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1. INTRODUCTION

Let E be a real Banach space with dual E*. Let (-,-) and || - || be the
generalized duality pairing and the induced norm, respectively. If C' is a
nonempty, closed and convex subset of F, then the mapping A: C — E* is
said to be

(a) a—strongly monotone on C' if there exists o > 0 such that
(Az — Ay, —y) > aflz —y|?,
for all z,y € C;
(b) monotone on C' if
(Az — Ay,x — y) > 0,
for all x,y € C;
(c) a— inverse strongly monotone if there exists aw > 0 such that
<A$ - Ay7$ - y> > a”A:E - AyH2>
for all x,y € C;
(d) a—strongly pseudomonotone on C' if there exists a > 0 such that
(Az,y —2) 20 = (Ay,y —z) > allz —y]%,
for all z,y € C;
(e) pseudomonotone on C' if
(Az,y —x) 20 = (Ay,y —x) >0,
for all x,y € C;
(f) L— Lipschitz continuous on C' if there exists a constant L > 0, called
the Lipschitz constant, such that
|Az — Ay|| < Lf|z —yl],
for all x,y € C;
(g) If L <1, then A is called a contraction and if L = 1, then A is said to
be nonexpansive;
(h) The mapping A is said to be sequentially weakly continuous if {Axy}
converges weakly to Az whenever {z,,} is a sequence that converges
weakly to x.

A point z € C is called a fized point of the mapping G: C' — FE if Gx = .
The set of fixed points of G is denoted by F(G).

Remark 1.1. Every a—strongly monotone mapping is monotone and hence
pseudomonotone. It is also easy to see that every a—strongly monotone map-
ping is a—strongly pseudomonotone.

The variational inequality problem (VIP, in short) is defined as finding a
point x € C such that

(Az, y—x) >0 forallyeC, (1.1)
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where C is a nonempty, closed and convex subset of £ and A: C — E* is
a mapping. The solution set of the variational inequality problem VIP(1.1)
is denoted by VI(C,A). The concept of variational inequality problem was
initially introduced by Hartman and Stampacchia [13] as a natural general-
ization of boundary value problems. Such problems are applicable in a wide
range of applied sciences and mathematics. It helps us to solve new prob-
lems that emerge from the fields of applied mathematics, engineering, physics,
mechanics, convex programming and the theory of control.

Many authors have studied and proposed different methods for solving
VIP(1.1) in different settings (see, for instance, [2, 8, 10, 11, 14, 22, 29, 30, 36,
37] and the references therein).

If H is a real Hilbert space and A: H — H is a Lipschitz continuous

and strongly monotone, then the projected gradient method introduced by
Goldstein [12] is the simplest method to solve (1.1).

In 2020, Thong et al. [28] proposed the following projection type algorithm
1

to solve (1.1) in a Hilbert space setting. Given [ € (0,1),u > 0,5 € <0, >
I

and z; € C, compute:

sp, = Pco [xn - /BAxn] )
Wy, = Ty, — YnT3(Tn), (1.2)
Tn+1 = anf(xn) + (1 - an)PCn (.Tn),

where Po is the metric projection from H onto C; A is uniformly continuous
pseudomonotone mapping that is sequentially weakly continuous on bounded
subsets of C; f: C'— C is a contraction mapping with a coefficient § € [0, 1);
r3(xn) = xn — Sn; {an} is a sequence of real numbers in (0,1) such that
limy, 00, = 0 and Y 00 oy, = 003 v, = IUn, where jj, is the smallest non-
negative integer j that satisfies

(Azp, — A (mn - ljrﬁ(xn)) ,18(xn)) < NHTﬂ(xn)Wa

Cn = {zx€C:hy(x) <0} and hy(x) = (Awp,x — wy,). They proved that
if VI(C,A) # 0, then the sequence generated by (1.2) converges strongly to
some z € VI(C, A), where x = Py a)f(2).

In Banach spaces, more general than Hilbert spaces, Jolaoso and Shehu [16]
introduced the following single Bregman projection method to solve variational
inequality problems (see [33]): Let C be a nonempty, closed and convex subset
of E. Given u; € E, A1 > 0 and p € (0, a), compute

Unt+1 = VI (Vf(zn) — M(Azp — Auy,)) , (1.3)
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. pHun_ZnH .
Ay m— T Auy, # Azp
At = mln{ Ay — Az if Au, # Az

An otherwise,

where z, = P(];(Vf*(Vf(un) — MAuy)), A1 E — E* is a pseudomonotone,
sequentially weakly continuous and Lipschitz continuous mapping and f : E —
R is a proper, lower semi-continuous, uniformly Fréchet differentiable, a—
strongly convex, strongly coercive and Legendre function which is bounded.
They proved that the sequence generated by (1.3) converges weakly to some
point in VI(C, A) in a reflexive real Banach space E provided that VI(C, A) #
(). They also proved the strong convergence of the algorithm to a point of
VI(C,A) if, in addition, A is strongly pseudomonotone.

Besides these, several authors have proposed and studied different schemes
for finding a common point of the solution set of variational inequality and
fixed point problems (see, for example, [24, 27, 31, 34]). This method became
very important in optimization theory because it is applicable in mathematical
models whose constraints can be modeled as both problems.

Takahashi and Toyoda [27] introduced an iterative process for finding a
common element of the set of fixed points of a nonexpansive mapping and
the set of solutions of a variational inequality problem for an inverse strongly
monotone mapping in Hilbert spaces. Given a nonempty, closed and convex
subset D of H and x¢ € D. Let {z,,} be the sequence generated by

where n is a nonnegative integer, A: D — H is f— inverse strongly monotone
mapping, G: D — H is a nonexpansive mapping, {a,} C (0,1) and {n,} C
(0,283). They proved that if VI(D, A) N F(G) # 0, then the sequence {z,}
generated by (1.4) converges weakly to an element p € VI(D, A) N F(G).

