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Abstract. In this presentation, the particles at the matter surface (metal, crystal, nano) will
be considered as the control target outside the physical domain. As is well known that control
problems of quantum particles at surface had been investigated in various aspects in last
couple of years, but the realization of control would become rather difficult than theoretical
results. Especially, whether surface control would be valid? what kind of particles at what
kind of matter surfaces can be controlled? so many questions still left as the mystery in the
current research literature and papers. It means that the direct control sometime does not
easy. On the other hands, control outside the physical domain is quite a interest consideration
in mathematics, physics and chemistry. The main plan is to take the quantum systems
operator (such as Laplacian A) in the form of fractional operator (A®,0 < s < 1), then
to consider the control outside of physical domain. Fortunately, there are many published
articles in the field of applied mathematics can be referred for the achievement of control
outside of domain. The external quantum control would be a fresh concept to do the physical

control, first in the theoretic, second in the computational, final in the experimental issues.

1. INTRODUCTION

The topics of quantum control at surface had already been taken account
into consideration past a long time (cf. [3], [5], [7], [8]), those investigation con-
tained the control of different particles (molecule, atom, elementary particle)
at different matter surface (metal, crystal, catalysis). Although several ques-
tions are inside the obtained results for theoretical study (cf. [18]), restrictedly,
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the consequences could be a direction for the experimental research of control
of quantum system in the physical chemistry area. More precisely, there is a
numerical result for the quantum control of Klein-Gordon-Schrédinger dynam-
ics system, it quite need the physical support for meaningful in the realistic
sense. That is, whether neutrons and meson can be really arranged in a corral
or circle? these connection between the mathematical study and experimental
physics would be existing problems also for other attained results. Without
lost of generalization, it give us the big opportunity to solve those problems
in the future works.

In this paper, suppose the control of a quantum system take place outside
the domain, then differential equation is changed its usual differential operator
into a fractional operator. In the nonlinear fractional differential equation,
apply optimal control theory, and seek the results as supplementary to aid the
control at matter surface using the external force.

2. FRACTIONAL DIFFERENTIAL EQUATION

First of all, we introduce the fractional differential equation as preparation
in corresponding to the control outside the domain. For a very usual quantum
system given by

o
’Lha = E’IJZ),

where 1) is a wave function to represent the probability of particle, it is a
complex valued function in complex Hilbert space (cf. [7]). Take most common

differential operator ' = A, then to have ih—q’b = A1, which is composed the
famous Schrodinger equation. In here, A is the reduced Planck constant, and
7 is unit of imaginary part at complex space.
For such a differential operator A, assume its eigenvalue \; and eigenfunc-
tion w;, then there is
Aw; = dw;, 1=1,2, ...

Therefore, for differential operator A® 0 < s < 1, its eigenvalue \; and
eigenfunction w; can be defined as

Alw; = Nw;, 1=1,2,... for 0<s<1. (2.1)

The definition (2.1) is well-posed and reasonable. The fractional square is
appeared at the eigenvalue, and it is a valid and existed value to define the
fractional square at the operator A (as well as F). Directly, that is to say, we
define the fractional operator A® by (2.1), that is, A%w;=\*w;. It means that
fractional differential operator make sense. Omne can consider the fractional
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differential equation as

L oY
— =A° 1
ih BT P, 0<s<
o o
ih)— = A°® 1.
(ih) 5 v, 0<s<

Mathematically, it is equivalent to each other. For generalization, take the
form of quantum system as
0
z‘hsa—f =A%), 0<s<l. (2.2)

For example, by (2.2), denote m as mass of particle, then the nonlinear frac-
tional Schrodinger equation can be described as

. sa¢ _ h2 s . saw s
It is equivalent to the formulation of
L0 h? . 0y
sZV 7 A8 el
W gp = gV T iag, TV,

by the consideration of arbitrary of coefficients of o and /.

2.1. Physics support. For a particle at matter surface, the stationary status
most interested in the chemistry field, which consider particle-particle, surface-
particle reaction between particle and matter. At viewpoint of control field,
this paper initially suppose that control process of particle focus on a particle
at some one given surface, and received the external source outside the domain.
Certainly, it can be realized at current experimental facility.

For the consideration of particle at surface, this paper is restricted in the
two dimension plane for spatial space. Let € be a open set of RV, N = 2,
then x = (21, 22) € Q, and outside domain denoted as R /Q. T denote the
boundary of 2, and I' = 0€2. Suppose the term u(t) will be used to express
the potential of external force f, outside the domain, which acting at the
system. Since just one particle is considered in the surface, it can be taken as
a quantum dot. For simplification, assume u(t) depended on time variable ¢
only. This term indicated the electronic field (shaped laser pulse, etc).

More precisely, set source is located at two spatial space point xg = (29, 29).
the external force f will be a emission at the point source, therefore, the
interaction to the whole system can be expressed as the formulation u(t) ®
d(x —xp).

Due to the pointwise source outside the physics domain, it completely inde-
pendent from the system, therefore, the problem assume that initial function
¥(x,0) = ¢o(x) for ground state of wave function v at start time ¢t = 0.
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For other kind of outside value problems, such as outside distributed control,
boundary value 9¥r = ¥y can be calculated at the boundary 02 by given
outside control RY /€, it can avoid to take the initial guess of 1.

2.2. Fractional Schrédinger equation. For 0 < s < 1, set Q@ = Q x (0,7).
For (x,t) € @, the nonlinear fractional Schrodinger equation has the form of

_ih’sdj = Asw + V(X7 t)wv in Q7
P(x,0) =¢(0), in Q, (2.3)
Y(x,t) = u(t) ® §(x — xq), in RY/Q x [0,T] for xg € RV/Q,

where % is reduced Planck constant, take N = 2 for plane surface. A? is
Laplacian defined by (2.1). V(x,t) is a physical and chemical potential in
domain €. Control variable u(t) is depended on time varying only. Pointwise
function

5(x — x0) :{ 1 if x=xq for ¥x € RV/Q,

0 if x#x¢ for ¥x € RV/Q.

0? 0? 0
922 T gz AV = <8x1’ 0
to express the fractional derivative of spatial variable x, but the formulation
are different from A and V.

Note that A = > as usual. A% V?* are used

Remark 2.1. It needs to explain the control term u(t) ® §(x — xg), which
mean that there is a control input «(¢) only at the point x outside the domain
R?2/Q, at other place its value be zero. It is point source for the system (2.3).

