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Abstract. In the paper, the authors offer some new inequalities of Hermite-Hadamard type

for functions whose derivatives are of some geometric convexities.

1. Introduction

We first recall several definitions.

Definition 1.1. A function f : I ⊆ R = (−∞,∞)→ R is said to be convex if

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y) (1.1)

holds for all x, y ∈ I and t ∈ [0, 1].

Definition 1.2. A function f : I ⊆ R0 = [0,∞)→ R+ = (0,∞) is said to be
geometrically convex if

f
(
xty1−t

)
≤ [f(x)]t[f(y)]1−t (1.2)

holds for all x, y ∈ I and t ∈ [0, 1].
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Definition 1.3. ([15]) Let f(x) be a positive function on [0, b] and m ∈ (0, 1].
If

f
(
xtym(1−t)) ≤ [f(x)]t[f(y)]m(1−t) (1.3)

holds for all x, y ∈ [0, b] and t ∈ [0, 1], then we say that the function f(x) is
m-geometrically convex on [0, b].

Definition 1.4. ([15]) Let f(x) be a positive function on [0, b] and (α,m) ∈
(0, 1]2. If

f
(
xtym(1−t)) ≤ [f(x)]t

α
[f(y)]m(1−tα) (1.4)

holds for all x, y ∈ [0, b] and t ∈ [0, 1], then we say that the function f(x) is
(α,m)-geometrically convex on [0, b].

Definition 1.5. ([21]) A function f : I ⊆ R0 → R+ is said to be s-geometrically
convex for some s ∈ (0, 1] if

f
(
xty1−t

)
≤ [f(x)]t

s
[f(y)](1−t)

s
(1.5)

holds for all x, y ∈ I and t ∈ [0, 1].

We now recall some inequalities of Hermite-Hadamard type.

Theorem 1.6. ([4, Theorem 2.2]) Let f : I◦ ⊆ R → R be a differentiable
mapping on I◦ and a, b ∈ I◦ with a < b. If |f ′(x)| is convex on [a, b], then∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a
f(x) dx

∣∣∣∣ ≤ (b− a)(|f ′(a)|+ |f ′(b)|)
8

. (1.6)

Theorem 1.7. ([10, Theorems 1 and 2]) Let f : I ⊆ R→ R be differentiable
on I◦ and a, b ∈ I with a < b. If |f ′(x)|q is convex on [a, b] and q ≥ 1, then∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a
f(x) dx

∣∣∣∣ ≤ b− a
4

(
|f ′(a)|q + |f ′(b)|q

2

)1/q

(1.7)

and ∣∣∣∣f(a+ b

2

)
− 1

b− a

∫ b

a
f(x) dx

∣∣∣∣ ≤ b− a
4

(
|f ′(a)|q + |f ′(b)|q

2

)1/q

. (1.8)

Theorem 1.8. ([8, Theorem 2.3]) Let f : I ⊆ R → R be a differentiable

mapping on I◦ and a, b ∈ I with a < b. If the mapping |f ′(x)|p/(p−1) is convex
on [a, b] for p > 1, then∣∣∣∣ 1

b− a

∫ b

a
f(x) dx− f

(
a+ b

2

)∣∣∣∣
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≤ b− a
16

(
4

p+ 1

)1/p{[
|f ′(a)|p/(p−1) + 3|f ′(b)|p/(p−1)

]1−1/p
+
[
3|f ′(a)|p/(p−1) + |f ′(b)|p/(p−1)

]1−1/p}
. (1.9)

In recent years, some other kinds of Hermite-Hadamard type inequalities
were generated in, for example, [1]-[3], [7], [11]–[22]. For more systematic
information, please refer to monographs [5, 6, 9] and related references therein.

In this paper, we will establish some new inequalities of Hermite-Hadamard
type for functions whose derivatives are of some geometric convexities.