In 2021, Wega and Zegeye [34] studied a method of approximating a common
element of the set of f-fixed points of a Bregman relatively f—nonexpansive
mapping and the set of solutions of a variational inequality problem for a Lip-
schitz monotone mapping in a reflexive real Banach space. They introduced
the following algorithm to find a point in VI(K, B) N F¢(G). For a reflexive
Banach space E with its dual E*, let g: E — (—00, 00| be a strongly coercive,
bounded, A— strongly convex on bounded subsets of F, uniformly Fréchet
differentiable Legendre function. Let K be a nonempty, closed and convex
subset of F. Let B: K — E* be a Lipschitz monotone mapping with Lips-
chitz constant L. Let G: K — E* be a Bregman relatively f—nonexpansive
mapping with I' = VI(K, B) N F¢(G) # 0. Given z,x € K, let the sequence
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{z,} be generated by
sn = PV g* (Vgz, — nnBxy),
ln = Vg* [é‘anxn + BnGxy + TnVan] s (1.5)
Tpt1 = PV (anVg(z) + (1 — ay)Vaty),

where P (z) is the Bregman projection of x € int(dom g) onto K, w, =

{&},{6Bn},{m} C [0,1) C (0,1) such that &, + B, + 7, = 1. They proved
that the sequence {x,} generated by (1.5) converges strongly to some element
T, where T = P{(x).

A
PINg* (Vgxn —npBsy), 0 <n < mp <71 < T {a,} is a sequence in (0, 1),

One of the generalizations of the variational inequality problem is the split
equality variational inequality problem (SEVIP) which is defined as finding a
point

(z,u) e VI(C,A) x VI(D,B) : Tz = Su; (1.6)

where C' and D are nonempty, closed and convex subsets of real Banach spaces
E; and Ey, respectively, A: Ey — Ef and B: Ey — EJ are nonlinear map-
pings, T: FE; — F3 and S: FE; — Fj3 are bounded linear mappings with
adjoints T™: E3 — ET and S*: E3 — Ej, respectively, where E3 is another
Banach space. Some of the special cases of SEVIP are common solutions of
variational inequality problem (CSVIP), split variational inequality problem
(SVIP), split equality feasibility problem (SEFP) introduced by Moudafi [21],
split feasibility problem (SFP) introduced by Censor and Elfving [9] and the
split equality null point problem (SENPP).

In 2021, Kwelegano et al. [17] introduced an iterative algorithm which
solves SEVIP for uniformly continuous and pseudomonotone mappings that
are sequentially weakly continuous in Hilbert spaces and proved a strong con-
vergence of the algorithm under certain conditions.

In 2021, Boikanyo and Zegeye [5] introduced a new algorithm which approx-
imates SEVIP for uniformly continuous pseudomonotone mappings that are
sequentially weakly continuous in real Banach spaces and they proved strong
convergence results.

Let C' be a nonempty, closed and convex subset of a real Banach space
E and let f: E — (—o0,+0o0] be a proper, lower semi-continuous, Gateaux
differentiable and convex function. Let G: C' = E* be any mapping. A point
p € C is called

(1) an f—fized point of G if Gp = V fp. The set of f— fixed points of G
is denoted by F(G).
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(2) an f—asymptotic fized point of G if there exists a sequence {uy} in C
such that u,, — p and

lim ||V fu, — Guy,|| = 0.
n—oo

o —

The set of f— asymptotic fixed points of G is denoted by F¢(G).

The mapping G is called Bregman relatively f—mnonexpansive if the following
three properties hold:

(i) F¢(G) is nonempty;
(i) Df(p, Vf*Gz) < Dy¢(p,2), for all z € C,p € F¢(G);
(ili) Fr(G) = Fy(G).

All the results discussed above deal with either of the following: solutions of
VIPs; solutions of SEVIPs; finding a common solution of VIPs and fixed point
problems. Based on these results, we raise the following important question:

Question 1.2. Can we obtain a method for approzimating a solution of split
equality of variational inequality and f, g—fixed point problems in reflexive real
Banach spaces, where the variational inequality problems are for uniformly
continuous pseudomonotone mappings and the f,g—fized point problems are
for Bregman relatively f, g—nonexpansive mappings?

The split equality of variational inequality and f, g—fixed point problem is
defined as follows: Let G: C' — E} and K: D — E3 be Bregman relatively
f,g— nonexpansive mappings with f—fixed points Fy(G) and g—fixed points
F,(K), respectively. The split equality of variational inequality and f,g—
fixed point problems is defined as finding a point

(z,7) € (VI(C,A) N Fy(G)) x (VI(D,B)N Fy(K)) : Tz = Sa,  (1.7)

where E; and E; are reflexive real Banach spaces, A: E; — Ej and B:
Ey — E3 are any mappings, f: E1 — R and ¢g: E2 — R are proper, con-
vex, lower semicontinuous, uniformly Fréchet differentiable, strongly convex,
strongly coercive Legendre functions which are bounded.

Motivated and inspired by the aforementioned results, in this paper we
introduce an algorithm for finding a solution of split equality of variational
inequality and f,g—fixed point problems, where the variational inequality
problems are for uniformly continuous pseudomonotone mappings and the
fixed point problems are for Bregman relatively f, g—nonexpansive mappings
in real Banach spaces. We prove a strong convergence theorem for the algo-
rithm proposed. Finally, we provide a numerical example to demonstrate the
effectiveness of the algorithm.
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2. PRELIMINARIES

Under this section, we give definitions and some important results that will
be used in the subsequent analysis.

Let {z,} be a sequence in a reflexive real Banach space E. The strong
and weak convergence of {x,} to a point x € E are denoted by x,, — = and
x, — x, respectively. Let U = {x € E : ||z|| = 1}. E is said to be strictly

convex if Hx;yH < 1 for all x,y € U with x # y. If the limit

lim lly +tz|| — ||y]|
t—0 t

(2.1)

exists for y, z € U, then we say that E is smooth.

Let f: E — R be a convex function. The domain of f, denoted by domf, is
defined as domf = {x € E: f(x) < +oc0}. The function f is said to be proper
if domf # 0. If a function is proper, convex and lower semi-continuous, then
it is continuous (see, [4]). The Fenchel conjugate of f is the function f*:
E* — R, defined by

fH(@") = sup{(z*,2) - f(z) : x € E}

for any z* € E*. The directional derivative of f at x € int(dom f) in the
direction of y is defined as

0 o et ty) — fx)
f (fB,y)—lgﬁ)l ”

provided that this limit exists. We say that f is Gateaux differentiable at x if
the limit in (2.2) exists for every y € E. In this case, we define the gradient
of f at z to be the linear function (Vf(x),y) = f°(x,y) for all y € E. The
function f is said to be Gateaux differentiable if it is Gateaux differentiable at
each x € int(dom f). If the limit in (2.2) is attained uniformly for any y € U,
then we say that f is wuniformly Fréchet differentiable at x.