Remark 2.2. Mathematically, the domain of a parabolic partial differential
equation is infinite both for inside and outside parts. Our problem is configured
for a particle at matter surface. The domain mentioned in here is indicated the
physics domain of surface, which located the particle. Such as [0, L] x [0, L] and
[—L, L] x [-L, L]. Therefore, the posed quantum system (2.3) is meaningful.

3. MATHEMATICAL SETTING

In this section, nonlinear fractional Schrédinger equation (2.3) as quantum
system will be considered to do mathematical setting in Sobolev, and Hilbert
spaces (cf. [1], [4], [10], [11], [13]). To concentrate to the fractional operator
and outside control, this paper is restricted to take the value of real Hilbert
space as wave function for simplification (cf. [16]). By the equivalent of norm
at complex Hilbert spaces and real Hilbert spaces, it is easily to regard the
calculation of term of complex wave functions by their real part function only,
or the real part and imaginary part separately.
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3.1. Fractional derivative and norm. To the practical problem (2.3), de-
fine two Hilbert spaces H = L*(Q),V = H}(Q) with usual norm and inner
product. Then (V,H) is a Gelfand triple spaces V' < H < V'  in which
two embeddings are continuous, dense and compact. For 0 < s < 1, let
the fractional spaces L*(Q2), H*(2), W*P(Q) be the fractional L space, frac-
tional Hilbert space, fractional Sobolev space, respectively. As usual H*(Q2) =
W*2(Q),p = 2. s is the order of the derivative of a function v of W*2((Q).

For example s = 1, and L%(Q), H%(Q), W%Q(Q)

An interaction operator N (s) had been used in contributed papers [2], here
is quotation for a continuous mapping: W*2(Q) — L2(R" /Q) using nonlocal
normal derivative of order s by the definition

N(s)y = C(N,s) i wdy, vxeRY/Q,

8225F( 25§N )

w201 —s)

At first, for 0 < s < 1, cite [1, 4, 9], it need to introduce the fractional
derivative and norm for a functional ¢ at Sobolev space W*2(Q). For ¢ €
W$2(Q), the fractional derivative can be given by the form of

where C'(N, s) = , and I is special function, Gamma function.

(x) — ¥(y)

Y _
T Q |X _ y|N+25

e C(N,s)

dy for all ¢ € W*%(Q), (3.1)

where N is dimension of R, take N = 2 in here. Denote x = (x1,22),y =
(ylayQ) € RQ- Denote x = (xlaan T 71:N)7 y = (y17y27 T ayN) for RN? for
detailed expression (cf. [9]) for the integration dx = dxidxs - --dry of RY.

In system (2.3) and (3.1), additionally, for ¥(x,t) = u(t) ® (x — x), the
integration of nonlocal normal derivative can be calculated as

P(x) — uw(t) ® 6(x —x%) —u(t) @ 6(y — x°
0 ’}E_)ng’s)dy _/Q e |x_)y|N-(‘r2)s v )dy

5(x —x%) —o(y —x°
- u(t)®/ﬂ ( |X_)y|NS-};s )dy

x—y)—x"
_ u(t)®/ﬂ5(( y) ) dy

[x — y[Nt2s

B §(z — x°) B
= —u(t)® /Q Wdz (setz=x—y)
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_ _ui)® /Q (32— x") 2 ~~") e

= —ult)® / |x0| NV H24) g
Q
= —u(t)x’|", (3.2)

where ) is a measurement of domain . Thus, by the definition of nonlocal
normal derivative to find that A'(s)y belong to L?(R" /€2), and depended only
on time variable ¢.

Definition 3.1. The Sobolev space W*2((Q) is defined as (cf. [1], [4])

W*(Q) = {@b ‘ e LQ(Q)y/ i) w(X,)de/dx < oo, Vx,x' € Q}
QJQ

|X _ X/|N+25

The norm of y at space W*2(Q) is given by

B 2 1
e (R [ et R CE

where N is the dimension of space RY, in here N = 2 for particle at surface.
For v, ¢ € W*2(Q), the inner product of W*2(Q) is given by

(W, P)we() = / Q/ |X _)3(,(@(2_ P)) o, (3.4)

Because (x,t) = 0, a.e. x € RY/Q, for cover outside control, define Besov
space

W(Q) = {1/1 € WH2(RN)|y(x) =u(t)@5(x—x") for x € RN /0, x" € RN/Q}.

The norm of WS’Z(Q) can be defined as

)|2 1
g = (Wl + [ [ =0 )’ a9

By the definition (3.5) of fractional derivative, the difference term x —y allow
to take x,y outside the domain 2. Therefore, as pointed out in [2], the normal
Laplacian —A is a local operator, which just act at inside the domain 2, the
fractional operator —A?®, is a nonlocal operator, which can act at outside of
domain R™ /€, and also make ¢ derivativiable. Hence, take fractional opera-
tor to do outside control is reasonable and well-posed. Ad(iitio(gl?lly, By %Eove
oxs’ ax;’”' 73:Efv>’
N =2 in here. Response to the calculation of integration (3.2), define a local
Besove space W2 (RN /Q) if needed (cf. [2]).

local

Definition 3.1, the fractional gradient operator V* = (
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Besov space is special Sobolev space on real space RY with dimension N
(cf. [1, 4]). To differ with Lebesgue space LP(RY), set 0 < s < 1, define
fractional space as

L*P(RN) = {1/)) RY — R measurable, and / wd}( < oo}.
Ry (1 + |x[)NH2s
In here, s is the order of derivative, and p just is a symbol for responding
to later Sobolev space W*P(RY), take p = 1 in here. Without specified in
context, in general, the fractional order appeared at L space is to indicate
the fractional Besov space, and the integral order appeared at L space is to
indicate the Lebesgue space.

Next, define Besov space W*2(R™) by (3.3) as following, and denote
H3(RN) = W2(RN) for p = 2. As to x in whole domain R, for v, p €
We2(RYN), its inner product (cf. 3.4) is given by

(w7¢)WS’2(RN = ¢ 90 LQ(RN)
(X)) (p(x)—p(X)) ,
/RN/RN |x — x|Vt dx'dx

+ YN (s)pdx.
ORN

The norm of y € W*2(R) will be given by

[z

Il 2
‘|¢HL2 (RM) / /];{N |X—X/|N+25 dx'dx + BRNT/JN(S)'I/JCZX> .