2. Lemmas

For any mapping ϕ : R0 → R+ and for u, v, ξ ∈ R+ and α,m ∈ (0, 1], define

ϕu,v =
ϕ(u)

[ϕ(v1/m)]m
, β(α; ξ) =

{
0, 0 < ξ ≤ 1,

1− α, ξ ≥ 1,
(2.1)

L(u, v) =


v − u

ln v − lnu
, u 6= v,

u, u = v,
(2.2)

and

G(u, v) =


2
√
v

ln v − lnu

[
L
(√
u ,
√
v
)
−
√
u
]
, u 6= v,

u

2
, u = v.

(2.3)

Lemma 2.1. Let f : I ⊆ R0 → R be a differentiable function on I◦ and
a, b ∈ I◦ with 0 < a < b. If f ′ ∈ L([a, b]), then

1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)

=
ln b− ln a

4

×
∫ 1

0
t
[
at/2b1−t/2f ′

(
at/2b1−t/2

)
− a1−t/2bt/2f ′

(
a1−t/2bt/2

)]
dt. (2.4)

Proof. Letting x = a1−t/2bt/2 for 0 ≤ t ≤ 1 and integrating by part give

ln b− ln a

2

∫ 1

0
ta1−t/2bt/2f ′

(
a1−t/2bt/2

)
dt

=

∫ 1

0
t d[f

(
a1−t/2bt/2

)]
= tf

(
a1−t/2bt/2

)∣∣1
0
−
∫ 1

0
f
(
a1−t/2bt/2

)
dt
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= f
(√
ab
)
− 2

ln b− ln a

∫ √ab
a

f(x)

x
dx.

Further putting x = at/2b1−t/2 for 0 ≤ t ≤ 1 yields

ln b− ln a

2

∫ 1

0
tat/2b1−t/2f ′

(
at/2b1−t/2

)
dt

= −
∫ 1

0
t d
[
f
(
at/2b1−t/2

)]
= −tf

(
at/2b1−t/2

)∣∣1
0
+

∫ 1

0
f
(
at/2b1−t/2

)
dt

= −f
(√
ab
)

+
2

ln b− ln a

∫ b

√
ab

f(x)

x
dx.

Lemma 2.1 is thus proved. �

Lemma 2.2. For u, v > 0 and u 6= v, we have∫ 1

0
tut/2v1−t/2 dt =

2
√
v

ln v − lnu

[
L
(√
u ,
√
v
)
−
√
u
]

(2.5)

and ∫ 1

0
t
(
ut/2v1−t/2 + u1−t/2vt/2

)
dt =

[
L
(√
u ,
√
v
)]2

, (2.6)

where L(u, v) is defined by (2.2).

Proof. The proof is straightforward. �

3. Some inequalities of Hermite-Hadamard type

Now we are in a position to establish some inequalities of Hermite-Hadamard
type for functions whose derivatives are of the geometric convexity, the m- and
(α,m)-geometric convexities, and the s-geometric convexity.

Theorem 3.1. Let f : I ⊆ R0 → R be a differentiable function on I◦ and
a, b ∈ I◦ with 0 < a < b. If |f ′(x)| is geometrically convex on [a, b], then

∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4

{
L
(
[a|f ′(a)|]1/2, [b|f ′(b)|]1/2

)}2
, (3.1)

where L(u, v) is defined by (2.2).
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Proof. From Lemma 2.1, the geometric convexity of |f ′(x)| on [a, b], and
Lemma 2.2, we have∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4

∫ 1

0
t
[
at/2b1−t/2

∣∣f ′(at/2b1−t/2)∣∣+ a1−t/2bt/2
∣∣f ′(a1−t/2bt/2)∣∣]dt

≤ ln b− ln a

4

∫ 1

0
t
{

[a|f ′(a)|]t/2[b|f ′(b)|]1−t/2 + [a|f ′(a)|]1−t/2[b|f ′(b)|]t/2
}

dt

=
ln b− ln a

4

{
L
(
[a|f ′(a)|]1/2, [b|f ′(b)|]1/2

)}2
.