(2.2)

A function f: E — R is said to be a Legendre function if and only if it
satisfies the following conditions:

(A) int(dom f)# 0, f is Gateaux differentiable and dom V f =int(dom f);

(B) int(dom f*)# 0, f* is Gateaux differentiable and domV f* =int(dom
f*)-

If F is a smooth and strictly convex Banach space, then the function f(z) =

1
—[|z||P (1 < p < 00) is a proper, lower semi-continuous Legendre function with
p

1
Fenchel conjugate f*(z*) = —||z*||? (1 < g < 00), (see, for instance, [3]), where
q
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1 1
— 4+ — = 1. In this case, the gradient of f is equal to the generalized duality

P q
mapping, Jp, of E. That is, Vf = J,, where J, : E — 2F" is defined as
Jp(x) = {a* € B*: (a*,x) = [[|]P, [|a*]| = ||=[[P~}.

If p = 2, then we write J, = J and we call it the normalized duality mapping
and if, in addition, ¥ = H, where H is a real Hilbert space, then J = I, where
I is the identity mapping on H. If f: F — (—o0,+0o0] is a Legendre function
and F is a reflexive Banach space, then Vf* = (Vf) ™ !(see, [6]). We also have
that f is a Legendre function if and only if f* is a Legendre function (see, [3]).

Lemma 2.1. ([26]) If E is a real Banach space and Jg is the normalized
duality mapping on E, then

[lo +yl* < [l2]* + 2(jp(z +y),y)
forallz,y € E and all jp(z+vy) € Jp(z +y).

Definition 2.2. The function f: E — RU{+o00} is said to be strongly coercive
f(z)

ifm — 400 as ||z|| = +oo.
x

Definition 2.3. Let E be a Banach space and f: F — RU{+o0} be a Gateaux
differentiable convex function. The function Dy: dom f x int(dom f) —
[0, 400) defined by

Dy(y,x) = f(y) — f(z) = (Vf(2),y — )

is called the Bregman distance with respect to f.

The Bregman distance has the following important properties:
For any w,z,y,z € I,

(i) Three point identity:
Dy(w,x) + Dy(x,y) = Dp(w,y) = (Vf(z) = V[(y),z —w). (2.3)
(ii) Four point identity:
Dy(x,2) + Dy(w,y) = Dy(z,y) = Dy(w, 2)
= (Vf(y) = Vf(z), 2 —w). (2.4)
Definition 2.4. A Gateaux differentiable function f: £ — RU{+oo0} defined

on a reflexive real Banach space F is said to be strongly convez if there exists
a constant S > 0 such that
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(Vf(z) = Vfy)az—y) = Bllz -yl

for all x,y € domf, or equivalently
g
F) = f(@) + (Vf(@)y = 2) + Slle =yl

1
If E is a smooth and strictly convex Banach space, then f(x) = §\|:1:]|2 is a

strongly coercive, bounded, uniformly Fréchet differentiable and strongly con-
vex function with strong convexity constant 5 € (0, 1] and Fenchel conjugate

1
£@*) = 5l

It can be easily shown that if f is a strongly convex function with constant
B > 0, then for all y € domf and x € int(domf), we have

Dy(y.2) > Jlf — gl (2.5

Definition 2.5. Let C' C int(dom f) be a nonempty, closed and convex subset
of real Banach space E, where f: F — RU {+o0} is a convex and Gateaux
differentiable function. The Bregman projection of x € int(dom f) onto C' is

the unique vector P(J;(x) of C' with the property
Dy(PL(x),2) = inf {D;(y.2) : y € C}.
The Bregman projection also satisfies the following properties:
z = PL(x) if and only if (Vf(z) — Vf(2),y —2) <0, forall y € C, (2.6)
and
Df(y,Pé(:L’)) + Df(Pé(a:),a;) < D¢(y,z), forall z € E,y e C. (2.7)

Lemma 2.6. ([1]) Let E1 and Es be reflexive Banach spaces. Then, E =
Ey x Ey is also a reflexive Banach space with dual E* = E} x E5 and duality
pairing

((z1,91), (z2,92)) = (T1,72) + (Y1, Y2)
for all (x1,y1) € E, (z2,y2) € E* and (xpn,yn) — (z,y) implies z,, — x and
Yn — Y.

If C' is a nonempty, closed and convex subset of E, f: E; — RU {400},
g: Ey —» RU {400}, (z,y) € E, (z*,y*) = Pg(a:,y), where h = (f,g) and
Vh = (Vf,Vg), then

((u,v) = (2%, 97), (Vf(2), Vg(y)) = (Vf(2z"),Vg(y") <0 (28)
for all (u,v) € C.
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Lemma 2.7. ([25]) If E is a reflezive real Banach space and f: E — (—00, +00]
is a proper, lower semi-continuous, conver and Gateaux differentiable func-
tion, then f*: E* — (—o0,+00] is a proper, weak™ lower semi-continuous and
convex function. Thus, for all x € E, we have

N N
Dy (x,Vf* <Z 8Nf(%)>> < ZSin($7yi)7
=1

i=1

where {y; YN, C E and {s;}Y., C (0,1) with SN | s; = 1.

We say that a function f is wuniformly convex with modulus ¢ if for all
x,y € dom f and ~ € [0, 1], we have

foe+ 1 =7)y) <vf(2) + A=) f(y) =71 =)oz —yl),
where ¢ is an increasing function and ¢(z) = 0 only for x = 0.
The subdifferential df of f at x is defined by
Of(x) ={a* € B*: 2",y —x) < f(y) — f(x), Vy € E} (see, [15]).
Lemma 2.8. ([35]) Let f be a convex and lower semi-continuous function on
a Banach space E. The following assertions are equivalent:

(i) fis uniformly convex;
(ii) there exists modulus ¢, for all (z,x*), (y,y*) € Gph(0f) such that

fy) = f(@) + (2" y — 2) + é(|lz — yl]);
(iii) dom f* = E*, f* is Fréchet differentiable and V f* is uniformly con-
tinuous.
Note that a strongly convex function is uniformly convex with ¢(z) =

§||a?| 2 and hence the class of uniformly convex functions contains the class of
strongly convex functions.