Thanks to the definition of W*2(Q2) in (3.3), it means that W*2(Q) C L?(1Q).
It is easily to let us take H = L?(£2). Denote Wg’2(Q) ={v |[¢p € W*2(Q),¢r =
Yan = 0}. Use that notation H® for fractional Hilbert space 0 < s < 1. Set
V = H§(Q) = W§’2(Q), H = L%(Q), and V' = H3(Q) = W=*2(Q). Thus,
(V,H) is a Gelfand triple spaces V — H < V’_in which two embeddings are
continuous, dense and compact.

Remarkable that, not take H = L*(Q) for the simplification. Due to frac-
k

tional derivative Ent 0 < k < 1 respect to variable time ¢ is not involved in

the equation (2.3), therefore, Sobolev space W25(Q2) = L2(0,T; W52(2)) N
L?($; W*(0,T)) for two variable fractional derivative is exclusive in this paper.

3.2. Bilinear form. For the fractional operator (—A)®, 0 < s < 1 to discuss
the Bilinear form a(v, ¢) = (V*1, V¢) as preparation to compose weak form.



18 Quan-Fang Wang

Notice the boundary value ¢r = 1gq = 0 for W 2(Q).
a(h, p) = (=A%), )y V= = (=A%, )y~ Q),H3(Q)
= (V*¢, VS</5)L2(Q) (Voy, Vs¢>) = (¢, ¢)Ws 2(Q)

/ / (V) = V@) (VO) = VW) o (3.6)
RN JRWN |

‘X _ y’N-l-Qs

for all ¢,¢ € D(A,s), where the value domain of operator (—A?®) can be
defined as

D(A,5) = {v ‘ b e W22(Q) st — il = A% + Vi) }
= WE(Q) N WE2(Q).

In particular, to establish the connection between inside space W*2(£2) and
outside space L?(R/Q). To avoid the concept of nonlocal normal derivative,
in this paper, use the most common trace theorem as in [5] to describe the
relationship of W*?2(2) and L?(R"/Q) in Proposition 3.3.

For the domain © and its boundary 092 = I' (without confusion with Gamma
function I'), cite trace theorem in paper [9] of Wang, and [6] has the result.

Lemma 3.2. For 0 < s < 1, and the normal derivative for order j, denote as
o
—, 15 a continuous mapping

on?

O w2y o mich (o0
o Q) — (09).

Proposition 3.3. For 0 < s < 1, there is a continuous mapping from inside
space W*2(Q) to outside space L*(RN /Q).

Proof. For parabolic differential equation, take j = 2 in Lemma 3.2. Hence

I| - ”HS b S < C| - |lws2(q) for constant C.

On the other hand, the out51de space RY /Q shared a boundary 9Q with
inside domain €2, therefore, the outside normal derivative is the minus of inside
normal derivative at the same point, such as x' € 99, its also belong to
x' € (RN /). That is to say

o o

W x=x/€dQ _87’!7]' x:x’ea(RN/Q).
Let’s use this relationship to connect inside Q and outside R~ /Q. Thus, it is
easily to have

b(x') € HSI72(9Q), X € 00 — ¢(X) € HS 7 2(9(RY/Q)), x' € RN /Q).
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For outside domain R" /Q, try to use the trace theorem for L2(R" /Q), and
find that the mapping
& A
g RN /) 5 0(x) € L 3 (0RN /), x € dRN/Q)

is continuous. Hence || - || Cll - [l L2(m jo) for constant C' > 0.

L7973 (9(RN /Q) =
Since 0 < s < 1, we have

H*=3(0(RN/Q)) € L3 (RN /) € L7772 (RN /)
By the norm inequality of each

a1l —s-3 o ey < 13 oy
space to know

H ’ ||L2(RN/Q) < H ’ ||L—j—%(1—w) < H ’ ||Hs—j—%(8(RN/Q)) < CH ’ ||W5’2(Q)' (37)

More precisely calculation in here for norm estimates, denote I' = 9Q, % =
n

0

0Q x (0,T7). For t € [0,T], 72 = o = € E(WSQ(Q),HS_%(@Q)) such
n

that st = v¢|g, its norm denote as |ys||. Then for j = 0, the mapping

97
pi cWH2(Q) — HS_%@Q) is continuous, and
n
L R S ey (3.8)
On the other hand, inverse mapping 75, means vs5, = —7x, and the mapping

T Hfé(a(RN/Q)) — L?(RN/Q) is continuous, such that 1% = 9|s, that
is, yst|y = v for v € L>(RY/Q). Then to have

[Pl 2@ jo) < llvsll 1], -y (RN /)’ (3.9)

-1 1 1
For 0 < s < 1 to know > < s— 3 < 3 and the shared boundary (e.g, regular

enough) means 9Q = I(RY /Q) to get
H2(0Q) ¢ H 2 (9(RY /).
That is,

!

for constant C' > 0. By (3.8), (3.9), (3.10) to get
@y < sl 1915l e
< sl 1915 e gy
< Iyl 19 llws2()- (3.11)
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Therefore, set C” = C’||ys]||? to obtain (3.7) directly. Therefore, (3.11) show
that there is a continuous mapping from inside space W*?2(£) to outside space
L?(RN /Q). This completes the proof. O

Furthermore, for fractional Laplacian —A?® and j = 2, the integration by
part of bilinear form (3.6) can be deduced by inner product.

AN<—A>S¢¢dX = (—Asw, ¢)W5,2(RN) + (—As’l/}, ¢)Ws,2(RN/Q).

For 0 < s < 1, define inner product of L*(R) space for abstract calculation
at shared boundary I'.

y))(¢(x) — o(y)
(¥ @) Lsmr) = /RN /RN ’X >y|NS—2)s b )dXd% for x,y 6(;]12)

Suppose control u(t) belong to the L2(0, T) space. It is clarifying that time
variable ¢ in wave function will be belong to L?(0,T};-) space although the
spatial derivative for x is fractional order s. Notice the equivalent

L*(0,T; H¥(Q)) = H*(0,T; L*()) for 0< s < 1.