The proof of Theorem 3.1 is complete. �

Corollary 3.2. For b > a > 0 and r > 0, we have

0 < L
(
a2r, b2r

)
− (ab)r ≤ br − ar

2
L(ar, br). (3.2)

Proof. This follows from letting f(x) = x2r for x ∈ R+ and r > 0 in Theo-
rem 3.1. �

Theorem 3.3. Let f : R0 → R be a differentiable function on R0, (α,m) ∈
(0, 1]2, and f ′ ∈ L([a, b]) for a, b ∈ R0 with 0 < a < b. If |f ′(x)| is (α,m)-

geometrically convex on the closed interval
[
0,max

{
b, b1/m

}]
, then∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4

{
b
∣∣f ′(b1/m)∣∣m|f ′|β(α;|f ′|a,b)a,b G

(
1,
a

b
|f ′|αa,b

)
+ a
∣∣f ′(a1/m)∣∣m|f ′|β(α;|f ′|b,a)b,a G

(
1,
b

a
|f ′|αb,a

)}
, (3.3)

where |f ′|a,b, β(α; ξ), and G(u, v) are respectively defined as in (2.1) and (2.3).

Proof. Using the (α,m)-geometric convexity of |f ′(x)| on
[
0,max

{
b, b1/m

}]
yields

∣∣f ′(at/2b1−t/2)∣∣ ≤ |f ′(a)|(t/2)α
∣∣f ′(b1/m)∣∣m[1−(t/2)α]

=
∣∣f ′(b1/m)∣∣m|f ′|(t/2)αa,b
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≤
∣∣f ′(b1/m)∣∣m|f ′|β(α;|f ′|a,b)+αt/2a,b (3.4)

and

∣∣f ′(a1−t/2bt/2)∣∣ ≤ ∣∣f ′(a1/m)∣∣m[1−(t/2)α]|f ′(b)|(t/2)α

=
∣∣f ′(b1/m)∣∣m|f ′|(t/2)αb,a

≤
∣∣f ′(a1/m)∣∣m|f ′|β(α;|f ′|b,a)+αt/2b,a (3.5)

for all t ∈ [0, 1].
By Lemmas 2.1 and 2.2 and inequalities (3) and (3.5), we obtain∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4

∫ 1

0
t
[
at/2b1−t/2

∣∣f ′(at/2b1−t/2)∣∣
+ a1−t/2bt/2

∣∣f ′(a1−t/2bt/2)∣∣]dt

≤ ln b− ln a

4

∫ 1

0
t

{
b
∣∣f ′(b1/m)∣∣m|f ′|β(α;|f ′|a,b)a,b

(
a

b
|f ′|αa,b

)t/2
+ a
∣∣f ′(a1/m)∣∣m|f ′|β(α;|f ′|b,a)b,a

(
b

a
|f ′|αb,a

)t/2}
dt

=
ln b− ln a

4

{
b
∣∣f ′(b1/m)∣∣m|f ′|β(α;|f ′|a,b)a,b G

(
1,
a

b
|f ′|αa,b

)
+ a
∣∣f ′(a1/m)∣∣m|f ′|β(α;|f ′|b,a)b,a G

(
1,
b

a
|f ′|αb,a

)}
.

The proof of Theorem 3.3 is complete. �

Corollary 3.4. Under the conditions of Theorem 3.3,

(1) if α = 1, then∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4

{
b
∣∣f ′(b1/m)∣∣mG(1,

a

b
|f ′|a,b

)
+ a
∣∣f ′(a1/m)∣∣mG(1,

b

a
|f ′|b,a

)}
;
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(2) if m = 1, then∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4

{
b|f ′(b)||f ′|β(α;|f

′|a,b)
a,b G

(
1,
a

b
|f ′|αa,b

)
+ a|f ′(a)||f ′|β(α;|f

′|b,a)
b,a G

(
1,
b

a
|f ′|αb,a

)}
;

(3) if α = m = 1, then∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4

{
L
(
[a|f ′(a)|]1/2, [b|f ′(b)|]1/2

)}2
.