Lemma 2.9. ([23]) Let E be a Banach space and f: E — (—o00,+00] be a
Gateaux differentiable function which is uniformly convex on bounded subsets

of E. Let{xn} and {uy,} be bounded sequences in E. Then, limy, oo Df(xp, uy)
=0 if and only if lim,, oo (xy, — up) = 0.

Let f: £ — R be a Gateaux differentiable Legendre function. The nonneg-
ative real-valued function Vy : E' x E* — [0, 400) defined by
Vi(z,2*) = f(z) — (&, z) + f*(a") for allz € E, 2" € E¥, (2.9)
satisfies the properties
Vi(w,a*) = Dy, Vf*(a"). (2.10)
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and
Vi(w,2") + (y*, V(@) — ) < Vi(z, 2" +y7) (2.11)
forall z € E, z*,y* € E*

Lemma 2.10. ([20]) Let C' be a nonempty, closed and convex subset of a
reflexive real Banach space E. If A: C — E* is a continuous pseudomonotone
mapping, then VI(C,A) is closed and convex. Moreover, (Ap,q —p) > 0 for
all g € C if and only if (Aq,q—p) >0 for allqe C.

Lemma 2.11. ([5]) If {cn} is a sequence of nonnegative real numbers such
that

Cn+1 < (1 - an) Cp + andna
where {an} C (0,1) with Y7 | oy = 00, and {dyn} is a sequence of real num-
bers with limsup,,_,. dn, < 0, then lim, o0 ¢ = 0.

Lemma 2.12. ([18]) Let {a,} be a sequence of nonnegative real numbers. If
{an,} is a subsequence of {a,} such that an, < an,+1 for alli € N, then there
exists a nondecreasing sequence {my} of N such that limy_,, mjp = 0o and the
following properties are satisfied by all (sufficiently large) number k € N:

Omy < Qmy+1 and ap < Amy+1-

In fact, mp=max{n <k :a, < apy1}.

The modulus of total convexity of a Gateaux differentiable function f is the
function vy: int(domf) x [0,00) — [0,00) defined by
v(z,t) = inf{Dy(y,x) : y € domf,|ly — z|| = t}.
In this case we say that f is totally convexr at a point = € int(dom f) if
vf(x,t) > 0 whenever ¢t > 0. The function f is said to be totally convex if it
is totally convex at every point = € int(dom f).

On bounded subsets of E, the concepts of uniform convexity and total
convexity are the same (see, [7]).

Lemma 2.13. ([19]) Let E be a reflexive real Banach space and f: E — R
be a totally convex function. If {Dg(xn,x0)} is bounded for any xo € E, then
{zn} is bounded.

Lemma 2.14. ([32]) Let f be a continuous, conver and strongly coercive real
valued function defined on a reflexive real Banach space EE. Then the following
are equivalent:

(i) f is uniformly smooth and bounded on bounded subsets of E;
(ii) f*: E* — R is Fréchet differentiable and V f* is uniformly norm-to-
norm continuous on bounded subsets of E*;
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(iii) f* is strongly coercive, uniformly conver on bounded subsets of E* and

domf* = E*.

Lemma 2.15. Let C be a subset of a reflexive real Banach space E and A:
C — E* be any mapping. Let f: E — R be a strongly convex function with
constant n and has Lipschitz continuous gradient with constant v. If v < n,
then for any x € E and a > 8 > 0, the following inequality holds:

lx = PLV (V@) — adz)|| _ |lz = PLVF*(V(2) - BAx)|
o - 3 '
Proof. Let x4 = PéVf*(Vf(x)—an) and g = PéVf*(Vf(x)—ﬂA:c). Then
it follows from (2.6) that
<Vf($) — Az — Vf(l'a), y— $a> <0

and
(Vf(x) — BAz =V f(2p),y —25) <0

for all y € C, which implies that
<Vf($a) - V/f(z)

(0}

+Am,x5—$a> >0

and

<Vf($5) — Vf(z)
B

Adding both inequalities and using the Cauchy-Schwarz inequality, strong
convexity of f and Lipschitz continuity of V f, we get

+ Az, x4 —x5> > 0.

0 < < vf (ra)  V/f(x) —vi(xﬁ),xa —x5>
(U Vf o) T (o)
_ _<Vf(x) —an(xa)"r N xa> N <Vf(x) —an(wa)w _ x5>
SALIE L ZLC N /1 .21
< (V@) = V@) = 2a) = (VI (@) = Vi {p)a— )

V(@) = Vi)l e = asll + 511V @) = VGl llo =zl
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< ol = wall? = Gk = sl + 2l wall lo )
+ Sl =gl o - al
8
< olle = el = Zlle = all + ke = zall 1 — ]
n
+ glle =zl e = zall (2.12)

Thus, from (2.12), we obtain

0 > uu—xawwm—xmnC”‘x“V-”‘xw). (2.13)

o B

Now, suppose on the contrary that we have

lle —zall _ = — gl

2.14
a ﬁ ? ( )
which implies that

o = zall > [lo — as]l (2.15)

Combining (2.14) and (2.15), we obtain

|z = zall _ |lz = 25l
0 < - — ||z — —
(e = zall = o = a5l (5 Sz,

which is a contradiction to (2.13) hence the proof is completed. O

Examples of functions that satisfy conditions of the hypothesis in Lemma
2.15 are functions of the type f(z) = k||z||?, for & > 0. One can show that
f is strongly convex with strong convexity constant 2k and V f is Lipschitz
continuous with Lipschitz constant 2k.

3. MAIN RESULTS

The following assumptions will be used in the sequel.

Condition 3.1.

(A1) Let C and D be nonempty, closed and convex subsets of the smooth,
strictly convex and reflexive real Banach spaces F; and FEs, respec-
tively.