Definition 3.4. The space W (0,T; s) is called a solution space if it is defined

by
W(0,T;,s) = {¢ | ¥ € L*(0,T;V) % L*(0 T-V’)}
) 9 - 9 ) 78Xs ) )
~{vverror @), 20 e 201 H@).

If (¢,¢) € W(0,T;s), for variable x, then the inner product is defined by
more detail expanding formula

(¢ ¢) W(0,T;s)

- X)r2( Q)
P(x) — ¢
/RN /RN \x _))ENizl ) dxdy
Voy(x >>Lz<m
(Voo (x) = V() (V*o(x) — V*o(y))
- /RN RN x — y|N-25 dxdy,

that is, (v, @)w0,1:s) = (Vs ) r2(0,75v) + (V5 @) 2 (0,75v7)-
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Then, inner product induced norm of solution space W (0, T s) can be defined

2
lhwoa = ([ [+ [ [ 2 ywl' dxdy

IVl / / V000 = VO axay)at) .
RN

|x — yIN %

That iSa ‘|17Z)HI2/I/(07T;5) = ”11[)” 2(0Tv) + ||w||L2 OTV’) Thusa W(OaTv S) iS a
Hilbert space equipped by above norm and inner product.

3.3. Weak solution.

Definition 3.5. Let T'> 0. A function ¢ is called a weak solution of (2.3) if
e W(0,T;s) and satlsfy the weak form:

//RN 9 ndxdt

(Vo(x) = Vo (y)(Von(x) — V*n(y))
/ /RN /RN x — y|N+2s dxdydt (3.13)

/ Vndxdt
0 JRN

for all 7 € C1(0,T;V) in the sense of distribution on (0,7), and n(T) =
0, a.e. x € (1, where 7 is a conjugate function of functional 7.

3.4. Existence of weak solution. Let xg be a fix point at outside of domain
Q, that is, xg € R?/Q. For control variable u and outside control term u(t) ®
§(x —xq), set U = L*(0,T) is the control space, and U,y is admissible subset
of U, then u € U.

For such a outside control problem, set
Nsu(t) = u(t) @ §(x — x¢), x € R?/Q, te€0,T].
Y(x,t) = Nsu(t) is a outside value of system (2.3) for (x,t) € R?/Q x [0, T].
Via control u € L?(0,T) and d(x —xq) < 1, we get Nsu € L?(0,T; L?>(R?/)).
Then Nj is a continuous mapping u — Nsu : L?(0,T) — L?(0,T; L*(R?/Q)).
Theorem 3.6. For given 19 € L*(Q), xo = (29,29), and outside value
Y(x,t) = u(t) ® 6(x — xq) for x € R?/Q, if U = L*(0,T) is bounded, then
there ezist a unique weak solution ¥(u) of fractional Schridinger system (2.3)
in W(0,T;s) and C(0,7;H), such that a priori estimates

()1 220.7:51) < Cs (100720 + NullZ20.1))s (3.14)
[ (@) 1220.7:v) < Cs [ (O)[720y + lullZ20.1)) (3.15)

are valid, where Cy is bounded constant, which depended on fractional order s
only.
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Proof. 1t is quite interest to prove the existence of weak solution for the non-
linear fractional Schrodinger state system (2.3).

In fractional Schrodinger equation (2.3), take 7 =1 € V. = H*(Q2) at weak
form (3.13), then we get the formulation in spatial space for x € Q as

/—zhs pdx —i—/RN - V' \x— ‘Z:i( y)* dxdy:/QV(x)wwdx. (3.16)

Denote bilinear form (3.6), and a(y, ¢) = (V*Y, V) = (¢, ¢)v. Fractional
differential operator is —A? for spatial variable x. The formulation (3.16) can
be rewritten in the form of inner products, hence that

ZZS gV + (VY Vi) = (V(x)¥, d)n. (3.17)

By the equivalent of norm at complex space and real space, we deduce the
formula for Schrodinger equation in the form of norm, that is, from (3.17) we
find

hS
S0l + IVl = (Veow, ¥)a. (318)

Citing the definition of L*(RY) at (3.12), and consider V.C H C V', then
we calculate the integration of second term as

[, S gy
// //RN/Q /RN/Q/ /RN/Q[RN/Q VI/\JX_ ‘fos( 9 sy

—i—/ / dxdy
WHH RN /0 9 \x 3,‘N+23

s X —X s —XO 2
”‘””H*/N/Q/mv u(t) @ 0(x — x) - V*(u(t) ® dly — x|

‘ y‘N+2s

(VS§(x — x°) — V*§(y — x©))?

2

= + u(t ®/ / dxd
||¢||H ( ) RV /0 JRY /0 |X - Y|N+28 Yy

= [[¥[|f +u
< |l +u

t) ® [16(x — x°) 13m0

t) @ [10(x = x°) I3 mv /0
< [l + w(t) @ 1Ry me j0) = 1911 + () @ (1R, ga
= [l +ut) ® 1Ry = ¥l + QLu(t),

where ) is a measurement of domain €. Hence

IV*9I% < IV*0llE + Q%u(t) (3.19)

—_— o~~~
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for t € [0,T]. Notice that H'(Q2) ¢ H*(Q) C L?(R), then
|- Mlz2@) < - s < - @)

1 1
Dueto0 < s <1, takep' = ~,¢d = ——, p',¢ > 1, then, — = s,
s 1-s 4

1
such that — + — = 1. The nonlinear term in the right hand can be calculated

=1-s

by Holder inequality as

(V). )1 = (V) ) 2 = / V(i

Q

<(/ (Veouax) /| Sk

1—s

= ([ veorax)* ([ wrtiax) T e

= IVl 2 0 1 2, g ¥ (320)

for Lg(Q) C L*(Q). Via Sobolev embedding theorem and space interpolation
2

theorem H*(Q) — LT-5(Q) for N = 2, we know that || - ||L%(Q)

And also, Young’ s inequality and (3.20), we get for V.= Hj(Q),

< |- s @)-

L2 o L. o
< - — . .
V) v < IVIE 2 o Wl + 5 1¥lv (3.21)
That is, substituting (3.21) into equation (3.18), we get the evaluations
hwd, o 1o 100 2
—— - < ||V . 3.22
5 dt||¢||H + 2||1/1||V S 2|| HL%(Q)H@Z)HH (3:22)

