
(1.3) and L = sup,,>1 an > 1 satisfying the following conditions:

(i) Y ontq(an —1)By < oo;

(111% O0<m=inf{8,:n>1} <sup{fp:n>1}=m<
(iv) fn — 0, (n — 00);
(V) 2one 17 < 00, > 1'>’n<oo

(vi) 0 <8 =sup{fn:n>1} < T
Then the implicit iterative sequence {xy} defined by (1.7) converges weakly to
a common fixed point of the mappings {T1,Ta,...,Tn}.

LQ}

Proof. First, we prove that
lim ||z, — Tiz,|| =0, Vi=1,2,...,N. (2.6)
n—oo

Let p € F. Put d = ||z, — p||. It follows from (1.7) that

[2n = pll = (1 = Bn)[2n—1 = p+ 0 (tn — 2n-1)]

+ BalT} yn = P+ Y (1t — 2]

—d, n— oco. (2.7)

Again since lim,,_,« ||z, — p|| exists, so {z,,} is a bounded sequence in C. By
virtue of condition (v) and the boundedness of sequences {z,} and {u,} we
have
limsup || zp—1 — P+ Vn(tp — 2p—1)|| < limsup ||z,—1 — p||
n—oo

n—o0

+ lim sup vy, ||t — Tp—1]|
n—oo

= d, peF. (2.8)
It follows from (1.11) and condition (iv) that

<(> Yn — pH

lim sup
n—oo

T(( ))yn P +’Yn(un — Tp— I)H < hmsup

n—o0

+ lim sup vy, ||un — Zp—1]|
n—oo

= limsup ||y, — p||

n—o0

< limsup|(1 — Bn) |zn—1 =Dl
n—oo
+Bnag(n) ln — pll
+n [[vn = pll]

IN

d, peF. (2.9)
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Therefore from condition (iii), (2.7) - (2.9), and Lemma 1.2 we know that

. k
nh—>Holo Ti(nr;)yn — xn,lH =0. (2.10)

From (1.7), (2.10) and condition (v), we have

ﬁn[Tﬁ%)yn - xnfl] + ’Yn(un - CUnfl)H

0 = zn-al = |
k(n)
< Bn Ti(n) Yn — Tp—1|| + In Hun - xn—l”
— 0, as n — oo, (2.11)
which implies that
lim ||z, — zp—1]|| =0, (2.12)
n—oQ
and so
lim ||zp, — 2yl =0 Vj=1,2,...,N. (2.13)
n—o0

On the other hand, we have

Tn — Y;kgg)xn Tn—1 — jllzflg)yn

< Hxn - xn—l” + ‘

_l’_

n i(n)

Now, we consider the third term of the right hand side of (2.14). From the
Proposition 1.1, (1.7) and the condition (vi) we have

(2.14)

|75y = TS| < Ll — 2l

< L ‘ OnTp—1+ ﬂ%]ﬁg;)xn + VYnUn — Tn

< Lldnllzn-1 = zall + B || T 20 — 20
7 o = 2l

< Ldy || Tp—1 — xn|| + Lo ’ Tl.lzg)xn — Ty
+ LAy, [|[vn — xp]| - (2.15)

Substituting (2.15) into (2.14), we obtain that
(1 — Ld). ‘ Ty — Tllzg)xn < (1+ Lay) |on — Tn—1ll + ‘ Tp—1 — 1}’27(3)3;”

+ LA |vn — x4 - (2.16)
Hence, by virtue of the condition (v), (2.10) and (2.12), we have

(1 — LJ).limsup

n—o0

_ qik(n)
T Ti(n) T

< 0. (2.17)
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From the condition (vi), 0 < L < 1, hence from (2.17) we have

k(n)
= Ty Tn

Now, we prove that (2.6) holds. In fact, since for each n > N, n = (n —
N)(mod N) and n = (k(n) —1)N +i(n), hence n — N = ((k(n) —1) —1)N +
i(n) = (k(n — N) —1)N +i(n — N), that is,

kE(n—N)=k(n)—1 and i(n— N) =1i(n).
From (2.13), (2.18) and Proposition 1.1 that
k(n

lim
n—oo

(2.18)