(A2) Let f: E1 — R and ¢g: Es — R be proper, lower semi-continuous,
strongly coercive, uniformly Fréchet differentiable, strongly convex Le-
gendre functions which are bounded on bounded subsets of Fy and FEs,
respectively. Let f and g have Lipschitz continuous gradients with the
strong convexity constant of f (respectively, ¢g) greater than or equal
to the Lipschitz constant of V f (respectively, Vg).
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Condition 3.2.

(B1) Let A: C — E} and B: D — E3 be uniformly continuous, pseu-
domonotone and sequentially weakly continuous mappings;

(B2) Let G: Ey — Ef and K: Ey — E3 be Bregman relatively f—nonexpan-
sive and Bregman relatively g—nonexpansive mappings, respectively;

(B3) Let T: Ey — FE3 and S: Ey — E3 be bounded linear mappings with
adjoints T™: E3 — ET and S*: E35 — EJ, respectively, where Ej3 is
another smooth, strictly convex real reflexive Banach space;

(B4) Let the set of solutions of (1.7), denoted by T, be nonempty, that is,
T={(z,u) e (VI(C,A)NF(G))x(VI(D,B) N Fy(K)):Tx = Su}#0.

Condition 3.3.

(C1) Let 8 = min{B1, P2}, where 81 and (o are the strong convexity con-
stants of f and g, respectively;
(C2) Let {ay,} € (0,1) be such that lim, s o, =0 and Y07 | @y, = 00.

Algorithm A.
Initialization: Choose (z1,u;) € E1 x Eq, n € (0,08), l,v,7 € (0,1). For
x € C,u € D define the algorithm as follows:
Step 1: Given the current iterates z,, and wu,,, compute
Zn = Pé VI (Vf(xn) — T Igy (Tay — Suy))], (3.1)
Wn, = P]% Vg* (Vg(un) — ’YnS*JEs (Sup — Txy))],

where 0 < p <, < p,, for n € {m € N: Tz, — Su,, # 0}, otherwise =, = p,
for some p > 0, and

BTz, _SUHHQ }

n = Min + 1,
P {” 2| T Ty (T, — Sun) |2 + [1S* Ty (St — Tazn)|P]

Step 2: Compute
yn = PL(V* (VS (20) = Madza)
{vn = P}, (Vg* (Vg(wn) — nuBuwny)),
where \,, = yl/m, for j,, is the smallest nonnegative integer j satisfying
V| Ay — Azal| < pillyn — zall, (3.2)
and 7, = yI*, for k,, is the smallest nonnegative integer k satisfying

’YlkHan_BwnH < pl|vn — wyl|. (3.3)

Step 3: Compute
an = Vf* (Vf(yn) - /\n<Ayn - Azn)) )
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by = Vg* (Vg(vn) — nu(Bv, — Bwy)),

Tnt1 = VI (@nVf(z) + (1 —an) [TV f(an) + (1 = 7)G(an)]) ,
unt1 = Vg (anVg(u) + (1 = an) [TVg(bn) + (1 = 7) K (bn)]) -
Set n:=mn+ 1 and go to Step 1.

(3.4)

Hereunder, we present some results that are fundamental to the convergence
analysis of the sequences generated by Algorithm A. We begin by proving that
the proposed algorithm is well-defined.

Lemma 3.1. Assume that Conditions (Al) — (A2),(B1) — (B4) and (C1) —
(C2) hold. Then the Armijo line-search rules (3.2) and (3.3) are well-defined.

Proof. If z, € VI(C, A), then z, = PéVf*(Vf(zn) — MAz,). In this case,
we have z, = y, and hence (3.2) holds for j = 0. Now, we consider the case
when z, ¢ VI(C, A) and assume on the contrary that for all j > 0 we have

'YleAyn — Azp|| > pllyn — znll-
That is,
APLV £5(V f (20) = 40 Aza) — Az
> %Hpgw*(w(zn) — AU Azp) — ]| (3.5)

Since Pé and V f* are continuous, we have that
lim ||z, — PLVf*(Vf(2) — 71 Az,)|| = 0. (3.6)
]*)OO

By the uniform continuity of the mapping A on bounded subsets of C, we
obtain

lim [JAPLV f*(Vf(20) — 1 Az,) — Az,|| = 0. (3.7)
]*)OO

From (3.5) and (3.7), we have

o P = PAVI(Vf () — A1 Az
Jj—00 ’ylj

=0. (3.8)
Since V f is Lipschitz continuous, there exists a real number R > 0 such that

V5 (20) = V. (PEVI*(Vf(z0) =W Az) ) |
0= glggo o4

_ ply L
< R lim o = FEVI(V(zn) =70 Az
j—)oo ,yl]

)
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which implies from (3.8) that

o IVFGa) = VIPEV F(V (20) = 30 Aza)|

Jj—00 ’ylj

= 0. (3.9)

Let k; = PéVf*(Vf(zn) — 417 Az,). Then, by (2.6), we get
(Vf(k;) = V(zn) + W Aznyy — kj) >0, Vy € C,

which implies that

<Vf(k?j) —Vf(zn)
el
Taking the limit as j — oo in (3.10) and using (3.6) and (3.9), we obtain

Y —k:j>—|—<Azn,zn —kj)+(Azp,y —2zn) > 0,Vy € C.(3.10)

(Azp,y — 2zp) >0 forall ye C (3.11)

and this implies that z, € VI(C, A), which is a contradiction. Hence, (3.2)
holds. Similarly, one can show that (3.3) holds and hence the proof is complete.
O

Theorem 3.2. Assume that Conditions (A1) — (A2), (B1)—(B4) and (C1)—
(C2) hold. Then the sequences {xy,} and {u,} generated by Algorithm A are
bounded.

Proof. Denote
and
tn, = V9" (Vg(un) — mS* I, (Suy — Txy)) .

Let (z,u) € Y. Then by (3.4), Lemma 2.7 and Bregman relatively f—non-
expansiveness of G, we have

Dy (@, 2n41) = Dy (2, V" (anV (@) + (1 — an) [TV f(an) + (1 — 7)G(an)]))

< ayDy(@,2) + (1 — an) Dy (2, Vf* [1V f(an) + (1 = 7)G(an)])
< anD¢(Z,2) + (1 — an)7Dy(Z, an)
+ (1 —an)(I = 7)Dy(z, Vf(Glan)))
< anD¢(Z,2) + (1 — an)TDy(Z, an)
+ (1 —an)(1 —7)Ds(Z,an)
= ap,D¢(Z,2) + (1 — an)Dy(Z, an).