Owing to the positivity of norm of ¢ in space V, the formula (3.22) can be
converted to inequality (3.23) for ¢ as

d 1
g (IlR) < IVIEs o el (3.23)

Since H = L?(Q), applying Bellman-Gronwall inequality to (3.23), we get
2 2 1t 2
601 < WO By exp (35 [ IVEIE dr). (321

t
Denote C(t, s) = exp (;S/ HV(T)‘@z(Q)dT), hence (3.24) to get ‘W(t)H%I <
O S

2
C(t,3)][%(0)||%. Then, by 0 < s < 1 to know that 2 < 5 <% and L>(Q) C
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Li(Q) C LX),
T 2 2 2
| 1@t < 10O exn (FIVIE 0702 o)
2 2
< WO res (5 IVIE, 2 ) (329
It means that Y € L?(0,T; H) and its norm is bounded. Set
— 2
Cs = exp ( |V ||L2 012 (Q))), then from (3.25), we have
191172071y < Csllv(0) |- (3.26)
It is (3.14). By inequality (3.22), we obtain that
d 1
= (11Be) + 551018 < S IVI 101

Take integration for both sides at [0,¢],¢ < T, then we get

t
hWH¢%ﬂH%-—H#%OH@O-+H¢H%%QuV)S(Z;HVﬂig“DHwH%dt
Similarly, by the positivity of norm v at space H, we know that
t
1172000y < [ IVIZ 2, [0lFdE + B [[0(0) |7 (3.27)
0 Ls ()

Take derivative respect to variable ¢ for both side of (3.27), then we get
2 2 2 2 2 .
9O < VI g 11 < Ot s)IVIZ3 ) [900) I, for 0 <5 <1

Set Cs(t) = C(t, s)HVHiz(Q). Thus, the estimate of norm of ¢ at space V is

[(@O)F < Cs()[[4(0)[I35- (3.28)
It means that 1 € L?(V), and its norm is bounded. Let
_ 2 2
Cut) = e (V2,2 o IV O3

for 0 < s < 1. Then (3.28) implies that
T
[¥lsor < | COalv Oy

< exp (VP

20403 (Q))>| 1(0) |17 (3:29)

VI,

2(0,7:L% ()

Set another C; = exp (*H H2

2 .
L2(0,T5L3 ( )))H ”L2(0,T;L%(Q))’ then (3.29) im-

plies that
191172 0.7v) < Csll4(0) - (3.30)
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Furthermore, by definition of norm and (3.19), we know that

T T
/0 [l dt < /O oliEedt + Qlul22 0.7,
This means that

||1/1”%2(0,T;V) < ||1/1”%2(0,T;H) + QHUH%%O,T)' (3.31)

Thus, by (3.26), (3.30) and (3.31), we can get the inequality (3.15) directly.

By the definition of norm at W*2(Q) and W 2(€) (corresponding space
Li(Q), H§(2)), we know that their norm are equivalent at the domain Q and
different appeared at the outside domain R~ /Q. Therefore obtained inequality
(3.23) is hold for domain © and RY.

By Corollary 6.1 in Appendix, we know that initial value can be chosen at
fractional space L§(€2). Currently, take 1(0) € L?(€2). Clearly, due to take the
H = L?(Q) and without take L*(9),0 < s < 1, it is easily to have argument.
It is a suggest choice to take L*(€2) as H space. Here, it still keep the fashion
for a normal selection as usual.

By the norm equivalent at inside and outside domain, the estimates (3.25)
and (3.27) evident that ¢ belong to L?(0,T;H) and L?(0,T; V), that is,

Y € L*(0,T; L*(Q)) N L*(0,T; H*(Q)),

and their norm is bounded at each space.
Now, to prove rest part of Theorem 3.6, using Faedo-Galerkin method, we
prove the existence of weak solution in the following.

(1) We will construct an approximate solution for the system (2.3). Since
V — H is compact, there exists orthogonal basis of H, {wj};’ozl consisting of
eigenfunctions of A° = A®, such that for 0 < s <1,

s _\S, .
ij—/\jw]

forall j, 0 < A < A < --- < Aj = 00, as j — o0. Denote by P, the
orthogonal projection of H(or V) onto the space spanned by {w1,wa, - ,wp}.
For each n € N, an approximate solution is defined for fractional Schrédinger
system (2.3) by

M) = ajn(t)wj, (3.32)
j=1

where a;y(t) is real-valued coefficient function. Then approximate real-valued
solution ¢™(t) in (3.32) satisfy the ordinary differential equation (1 < j < n)
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given by

8 n
/ ih® v wjdx = AP wodx + / V(x, )Y "widx, in Q,
RN at RN RN
Ph(0) = ¢y in Q,
" (x,t) = u(t) ® 6(x — x¢), for x € RV/Q,

(3.33)
where, @; is the conjecture function of base function w; for each j. Therefore,
the standard theory of ODE ensure that the obtained system (3.33) had unique
local solution 9" for n =1,2,3,---, N.

(2) For given 1(0) = g € L*(Q2), set ¢™(0) = 0, then there exists 1§ €
L?(2) such that
Yp = 1pp in L) (3.34)
as n — co. By two estimates (3.25) and (3.27) imply that
Y™ is bounded in L*(0,T;H),
Y™ is bounded in L%(0,T;V).
That is, for a function v € L?(0, T; H)NL?(0, T; V), there exists a subsequence
{yp™} of {4} such that

Y™ — ) weakly in L%(0,T;H), (3.35)
Y™ ) weakly in L%(0,T;V) (3.36)

as ng — oQ.