< lzp — T.(( ))xn lflfn — In
(), ( )—1 k(n)—1
< o =Tl + 24 ’ i
+ T‘Z(gln)N;xn N — Tpn—N ‘ + ”xn—N - xn” }
< ] e — T2 |+ L2 |l2n — 20y

i(n)

k 1

()
_T'<>‘”n

— 0 as n — oo,

+ L(L+1)||zn — zp—n||

k(n) 1
zn N)yIn—N = In—N

which implies that
nh—>120 |z, — Thonl =0, (2.19)
and so, from (2.10) and (2.19), it follows that, for any j =1,2,..., N,
[#n = Tnyjznll < l2n = Tl + @0ty — Totjnag |
+ 1Tt jTnts — Tt jnll
< A+ L) [lzn — zagll + lonts — Totj @
— 0 as n — oo,
which implies that
lim ||z, — Thyjzn| =0, (2.20)

n—oo
forall j =1,2,...,N.
Without loss of generality, we can assume that ny = i(mod N) for all k
and some i € {1,2,...,N}. For any fixed [ € {1,2,...,N}, we can find a
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j € {1,2,...,N}, independent of k, such that i + j = [(mod N), and so
ni + j = l(mod N) for all k. Hence, from (2.20), we have

iz, = Tin, | =0, (2.21)
foralll=1,2,...,N. Thus
lim ||z, — Tix,| =0, (2.22)
n—oo

for all I = 1,2,...,N. That is, (2.6) holds. Since E is uniformly convex,
every bounded subset of E' is weakly compact. Again since {x,} is a bounded
sequence in C, there exists a subsequence {zp, } of {z,} such that {z,, }
converges weakly to ¢ € C. Hence from (2.6), it follows that

lim_ [z, — Tizn,| =0, (223)

n

foralll =1,2,..., N.

By Lemma 1.3, we have that (I —T})g = 0, that is, ¢1 € F(T}). Further,
by the arbitrariness of j € {1,2,..., N}, we know that ¢; € F = ﬂjvzl F(T}).

Finally, we prove that the sequence {x,} converges weakly to ¢;. In fact,
suppose the contrary, then there exists some subsequence {x,,} of {x,} such
that {z, j} converges weakly to go € C and ¢; # g2. Then by the same method
as given above, we can also prove that go € F' = ﬂjvzl F(Tj).

Taking p = ¢1 and p = ¢2 and by using the same method given in the
proof of Lemma 1.4, we can prove that the limits lim, o ||z, — ¢1]] and
limy, 00 ||Zn — g2|| exist, and we have

lim |z, —qil| =di, lim [lz, — gl = d2
n—00 n—00

where d; and dy are two nonnegative numbers. By virtue of the Opial condition
of E/, we have

di = limsup ||z, — q1]] < limsup ||zn, — 2| = d2
N —00 N —00

= lim sup Hmn] — q2H < lim sup H:En] - (I1H =d.
n;—r00 nj_>oo

This is a contradiction. Hence q; = g2. This implies that {z,} converges
weakly to g;. This completes the proof of Theorem 2.3. Il

Theorem 2.4. Let E be a real uniformly convex Banach space satisfying Opial
condition, C be a nonempty closed convex subset of E. Let {Tl}f\il C — C be
N asymptotically nonexpansive mappings with F = (X, F(T;) # 0. Let {uy}
be a bounded sequence in C, and let {an}, {Bn} and {v,} be three sequences
in [0,1] and {an} be the sequence defined by (1.3) and L = sup,>;a, > 1
satisfying the following conditions: -
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(1) an+Bn+ v =1;
(i) >nzy(an — 1), < oo;
(iii) 0 < =inf{B, :n>1} <sup{fp,:n>1} =m <
(iv) 20ty < .
Then the explicit iterative sequence {x,} defined by (1.8) converges weakly
to a common fized point of the mappings {T1,To,...,Tn}.