Corollary 3.5. Under the conditions of Theorem 3.3,

(1) if |f ′(a)| ≤
∣∣f ′(b1/m)∣∣m and |f ′(b)| ≤

∣∣f ′(a1/m)∣∣m, then∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4

{
b
∣∣f ′(b1/m)∣∣mG(1,

a

b
|f ′|αa,b

)
+ a
∣∣f ′(a1/m)∣∣mG(1,

b

a
|f ′|αb,a

)}
;

(2) if |f ′(a)| ≤
∣∣f ′(b1/m)∣∣m and |f ′(b)| ≥

∣∣f ′(a1/m)∣∣m, then∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4

{
b
∣∣f ′(b1/m)∣∣mG(1,

a

b
|f ′|αa,b

)
+ a
∣∣f ′(a1/m)∣∣m|f ′|1−αb,a G

(
1,
b

a
|f ′|αb,a

)}
;

(3) if |f ′(a)| ≥
∣∣f ′(b1/m)∣∣m and |f ′(b)| ≤

∣∣f ′(a1/m)∣∣m, then∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4

{
b
∣∣f ′(b1/m)∣∣m|f ′|1−αa,b G

(
1,
a

b
|f ′|αa,b

)
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+ a
∣∣f ′(a1/m)∣∣mG(1,

b

a
|f ′|αb,a

)}
;

(4) if |f ′(a)| ≥
∣∣f ′(b1/m)∣∣m and |f ′(b)| ≥

∣∣f ′(a1/m)∣∣m, then∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4

{
b
∣∣f ′(b1/m)∣∣m × |f ′|1−αa,b G

(
1,
a

b
|f ′|αa,b

)
+ a
∣∣f ′(a1/m)∣∣m|f ′|1−αb,a G

(
1,
b

a
|f ′|αb,a

)}
.

Theorem 3.6. Let f : I ⊆ R0 → R be a differentiable function on I◦ and
f ′ ∈ L([a, b]) for a, b ∈ I◦ with 0 < a < b. If |f ′(x)| is s-geometrically convex
on [a, b] for some s ∈ (0, 1], then∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4
|f ′(a)|β(s;|f ′(a)|)|f ′(b)|β(s;|f ′(b)|)

×
{
L
([
a|f ′(a)|s

]1/2
,
[
b|f ′(b)|s

]1/2)}2
, (3.6)

where β(α; ξ), and L(u, v) are respectively defined as in (2.1) and (2.2).

Proof. Using the s-geometric convexity of |f ′(x)| on [a, b] yields∣∣f ′(at/2b1−t/2)∣∣
≤ |f ′(a)|(t/2)s |f ′(b)|(1−t/2)s

≤ |f ′(a)|β(s;|f ′(a)|)+αt/2|f ′(b)|β(s;|f ′(b)|)+α(1−t/2)

= |f ′(a)|β(s;|f ′(a)|)
[
|f ′(a)|s

]t/2|f ′(b)|β(s;|f ′(b)|)[|f ′(b)|s]1−t/2
(3.7)

and

∣∣f ′(a1−t/2bt/2)∣∣
≤ |f ′(a)|(1−t/2)s |f ′(b)|(t/2)s

≤ |f ′(a)|β(s;|f ′(a)|)+α(1−t/2)|f ′(b)|β(s;|f ′(b)|)+αt/2

= |f ′(a)|β(s;|f ′(a)|)
[
|f ′(a)|s

]1−t/2|f ′(b)|β(s;|f ′(b)|)[|f ′(b)|s]t/2
(3.8)

for all t ∈ [0, 1].
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Making use of Lemmas 2.1 and 2.2 and inequalities (3.7) and (3.8) leads to∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4

∫ 1

0
t
[
at/2b1−t/2

∣∣f ′(at/2b1−t/2)∣∣+ a1−t/2bt/2
∣∣f ′(a1−t/2bt/2)∣∣]dt

≤ ln b− ln a

4
|f ′(a)|β(s;|f ′(a)|)|f ′(b)|β(s;|f ′(b)|)

×
∫ 1

0
t
{[
a|f ′(a)|s

]t/2[
b|f ′(b)|s

]1−t/2
+
[
a|f ′(a)|s

]1−t/2[
b|f ′(b)|s

]t/2}
dt

=
ln b− ln a

4
|f ′(a)|β(s;|f ′(a)|)|f ′(b)|β(s;|f ′(b)|)

{
L
([
a|f ′(a)|s

]1/2
,
[
b|f ′(b)|s

]1/2)}2
.