(3.12)
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From the definition of a,, we have

Df (i‘, an) = Df(f7 Vf* (vf(yn) - (Ayn - Azn)))

= f(Z) = (Vf(yn) = M(Ayn — A2,), T — an) — f(an)
= f(i) (VI(yn)s an — Z) + (An(Ayn — A2n), T — an) — f(an)
f(@) = (Vf(yn), @ = yn) — f(yn) + (VI (Un), T — yn) + f(¥n)
+ (Vf(yn), an — T) + (An(Ayn — Azn), T — an) — f(an)
Dy (Z, yn) + <Vf(yn) = Yn)
+ f(yn) — flan) + (An (Ayn — Az,), T — an)
= D¢(Z,yn) — Dy(an,yn) + (An(Ayn — Azp), T — an).

(3.13)

Using (2.4), we get

Df(i‘, yn) - Df(ana yn) = Df(i'a zn) - Df(ana zn) =+ <vf(zn) - vf(yn)a T — an>'
Thus, (3.13) becomes

Df (1_:’ an) = Df(:i‘, Zn) - Df(ana Zn) + <Vf(2n) - vf(yn)a T — an>

+ (An(Ayn — Azn), T — an). (3.14)

Furthermore, from (2.3), we obtain

D¢(an, 2n) = Df(an, Yn) + Df(Yn, 2n) = (Vf(yn) = Vf(2n), Yn — an). (3.15)
Therefore, from (3.14) and (3.15) we obtain

Dy (T, an) = Df(jazn) Df(anvyn) Df(ynvzn)
+(Vf(2n) = VI(yn), @ — an)
+ (Vf(yn) = VI(zn)syn — an) + (M (Ayn — Azp), T — ay)
= Df(ja Zn) — Df(anvyn) - Df(ynv Zn)
+(Vf(zn) = VI (Yn), T — yn)
+ (M (Ayn — Azn),  — an)
= Df(JUaZn) Df(anvyn) Df(ynvzn)
+(Vf(zn) = VI (Yn), T — yn)
+ (An(Ayn — Azn), T — Y + Y — an)
= Df(ja Zn) — Df(anvyn) - Df(ynv Zn)
+(Vf(zn) = VI (Yn), T — yn)
+ (M (Ayn — A2), T — yn) + A (Ayn — Azpn), Yn — an)
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= Df(jv Zn) — Df(anayn) - Df(yna Zn) + (A (Ayn — Azy)
+ Vf(zn) - vf(yn), T — yn> + <)‘n(Ayn - Azn), Yn — an>
= Df(f7 Zn) - Df(anayn) - Df(yna Zn) (3'16)

— (An(Ayn — Azn) = (Vf(yn) = VI(2n)),yn — @)
+ <>‘n(Ayn - Azn)a Yn — an>.

Since y,, = Pg, VI (Vf(zn) — AnAzy)], by (2.6) we get
(Vf(zn) = MAzn =V f(yn),yn — T) > 0. (3.17)

Since z € VI(C, A) and y,, € C, we have (AZ,y, — ) > 0. Moreover, the fact
that A is pseudomonotone implies that (Ay,,y, — Z) > 0, and thus

(AnAYn, yn — ) > 0. (3.18)
Combining (3.17) and (3.18), we get

(A(Ayn — Azn) = (Vf(yn) — V(20))Yn — ) > 0. (3.19)
Thus, from (3.16) and (3.19), we obtain

Df(-faa'n) < Df(-fvzn) - Df(anvyn) - Df(ynvzn)

+ On(Ayy — A2y, Y — an). (3.20)

Furthermore, from (3.20), Cauchy Schwarz inequality, (3.2) and (2.5), we
get

Df(jvan) < Df(jvzn) - Df(amyn) - Df(ymzn)

+ Anllyn — anl| |[Ayn — Azy||

< Df(jvzn) - Df(amyn) - Df(ymzn)
+ pllyn — anl| [lyn — 2nl|

< Df(jvzn) - Df(amyn) - Df(ymzn)

1

+§(||yn—an||2+||yn—zn\|2)

< Df(i'azn) - Df(amyn) - Df(ymzn)
+ g(Df<an,yn> + D (yn, )

(3.21)

= Df(j,zn) — (1 — g) (Df(anayn) + Df(ynazn))‘
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Using (2.7), (2.10) and (2.11), we get

153

Dy(Z,2) < Dp(2, Vf* (Vf(zn) = T gy (Tzn — Sun))) — Dy(2n, qn)

< Dy(z, VI (Vf(zn) — T Jp,(Tan — Suy)))
= Vi(Z,Vf(20) = 3T Ty (Twn — Sun))
< Vi (2, Vf(zn))

- <'ynT*JE3 (T'xy, — Suy),

VI (V(2n) — T Ty (Tzn — Sun)) — x>
= Dy(z,2n) — V(T Jg,(Txn — Sun), gn — )
= Dy(z,zp) — fyn<JE3 (T'xy, — Sup), T'qn — T§:>.

Substituting (3.22) into (3.21), we obtain

Dy(#,an) < Dy(, 1) - (1 - g) (Dr(@n.yn) + Dy, 20))

— Y Jgs (Txy, — Suy), Tqn — TT).
Thus, from (3.23) and (3.12), we get
D¢(Z,2n41) < anDp(Z,2) + (1 — an) Dy (Z, )

~ =) (1= 4 ) (Drtans) + Dyl )

— (1 — an)V(JEs (Txy, — Suy), Tq, — Tx).
Similarly, we have
Dy(t, unt1) < anDy(t,u) + (1 — ap)Dy(, uy)

—(1—ap) <1 - g) (Dg(bn,vn) + Dg(vn,wn))

— (1 = an) Vv (JEs (Sup — Txy,), Sty — Su).
Now, denote
Qn = D¢(T,2n) + Dg(, up)

and
Y= D¢(Z,x) + Dy(u,u).