LQ}

Proof. Taking ﬁ;l =, =0, for all n > 1 in Theorem 2.3, then the conclusion
of the Theorem 2.4 can be obtained from Theorem 2.3 immediately. This
completes the proof of Theorem 2.4. O

Theorem 2.5. Let E be a real uniformly conver Banach space satisfying Opial
condition, C' be a nonempty closed convex subset of E. Let {T;}Y.,: C — C
be N nonexpansive mappings with F' = ﬂf\il F(T;) # 0. Let {un} and {v,} be
two bounded sequences in C, and let {on Y, {Bn}, {1}, {dn}, {Bn} and {7n}

be siz sequences in [0, 1] satisfying the following conditions:

()an+/8n"|_’7/n_an+6n+7n—l

(ii) O<T1 inf{B,:n>1}<sup{B,:n>1}=mn<1;
(iii) B 0, (n — 00);

(iv) Zn 17n<00 2 ne1 Tn < 00

(v) 0<d=sup{Bp:n>1} <1.

Then the implicit iterative sequence {xy} defined by (1.7) converges weakly
to a common fized point of the mappings {T1,To,...,Tn}.

Proof. As we know that each nonexpansive mapping from C into C' is an
asymptotically nonexpansive mapping from C — C, with a, = 1, for all
n > 1 and L = 1. Therefore all conditions in Theorem 2.3 are satisfied. The
conclusion of Theorem 2.5 can be obtained from Theorem 2.3 immediately.
This completes the proof of Theorem 2.5. ]

Theorem 2.6. Let E be a real uniformly convex Banach space and C be a
nonempty closed convex subset of E/. Let {T} : C'— C be N asymptotically
nonexpansive mappings with F = ﬂl L F(T; ) #+ 0 and there exists an T,
1 <1 < N, which is semi-compact (without loss of generality, we can assume
that Ty is semi-compact). Let {u,} and {v,} be two bounded sequences in C,
and let {o}, {Bn}, {mm}, {dn}, {Bn} and {4n} be siz sequences in [0,1] and
{an} be the sequence defined by (1.3) and L = sup,,~;a, > 1 satisfying the
conditions (i)-(vi) as in Theorem 2.3. Then the implicit iterative sequence {x,}

defined by (1.7) converges strongly to a common fized point of the mappings
{Tl,TQ, PN ,TN} in C.
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Proof. For any given p € F = ﬂzj\il F(T;), by the same method as given in
proving Lemma 1.4 and (2.23), we can prove that
lim ||z, — p|| = d, (2.24)
n— o0
where d > 0 is some nonnegative number, and
lim ||z, — Tix,| =0, (2.25)
n—oo
forall [ =1,2,...,N. Especially, we have
lim ||z, — Thzy| = 0. (2.26)
n— oo

By the assumption of the theorem, 7} is semi-compact, therefore it follows from
(2.26) that there exists a subsequence {z,,} of {z,} such that z,, — 2* € C.
Hence from (2.25) we have that

o — Tya*|| = lim_|len, — Tiza, || =0,
NG —> 00

forall [ =1,2,..., N, which implies that
N

z* € F=(F(T).
i=1

Take p = z* in (2.24), similarly we can prove that

lim ||z, —x*|| = dy,

n—oo
where d; > 0 is some nonnegative number. From z,, = z* we know that
di =0, i.e., x, — x*. This completes the proof of Theorem 2.6. O

Theorem 2.7. Let E be a real uniformly convex Banach space and C be a
nonempty closed convex subset of . Let {Tz}f\il C — C be N asymptotically
nonezpansive mappings with F = ﬂfil F(T;) # 0 and there exists an T},
1 <1< N, which is semi-compact (without loss of generality, we can assume
that Ty is semi-compact). Let {uy} be a bounded sequence in C, and let {a,},
{Bn} and {~vn} be three sequences in [0,1] and {a,} be the sequence defined by
(1.3) and L = sup,,~, an, > 1 satisfying the conditions (i)-(iv) as in Theorem
2.4. Then the explicit iterative sequence {x,} defined by (1.8) converges weakly
to a common fized point of the mappings {T1,Ts,...,Tn} in C.