The proof of Theorem 3.6 is complete. �

Corollary 3.7. Under the conditions of Theorem 3.6,

(1) if |f ′(a)| ≤ 1 and |f ′(b)| ≤ 1, then∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4

{
L
(
[a|f ′(a)|s]1/2, [b|f ′(b)|s]1/2

)}2
; (3.9)

(2) if |f ′(a)| ≤ 1 ≤ |f ′(b)|, then∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4
|f ′(b)|1−s

{
L
(
[a|f ′(a)|s]1/2, [b|f ′(b)|s]1/2

)}2
; (3.10)

(3) if |f ′(b)| ≤ 1 ≤ |f ′(a)|, then∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4
|f ′(a)|1−s

{
L
(
[a|f ′(a)|s]1/2, [b|f ′(b)|s]1/2

)}2
; (3.11)

(4) if |f ′(a)| ≥ 1 and |f ′(b)| ≥ 1, then∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4
|f ′(a)f ′(b)|1−s

{
L
(
[a|f ′(a)|s]1/2, [b|f ′(b)|s]1/2

)}2
; (3.12)
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(5) if s = 1, then∣∣∣∣ 1

ln b− ln a

∫ b

a

f(x)

x
dx− f

(√
ab
)∣∣∣∣

≤ ln b− ln a

4

{
L
(
[a|f ′(a)|]1/2, [b|f ′(b)|]1/2

)}2
. (3.13)

Theorem 3.8. Let f : R0 → R+ be (α,m)-geometrically convex on the closed

interval
[
0,max

{
b, b1/m

}]
and f ∈ L([a, b]) for 0 < a < b and (α,m) ∈ (0, 1]2.

Then

1

ln b− ln a

∫ b

a

f(x)

x
dx

≤ min
{[
f
(
a1/m

)]m(1−α)
f
β(α;fb,a)
b,a L

([
f
(
a1/m

)]αm
, [f(b)]α

)
,[

f
(
b1/m

)]m(1−α)
f
β(α;fa,b)
a,b L

(
[f(a)]α,

[
f
(
b1/m

)]αm)}
, (3.14)

where fa,b, β(α; ξ), and L(u, v) are respectively defined as in (2.1) and (2.2).

Proof. Putting x = a1−tbt for 0 ≤ t ≤ 1 and using the (α,m)-geometric

convexity of f(x) on
[
0,max

{
b, b1/m

}]
reveal

1

ln b− ln a

∫ b

a

f(x)

x
dx =

∫ 1

0
f
(
a1−tbt

)
dt

≤
∫ 1

0

[
f
(
a1/m

)]m(1−tα)
[f(b)]t

α
dt

≤
[
f
(
a1/m

)]m ∫ 1

0
f
β(α;fb,a)+αt
b,a dt

=
[
f
(
a1/m

)]m(1−α)
f
β(α;fb,a)
b,a L

([
f
(
a1/m

)]αm
, [f(b)]α

)
.

The proof of Theorem 3.8 is complete. �

Corollary 3.9. Under the conditions of Theorem 3.8,

(1) if α = 1, then

1

ln b− ln a

∫ b

a

f(x)

x
dx

≤ min
{
L
([
f
(
a1/m

)]m
, f(b)

)
, L
(
f(a),

[
f
(
b1/m

)]m)}
;

(2) if m = 1, then
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1

ln b− ln a

∫ b

a

f(x)

x
dx

≤ min
{[
f(a)

]1−α
f
β(α;fb,a)
b,a ,[

f(b)
]1−α

f
β(α;fa,b)
a,b

}
L
(
fα(a), fα(b)

)
;

(3) if α = m = 1, then

1

ln b− ln a

∫ b

a

f(x)

x
dx ≤ L(f(a), f(b)).