(3) Suppose that {1/} and {)*} are two sets of solutions to (2.3) corre-
sponding to initial value {¢/7(0)} and {¢*(0)} for j,k = 1,2,--- , 00, respec-
tively. For 0 < s < 1, by calculating its difference as

ih® 0

5 5 W ®) - V() = AT () — oM () + V(x ) (@7 (1) — o (). (3.37)

By the multiplying (¢ —¢*) to the weak form of (3.37), we get inner product
form of

(@) — o)) — )
= (AW w0 vt ).,
+ (Vi)W () = vF @) () - vh ) (3.38)

Suppose 97, ¥ are corresponding to different controls uw?, uF for j, k. Then,
using the estimate (3.19) for ¥ (t) — ¥ (t), we get

Vo9 (£) = VSRR ) I3 < IV397 (1) = VR ()l + Q% (! (2) — u*(t)). (3.39)
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2
For 0 < s <1, dueto2< 5 <% and L>®(Q) C L%(Q) c L*(Q), || - HL%(Q) <

| - | 2(q2), by using the same estimate (3.21), we get
(Ve @it — vk @). w9 (6) —vh(1)

1 : 1 .
< *HV(t)Hig(Q) 17 () = 9 @O)lIF + 517 () = L O (3.40)
Substitute (3. 39) and (3.40) into (3.38), we obtain that

5 dtIIW( ) = VRO + IV (1) = Voor () I

< §\|V(t)\\i%(m\\(¢j(t) — ()l

+ 5170~ SO + O () — i (1), (3.41)
From ||V® - ||lg = | - |lv, and (3.41), we get
Qdﬂw<> VH) B+ S0 — Ol
< SIVEIR: 1070 — FO) i+ R0 - wi@). (342

Let Ik (t) = |17 (t) — v* ()% + |09 () — *(¢)[|3,. Then (3.42) convert to
h&%p‘k(t) < C.(O)T*(t) + D), (3.43)

where C(t) = 3+ ||V(t)||2 12 for 0 < s < 1 and D(t) = 2Q%(u*(t) — v/ (t)).
Apply Bellman-Gronwall inequality to (3.43), we obtain that

IR (t) < P*(0) exp /C’ dT /D exp ( /C’ )dr)d

for t € [0,7]. By (3.34), we know that 17(0) — ¥*¥(0) — g — g = 0 as
g,k — oo, then Ijk(O) = 0. By the calculation (3.19) of ¢ norm at H*(RY),
we know u/, uF — u* as j, k — co. That is, D(t) — 0 for j, k — oo. Therefore,
by the convergence of ¥™ at each spaces of L?(Q2) and H*(Q2) in (3.35) and
(3.36), we get I’F(t) — 0 as j,k — oo for 0 < s < 1. That is, there exist
Y € H and ¢ € V such that

Y™ —p in L2(0,T; L*(2)), L?(0,T; H*(2)).

By uniqueness of limit 1) = 1, that is ™ — v in L?(0,T;H) and L?(0,T;V)
as n — oo. By the inclusive of continuous space C(0,7;H), we show that
Y € C(0,T; L?(£2)). This completes the proof. O
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4. QUANTUM CONTROL OUTSIDE SURFACE

In this section, it needs to consider control take place outside (disjoint) the
physics domain of matter surface. For control variable u € U = L?(0,T) at the
admissible set U,y C U, by virtual of the existence of weak solution theorem,
there is a continuous mapping from control space U to solution space

u—YP(u): U — W(0,T;s).

The pointwise control outside the domain is taken the formula of u(t) ® §(x —
xp) for x € R"/Q. The objective function for the measurement of cost is
defined by

1 1
J(u,s) = gllv - Wall720,r8m) + llu = udlfeory for0<s<1.  (41)

where v is the wave function to represent the probability of the motion of
particle at the surface, 1y € L2(0,7;H) is the desired state of ¥ at each
time for duration t € [0,7]. Certainly, for one particle at matter surface,
it is easily to take distributed control at whole control process. That is to
say, we can measure the motion of particle at all the time. Assume that
ug € L%*(0,T) is desired control for each time point ¢. This means to solve
optimal pairing (¢*, u*), (optimal state, optimal control) by the minimization
of cost function in optimization at meantime. Particularly, s is the fractional
number, as a parameter appeared at state system (2.3), and can be adjust at
control process to get different control results if needing to do computational
approach. By the existence of parameter s at the operator term, the total
system structure can be confined, therefore, it is possible to select appropriate
system for getting better control results.

4.1. Control theory for fractional Schrodinger equation. To do control
at outside domain, it is necessary to clarify its physical meaning of quantum
control. At the standing point of physics and chemistry realm, control input
can not be directly executed, hence, it need to control the system described
by Schrédinger equation indirectly. The external control variable outside the
physical surface of existing particle, the control and system is separated by
each others. It would be cucriual if symbolic calculation for addition con-
trol formulation to system equation, it must occurred “dramatic solution”.
Therefore, system equation must be changed, that is the idea of fractional
Schrédinger equation, which cited the contributed papers at the field of math-
ematics [2] for PDEs. These theoretical conclusion provide us the ideal tool
to investigate the quantum control problems outside its physical domain.

As is well known, quantum optimal control is to solve the following two
fundamental problems:
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(1) Find an element u* such that

inf J(u,s)=J(u",s) for0<s<1.

UEULq

(2) Characterization of u*.

Such a u* is called quantum optimal control for nonlinear fractional Schrodinger

control system (2.3) subject to cost function (4.1).

4.2. Existence of optimal control.

Theorem 4.1. Given vy € L?(Q), ¥(x,t) = u(t) ® §(x — xqg) for x € R?/Q.
IfUyg €U = L*(0,T) is bounded closed convex set, then there is at least one
quantum optimal control u* of fractional Schrodinger system (2.3) subject to
cost function (4.1).

Proof. For fractional 0 < s < 1, the full proof will be given for quantum
system (2.3). Set J = i%{f J(u, s), since U,q is nonempty, there is a sequence
uclaq

{un} at U,q such that
inf J(u,s) = lim J(up,s)=J.

u€Uyq n—00

Obviously, {J(uy, s)} is bounded in R*. Since U,y is bounded, closed and
convex set of U, there is a subsequence {uy, } can be selected from {u,}, and
there exist u* € U,y such that

Up, — u* weakly in U as nj — oo. (4.2)

It need mentioned that at the outside domain ¥ (x,t) = u(t) ® 6(x — xp)
for all x € RV/Q, and xo = (2,2)) € RY/Q. By the calculation of
||¢(0)||L2(0,T;L3(Q)) in Corollary 6.1 in Appendix to know that the norm is
composed of ¥(0) norm value at domain  and the value of norm of u(0).
Therefore, the functional

P(x,t), x€Q,
vix 1) = { u(t) ®5(x—x0), xeRV/Q (4.3)

for x € RN and t € [0, T] is meaningful and equivalent to each other at outside
domain, inside domain, respectively. For ¢ = t(u), the estimate (3.14) in
Theorem 3.6 implies that

HwH%/V(O,T;s) < CSHwOH%I (44)