Proof. Taking 3, = Yn = 0, for all n > 1 in Theorem 2.6, then the conclusion
of the Theorem 2.7 can be obtained from Theorem 2.6 immediately. This
completes the proof of Theorem 2.7. d
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Theorem 2.8. Let E be a real uniformly convex Banach space and C be a
nonempty closed convex subset of E. Let {Tz}f\;l C — C be N nonexpansive
mappings with F = ﬂl]il F(T;) # 0 and there exists an T;, 1 < 1 < N,
which is semi-compact (without loss of generality, we can assume that Ty is
semi-compact). Let {u,} and {v,} be two bounded sequences in C, and let
{an}, {Bn}, {m}s {dn}, {Bn} and {7n} be siz sequences in [0,1] satisfying the
conditions (1)-(v) as in Theorem 2.5. Then the implicit iterative sequence {x,}
defined by (1.7) converges strongly to a common fixed point of the mappings
{Tl,Tg, PN ,TN} i C.

Proof. As we know that each nonexpansive mapping from C into C is an
asymptotically nonexpansive mapping from C — C, with a, = 1, for all
n > 1 and L = 1. Therefore all conditions in Theorem 2.6 are satisfied. The
conclusion of Theorem 2.8 can be obtained from Theorem 2.6 immediately.
This completes the proof of Theorem 2.8. O

Remark 2.1. Since 0 < (a, — 1)8, < a,, — 1, therefore it is easy to see that
if condition (ii) is replaced by (ii):
(i) >onzi(an — 1) < oo,

then the conclusion of Theorem 2.1 - 2.4, 2.6 and 2.7 all are holds.
Remark 2.2. Theorem 2.1, 2.3, 2.5, 2.6 and 2.8 also improve and extend the
corresponding results of of Chang and Cho [2] and the key condition (v) in
[[2], Theorem 3.1]: there exist constants L > 0 and « > 0 such that, for any
i,je€{1,2,...,N} withi # j

|17z~ T}yl < Lllz—yl|*, Yn>1,
for all z,y € C' is deleted.
Remark 2.3. Theorem 2.3 and 2.5 also improve and extend Theorem 1 of
Zhou and Chang [18] and the key condition (v) in [[18], Theorem 1]: there
exists a constant L > 0 such that for any i,7 € {1,2,..., N} with i # j

HTznx - T]nyH < L ||.CL‘ - yH ; V=1,
for all z,y € C is deleted.
Remark 2.4. Theorem 2.2 - 2.8 also improve and extend the corresponding

results of [1, 4, 5, 7, 8, 10, 11, 13, 14, 16] to the case of more general class of
spaces, mappings and iteration schemes considered in this paper.

Remark 2.5. Our results also extend the corresponding results of Gu [6] to
the case of implicit iteration process with bounded errors considered in this

paper.
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Example 1. Let X = 0y = {Z = {z;}2, : &; € C, Y72, |z;]* < 0o}, and let
B ={z €¥y:|z|| <1}. Define T': B — {3 by

- 2
Tz = (0,27, asxs, aszs, ... ),

where {aj}]?’il is a real sequence satisfying: a2 > 0,0 < a; < 1, j # 2, and
[[25a; =1/2. Then

n
Iz =1 < 2(J]a)lle -3l
j=2
< ka7 - gl

where k,, = 2 ( H?:z aj) and Z,y € X. Since lim, o0 kyp =lim,, o0 2 (H;’L:Z aj)
= 1, it follows that T is an asymptotically nonexpansive mapping. But it is
not nonexpansive mapping.
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