Theorem 3.10. Let f, g : R0 → R+ be (α,m)-geometrically convex functions

on the closed interval
[
0,max

{
0, b1/m

}]
and fg ∈ L([a, b]) for (α,m) ∈ (0, 1]2

and 0 < a < b. Then

1

ln b− ln a

∫ b

a

f(x)g(x)

x
dx

≤ min
{

(fg)
β(α;(fg)b,a)
b,a

[
f
(
a1/m

)
g
(
a1/m

)]m(1−α)

× L
([
f
(
a1/m

)
g
(
a1/m

)]αm
, [f(b)g(b)]α

)
,

(fg)
β(α;(fg)a,b)
a,b

[
f
(
b1/m

)
g
(
b1/m

)]m(1−α)

× L
(
[f(a)g(a)]α,

[
f
(
b1/m

)
g
(
b1/m

)]αm)}
, (3.15)

where fa,b, β(α; ξ),and L(u, v) are respectively defined as in (2.1) and (2.2).

Proof. The proof is similar to that of Theorem 3.8. �

Corollary 3.11. Under the conditions of Theorem 3.10,

(1) if α = 1, then

1

ln b− ln a

∫ b

a

f(x)g(x)

x
dx

≤ min
{
L
([
f
(
a1/m

)
g
(
a1/m

)]m
, f(b)g(b)

)
,

L
(
f(a)g(a),

[
f
(
b1/m

)
g
(
b1/m

)]m)}
;

(2) if m = 1, then

1

ln b− ln a

∫ b

a

f(x)g(x)

x
dx

≤ min
{

(fg)
β(α;(fg)b,a)
b,a

[
f(a)g(a)

]1−α
,
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(fg)
β(α;(fg)a,b)
a,b

[
f(b)g(b)

]1−α}
× L

(
[f(a)g(a)]α,

[
f(b)g(b)

]α)
;

(3) if α = m = 1, then

1

ln b− ln a

∫ b

a

f(x)g(x)

x
dx ≤ L(f(a)g(a), f(b)g(b)).

Theorem 3.12. Let f : I ⊆ R0 → R+ be a s-geometrically convex function
on I◦ for some s ∈ (0, 1], a, b ∈ I◦ with 0 < a < b and f ∈ L([a, b]). Then

1

ln b− ln a

∫ b

a

f(x)

x
dx ≤ [f(a)]β(s,f(a))[f(b)]β(s,f(b))L

(
f s(a), fs(b)

)
, (3.16)

where β(α; ξ) and L(u, v) are respectively defined as in (2.1) and (2.2).

Proof. Letting x = a1−tbt for 0 ≤ t ≤ 1 and utilizing the s-geometric convexity
of f(x) on [a, b] give

1

ln b− ln a

∫ b

a

f(x)

x
dx =

∫ 1

0
f
(
a1−tbt

)
dt

≤
∫ 1

0
[f(a)](1−t)

s
[f(b)]t

s
dt

≤
∫ 1

0
[f(a)]β(s,f(a))+s(1−t)[f(b)]β(s,f(b))+st dt

= [f(a)]β(s,f(a))[f(b)]β(s,f(b))L
(
fs(a), fs(b)

)
.

The proof of Theorem 3.12 is complete. �

Theorem 3.13. Let f, g : I ⊆ R0 → R+ be s-geometrically convex functions
on I◦ for s ∈ (0, 1], a, b ∈ I◦ with 0 < a < b and fg ∈ L([a, b]). Then

1

ln b− ln a

∫ b

a

f(x)g(x)

x
dx ≤ [f(a)g(a)]β(s,f(a)g(a))[f(b)g(b)]β(s,f(b)g(b))

× L
(
[f(a)g(a)]s, [f(b)g(b)]s

)
. (3.17)

where β(α; ξ) and L(u, v) are respectively defined as in (2.1) and (2.2).

Proof. The proof is similar to that of Theorem 3.12. �
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