For control u, the boundedness of U,4 and (4.4) to find that ¢(u) is bounded
at W(0, T} s). Then, there exist a subsequence ¥(uy, ) of ¥(u;,) and a function
Y of W(0,T};s) such that

Y(up, ) — ¢ weakly in W(0,T; s) (4.5)
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as ny — 00. Denote "™ = 1(uy, ) for simplify. Since the embedding V — H
is compact, by the Aubin-Lions-Temam compactness embedding Theorem, we
obtain that
Y™ — 1p strongly in L?(0,T; L*(Q))
as ny — 0o. Then (4.4) imply that
Wk — by weakly in L2(0,T; H=%(Q)) for 0 < s <1,
Vo™ — Vi weakly in L2(0,T; L?(Q)) for 0 <s <1

as ny — 0o. By the expanded formulation (4.3), we know that

(4.6)

WH%/Vsz(RN) < WH%%Q) + WH%%RN/Q))-

Since ¢ = u(t) ® 6(x — x°) belong to L?(0,T; L?>(RN/Q)), the convergence
(4.5) to show (4.6) is valid for RY, that is,

7k — by weakly in L2(0,T; H-*(RN)) for 0 < s < 1,

_ 4.7
Ve — V1h weakly in L2(0,T; L2(RY)) for 0 < s < 1. (47)
The definition of weak solutions for ¥™* has the form of
T
—/ / iR "k e dxdt
0 JRN
T S,/ Mk _ \T7S, /N = -
[T T = T )0 500 gy
0 JRN JRN |x — y|NH2s
T
= / V(x, t)y"™*ndxdt. (4.8)
RN
Therefore, using (4.2) and (4.7), take ny — oo in (4.8), then we obtain
/ / —ihShndxdt
RN
[ S0 ) g
0 JRNJRN |x — y|NF2s
T
+ / V(x,t)ndxdt (4.9)
0 JRN

for all n € C(0,T; V). Thus, by the standard manipulation, we have that the
limit 1 satisfy (4.9) for all ¢» € V in the sense of D'(0,T'), which is distribution

n (0,7). From the uniqueness of weak solution for fractional Schréodinger sys-
tem (2.3), we confirm that ¢ = 1 (u*). It follows from approximate solutions
convergenceness that

Y(un, ) — P(u*)  strongly in L?(0,T; L*(Q)), (4.10)

Ya(tn,) — Ya(u*)  strongly in L*(0,T; L*(Q2)) (4.11)
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as ny — oo. Since norm || - || z2¢0.1;r2() is lower semi-continuous for weak
topology of space H = L?(Q), respectively. (4.10) and (4.11) imply that

l,if,?ﬁio%f [0 (tny, ) — Ya(®)|Fr = [ (u*, t) — a(t)|Fr-

Similarly, we have

lrilrknﬁioréf (Uny > Uny Ju > (W, 0" )y

On the other hand, it follows from the weak convergenceness (4.2) that
2 2
[u™ = uallz2 0,0y = lu" = wallz20.1)-
From weakly lower semi-continuity of J, we get J = lim infJ(u"*,s) >
N —00
J(u*,s). Resultantly, J(u*,s) = ir&f J(u,s). It means that u* is quantum
uctyq
optimal control subject to cost function (4.1). This completes the proof. [

4.3. Optimality system.

Theorem 4.2. For, ¢y € L*(Q), let ¥(x,t) = Nsu(t) = u(t) ® §(x — 2°)
forx € RN/Q. IfUyg C U = L?*(0,T) is a bounded closed convex set, then
quantum optimal control u* for fractional Schrédinger system (2.3) subject to
cost function (4.1) is characterized by the equations and inequality, called an
optimal system (Euler-Lagrange system):

iy = ASY + V(x,t)Y  in RN x[0,T),

$(x,0) = Go(x) in . (4.12)

Y(x,t) = u*(t) @ §(x — xg) in Vx € R?/Q for xg € R?/N.

ih°pe = A%p + V*(x, )¢ + ((u*) = va) in RY % [0,7],

. . (4.13)

ip(x,T) =0, in Q.

T
(u*,u—u*)y + /0 (ng(u*), U — u*)WS’Q(Q)dt >0, Yu € Uyg, (4.14)

where p € W(0,T;s) is a weak solution of adjoint system (4.13), which cor-
responding to v in state system (4.12), V*, N are the conjugate operators of
V', Ns, respectively.

It is well known that (4.14) is necessary optimality condition. If J(u,s) is
convex, then (4.14) is sufficient condition. The proof of Theorem 4.2 can be
obtained by citing [17].

Particularly, we know that Aj is a mapping u — ¥(x,t): L?(0,T) —
L?(0,T; L2(RN/Q)) from t € [0,T] to (x,t) € R"/Q. At the point x°, the
value of ¢ is 1(x°,t) = u(t). That is, for a given ¢, (X, t)|x—x0 = Nsu(t) =
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¥(x°,t) at point x°. Then N is a value given operator at point xq. In contrast,
Ny is a x value taken operator such that

(p(t"), N3 — )y = NG, 1 — 0 oo,

where N9 (x,t) = ¥(x%,t) for (x,t) — t from RV /Q to [0,7], it is a contin-
uous mapping of space L2(0,T; L2(RY/Q)) to L?(0,T).

For physical and chemical potential function, consider conjugate functional
V* of V for variables (x,t). By estimate of nonlinear term (3.20), we know

that V € Lg(Q) for 0 <s < 1.

(1) We estimate nonlinear coefficient function V* at adjoint system to ensure
the system (4.13) has a weak solution p(x,t). By the state system (4.12), we

know that (¢(u*) — ¥g) € W*%(Q) and V* ¢ L%(Q) Moreover, L>®(£2) C
L3(Q) € L2(Q) for 0 < s < 1, and

VL2 < IVl <Vl pee (-

L3 (@)

(2) On the other hands, V* is the conjugate operator function of V', by

1 1
such that — + — =1, by the conjugate
- S Po , do

space Lﬁ(ﬂ) of L%(Q), we obtain that V* € L7 (). Moreover, L*(Q) C
2
Lz (Q) C LY(Q) for 0 < s < 1, and

VA < V7l 2 Q) < V¥l p2)-

2—s (

2
Ve L%(Q), since pg = —, qo = 5
s

2 2
Therefore, by (1) and (2), because 5 < — for 0 < s < 1, it implies that
—s s
2

L3(Q) € L7+ (), and
* < * .
1% HL%(Q) < |V HL%(Q), for0<s<1
We know that for all s € (0,1), the conjugate space LQ%S(Q) is much large

than estimate space L: (©). It means that estimate space LP°({2) is a subspace
of conjugate space L?(2). Its norm can be used to estimate the potential
function V*. Especially, we have

L:(Q) = L2(Q) as st1°,
L3(Q) = L®(Q) as s|0F.