Since p € (0,3) and B > 0, we have that 1 > % > 0. Thus, 1 — % > 0.
combining (3.24) and (3.25) and using the fact that Tz = Su, we get

(3.22)

(3.23)

(3.24)

(3.25)

Then,

Qy1 <X+ (1 —an)Qy — (1 — )y (Tan — Stn, Jug (T, — Suy)). (3.26)
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But, we have by the Cauchy Schwarz inequality that
—(T'qn — Stn, Jg,(Txy, — Suy)) = —(Txy — Stn, Jg,(Txy — Suy))
— (Tqn — T, Jp,(Txy — Sup))
— (Sup — Sty, Jg,(Txy — Suy))
—|| Tz, — Sty ?
—{qn — @, T" Iy (T, — Suy)) (3.27)
— (up, — tn, S* Iy (Txy, — Suy))
< —||Tz, — Suy||?
+ llgn — @nl| [|T* Ty (Tn — Su)|
+ [|un — tul| [|S* s (Tzn — Sun)||.
From the strong convexity of f and the definition of ¢,, we have
an — zal| = IV (Vf(#0) = 1T Tpy (Tan — Sup)) = VI (Vf(20)) |]

1 «
< EH%%T JEg(Txn — Suy)||

< %”HT*JEg(Txn — Su)]|-
(3.28)

Similarly, the strong convexity of g and the definition of ¢,, gives

It — wnl] < 2211S* T, (Sun — Tz)|]. (3.29)

Substituting (3.29) and (3.28) into (3.27) and applying the property of ~,,
we get

—n(Tqn — Stn, Jgs (Txy, — Suyn)) < —Y||Tzn — SunH2
71% * 2
+ FHT JB5 (T — Sun)|
’7721, * 2
+ 15, (S, — T
< YTz, = Sun| 2 — LTy — Sunl|?
2 2
71% * 2
+ FHT Jgy(Txy — Suy)||
71% * 2
+ FHS Iy (Sun — Tay)|

< — LTz, — Sua| (3.30)
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and substituting (3.30) into (3.26), we obtain
Qi1 <X+ (1— ) — (1 — an)gHTa:n — Su,||?
< anz + (1 - an)Qna

which implies by the mathematical induction that €,, < max{;,X}. Hence
we have that {Df(Z,xy,) + Dy(@, u,)} is bounded which implies that the se-
quences {D¢(Z,x,)} and {Dgy(@,u,)} are bounded. By Lemma 2.13, we have
that {z,} and {u,} are bounded. O

Lemma 3.3. Assume that Conditions (Al) — (A2), (B1) — (B4) and (C1) —
(C2) hold. Let {zn}, {yn},{wn} and {v,} be as defined in Algorithm A. Then
we have the following statements:

(1) If there exist subsequences {zpn, } and {yn,} of {zn} and {yn}, respec-
tively, such that z,, — p € C and ||zn, — yn,|| = 0 as k — oo, then

(i) 0 <liminfyo(Azn,,2 — 2pn,) forallz € C;
(ii) pe VI(C, A).

(2) If there exist subsequences {wy, } and {vy, } of {wy} and {v,}, respec-
tively, such that w,, — q € D and ||wy, — vy, || = 0 as k — oo,
then

(i) 0 <liminfy_ oo (Bwy,,w —wy,) for allw € D;
(ii) ¢ e VI(D, B).
Proof. (1) Let the hypotheses be satisfied.
(i) Put sp, = Pg,Vf*(sznk — Al Az, ). By Lemma 2.15 and (3.6) we
have
1
HznkisnkHS?H’aniynk”*)()? as k — oo. (3.31)
Therefore, s,, — p € C. Thus, we have that {s,, } is bounded. Since A is
uniformly continuous on bounded subsets of F;, we have
||Azp, — Asp, || = 0, as k — oo. (3.32)
By the Armijo line-search rule (3.2), we have
Al T APEV £ (V [ (2,) = Ayl Azny) = Az ||
> ,U,Han - Pévf*(vf(znk) - /\nklflAan)Hv
which implies that

1 N _
;HAPéVf (vf(znk) - )\nkl 1Aznk) - AznkH

* _ (3.33)
o Nzn = PEV (V£ (n) = Al A )|

Ay 1
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From (3.32) and (3.33), we have

Lo = PAVFH (T () = Anyd A )|
k—00 )\nklfl

=0. (3.34)
Since V f is Lipschitz continuous, we have

IV 2, =V (PEV I (T (o) = Al Az ) |

0 < lim

k—o0 )\nkl_l (335)
. Hznk B PéVf*(Vf(an) - )‘nklilAznk)H
< L1
=l Al

for some L > 0. Thus, we obtain from (3.34) and (3.35) that
IV £z, =V (PEAVFH(TF () = Al Az0,)) |
lim =

k—o00 )\nklfl

0. (3.36)

From the definition of s,, and (2.6), we obtain
(VF(2n,) = Al Azp, — Vf(sp,),2 — 8n,) <0 forall z € C.
This implies that

<Vf (an) — Vf (Snk)
Al

, 2 — snk> + (Azn,, Sny, — 2ny) (3.37)

< (Azp,, 2z — 2p,) for all z € C.

Taking the limit on both sides of (3.37) as k — oo and using (3.36), (3.31),
uniform continuity of A and the boundedness of the sequences {z,, } and {s,, },
we obtain

liminf(Azp,,z — z,,) > 0 for all z € C. (3.38)

k—o0

(ii) Let {er} be a sequence of decreasing nonnegative numbers such that
er — 0 as k — oo. For each €5, we choose Ny to be the smallest positive
integer such that

(Azp, .z — 2n,) + €k >0 forall k > Ny (3.39)

where the existence of Ny, follows from (3.38). Since {ej} is decreasing, { Ny}
is increasing. If there exists N > 0 such that Azy, =0 for all K > N, then

(Azn,, 2 —2Nn,) >0
for all k> N and z € C. Since A is pseudomonotone, we have that
(Az,z—2zn,) >0 forallk> N and z € C. (3.40)
Taking the limit on both sides of (3.40) as k — oo, we obtain
(Az,z—p) > 0forallk > N and z € C.
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By Lemma 2.10, we conclude that p € VI(C, A). If there exists a subsequence
{Nk, } of {Ni}, again denoted by {Ny}, such that A, 7 0 for all k € N, then
nglAZNk