It is clearly that for fractional Schréodinger equation (2.3), take s € (0, 1),
as s goes to 17, the system (2.3) approximate to general parabolic differential
equation of A, then potential function belong to L?(f2) is enough for getting
weak solution both state system and adjoint system. As s goes to 07, system
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(2.3) tended to a degenerated parabolic differential equation, or an ordinary
differential equation of ¢, with A% goes to vanish. To grantee a weak solution,
the nonlinear term need much more better continuity, such as L>°(2). Notice
that if suppose V' € L*°(2) at the beginning, other kinds of deduction can be
also obtained easily. Certainly, current discussion to domain €2 is also valid
for space RY.

Consequently, it ensure that for 0 < s < 1, the adjoint system has a weak
solution p(x,t) € W*2(Q) for terminal value p(x,T) = 0.

4.4. Bang-Bang principle. For fractional 0 < s < 1, consider Bang-Bang
principle from necessary optimality condition without running cost in objective
function (4.1). For simplifying, take control space U = L?(0,T) and take non-
empty admissible space as Uyg = {u | ug < u(t) < up, ae. t € [0,T], u €
L?(0,T)}, with ug,up € L?(0,T). For real-valued functional p, the system
cost in (4.14) is

T
/ (N p(u™), (u—u))waz@ydt >0,  Yu € Uyq. (4.15)
0

By Lebesgue convergence theorem and (4.15), we compute
(p(u"), (u— ") @ 6(x = %)) pamn o) = 0 ace. (x,t) € RY /2 x [0, ],

for u € Uyg and xg € RV /. By 0 < §(x — x”) < 1, we can convert the
property of u* as follows:

u*(t) = uq, if p(u*) >0, ae. tel0,T],
u*(t) = up, if p(u*) <0, ae. te|0,T].

As is well known, it is Bang-Bang principle of quantum optimal control u*.

5. CONCLUSION AND DISCUSSION

In this paper, the fractional Schrodinger equation had been considered at
Sobolev spaces as the particle at surface taking the external force outside
physics domain. The full proof had been provided for both existence of weak
solution and existence of quantum optimal control. Definitely, there are nu-
merous unsolved problem will be arising upon this direction. For example, why
not take complex Hilbert spaces for mathematical setting? the direct answer
is the Schrodinger equation is a complex equation, without loss of generality,
taking complex space is correct choice mathematically.

Other problems will be there, such as

(1) whether use another operator to replace the A® as a new operator?
Answer is no, it will be not clear than fractional operator.
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(2) Beside A, can other differential operator to be fractional operator?
Answer is yes, cite our paper [18] and book [12] for Cahn-Hillard equa-
tion, that is fourth order integer operator for bilinear form a(%, ¢) =
(A%, A%9).

(3) Factional operator appeared at other equation, not at Schrodinger
equation? Yes, in mathematical field, it had already been taken in
other kind of equations (cf. [2]).

(4) The definition of fractional operator by its fractional eigenvalue is good
consideration, its also for s > 1 no integer number.

(5) Quantum system described by Schrédinger equation can be fractional
operator for outside control at domain, its also can be applied the
density function theory for fractional operator.

(6) Currently, no indicates the particle type, and surface matter type, this
is a theoretical work as a attempt.

(7) The equation (2.3) is a simplification equation, one can take other
formulation for the needs of physics, chemistry and other areas (cf.
15, 17)).

(8) Particle-surface reaction has not been considered in the discussion.

Most interesting issues would be the numerical approximate in two dimen-
sions spatial space. The physical experimental for fitting the outside control
would also be attractive research in the future.

6. APPENDIX

Corollary 6.1. Initial value vy can be taken in fractional space L§(€2).

Proof. In additional, since ¥(x,t) = u(t) ® §(x — x°), the function ¢ = 0 at
the point of x # xg € RV /€2, it means that it take value at domain Q and xg
only. To expand the integration at L*(R") space similarly

9= o, o SRy
// //RN/Q /RN/Q/ /RN/Q/RN/Q |x— y\NHZ’)
= Il + | - /R n |X_ ;@12?3 dxdy
= Il | » | » 18 ol |jj> e D0 =X 4y

X—x0 —(Sy—x0 2
= \I¢\|%+u(t)®/RN/Q /RN/Q |Xiy|N(+28 D gy
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— bl + u(t) © 1180 — x) 2 ey sy = 19613+ u(t) @ 1113 oy
= [l + u(®) @ 113 gy = [¥l3 + u(t) @ 113

=l + e | [ 1w, (=2

= 191172y + Q u(t).

The definition of extended norm is equivalent to each other for outside
pointwise source. It make sense at outside domain. Aided by the definition
of norm at L§(€) similarly to WOS’Q(Q), now let’s calculate [[1(0)|lm using the
outside value ¥ (x,t) = u(t)®d(x—x¢). Similarly, denote 2 is the measurement
of domain 2. Notice the equivalence of norm at L*(Q) and L§(2) for pointwise
function §(x — x°), then we have

1 (O)175 0

2
/ / xlv 1/](332,0)) d.’l?ldJIQ
RN JRN \$1—x2|N+25

= ||+»(0 HH—i—/ /RN/Q ) @ 8(z1 — 29) — u(0) ® §(xg — xg))delde

‘371 _ x2|N+2s

.0y _ .0))2
— 116(0) 3 +u(0) / / Oy —a) = dlap —a)" ) o0
RN /Q RN/Q

‘1'1 _ 1.2|N+23

It implies that
1O Z2 0,725 < 12O 720 mi3m) + 1001220, 10 (¢ = %0) 175 )
= 0O 220725 + O [720.7) 16 (% = x0) 17+
< (O 1220715 (2y) + L Nu(0)][72(0,1-

Above discussion show that initial value belong to fractional space L§(€) is
a selection if needed. O
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