2 we get (Azn,, tn,) = 1 for each k. Therefore, from

Setting tNk = W
k

(3.39)
<A2Nk, z+egtn, — ZNk> > 0.
Since A is pseudomonotone, we have that
(A(2z +extn,), 2+ extn, — 2n,) > 0. (3.41)

Since {z,, } converges weakly to p as k — oo and A is sequentially weakly
continuous, we have that {Az,,} converges weakly to Ap. Suppose Ap #
0 (otherwise, p € VI(C,A)). Then by the sequentially weakly lower semi-
continuity of the norm, we get

0 < ||Ap|| < liminf||Azy,||.
k—ro0

Since {zn, } C {2z, } and e — 0 as k — oo, we get that

3
0 < limsup |extn, || = limsup <||Azk||>
ng

k—o0 k—o0
lim supy,_, o, €k 0o 0
T liminfreo [|Azn, | T I[ApIl

Hence, limsup;,_, ||extn, || = 0. So, taking the limit on both sides of (3.41)
as k — oo, we get
(Az,z—p) >0 forallz e C.

Therefore, by Lemma 2.10, we have p € VI(C, A).

(2) Part (2) of the lemma can be proved in a similar way. O

Theorem 3.4. Suppose that Conditions (A1) —(A2), (B1)—(B4) and (C1)—
(C2) hold. Then the sequence {(xn,un)} generated by Algorithm A converges
strongly to (z,u) € Y, where (%,1) = Pi(z,u), for h = (f,g).
Proof. Let (z,u4) = P¥(z,u). Denote Cp, = 7V f(a,) + (1 — 7)G(ay) and
An = (VF(2) = V@), 20 — 7) + (Vg(u) — Vg(@), un — 3)
= ((Vf(2),Vg(u)) = (Vf(Z),Vg()), (zn,un) — (Z,1)).
Then, by the Cauchy-Schwarz inequality, we have
Ant1 =(Vf(z) = Vf(Z),2n — T) + (Vg(u) — Vg(t0), un — u)
+(Vf(z) = Vf(Z), 2nt1 — 2n)
+(Vg(u) = Vg(a), unt1 — un)
<Ap+ A[Hxn—&-l — Zp|| + [[tn1 — Un”]a
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for some constant A > 0. From (3.4), (2.10) and (2.11) we obtain

Dy(Z,pn41)
= Dy (x VI (anV () + (1 — an)Cn))
—V; (33 V() + (1= ) Vf (VF(Cn)))
<Vi(z,0n (1= ) VF (V17 (Cu) = an (V(2) = V1 (2)))
—(~an (Vf(2) = Vf(@)),
YV (V@) + (1= an)Vf (V£(Ca)) - 7)

- Vf(f,anvm) (1= @)V (VF(Cn)))
+ an(Vf(@) = Vf(@), Tnsr — )

= D& VF (anV1(8) + 1= V] (V1 (Col)
+ an(VF(2) = V@), 2ns1 — )

< a,Df(z,7) + ( —an)Dy(Z,Vf*(Cp))
+ an(V (@) = V(@)

Tn+1 — I),
which implies by Lemma 2.7 that

Dy (Z, wn11) < (1= an) Dy (2, Vf7(Cn))

T an(VF(@) - VI(E), Tur - ). (3.42)

Furthermore, from (2.9), (2.10), part (iii) of Lemma 2.14 and Bregman
relatively f—nonexpansiveness of G, we have

D¢(z,Vf*(Cpn)) = Ds(z,Vf*(rVflan) + (1 -7
= Vf(:c TVf(a )+ (1 —71)G(ayp))
= f(@) + [ (tV[f(an) + (1 = 7)G(an))

—(rVf(an) + (1 = 7)G(an), T)
<f@)+7f (Vflan) + (1 —1)
—7(1=7)o1 ([[Vf(an) — Glan)||
—7(Vf(an), ) — (1 = 7){G(an),
=7Vi(Z, V fan)) + (1 — 7)Vi(Z, G(an))
—7(1 =7)o1 ([[Vf(an) — G(an)]])

)G(an)))
n)
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=71D¢(Z,an) + (1 —7)Ds(Z, Vf*G(ay))
—7(1=7)o1 (I[Vf(an) — Glan)|])
<1D¢(Z,an) + (1 —7)Ds(Z,an) (3.43)
—7(1=7)o1 (I[Vf(an) — G(an)|])
= D¢(Z,a,) — 7(L = 7)1 ([[V f(an) — G(an)]]),

where ¢; is the modulus of uniform convexity of f*.
Substituting (3.43) into (3.42), we get

D¢(Z,xp41) < (1 — ) Dy(Z, an)
— (1= an)r(1 =7)¢1 ([IVf(an) — Glan)l]) (3.44)
+an(Vf(x) = VI(2), zny1 — T).

Again using (3.23), we obtain

D¢(Z,xp41) < (1 — ) Dy(Z, 20)

(z
<1 > Dy amyn)+Df(ymzn))

—ap)
— (1= an)r(1 = 7)1 (194 (@n) — Glan)) (3.45)
—(1- an)7n<JE3 (Txy — Suy,), Tqy, — Tx)
+ an(V[f(2) = Vf(Z), 2pi1 — T).
Similarly, we get
Dy(t,unt1) < (1 — an)Dg(t, up)

1 —an) [ 1— a bna Un) +D (Um wn)

(1-5) o )

)
— (1= ap)7(L = 7)¢2 (I[Vg(bn) — K(bn)][)
— (1 — an)Vn(JEs (Sup — Txy,), St,, — Su)
+ an<v9(u) - v.g(ﬂ)v Unp+1 — ﬂ>7

where ¢ is the modulus of uniform convexity of g*.
Let ©, = D¢(Z,xn) + Dy(t,u,). Then, combining (3.45) and (3.46) and
using the relation in (3.30), we obtain
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I
6n—&-l < (1 - an)@n - (1 - an) 1-— B Df(anyyn)

—(1— o) (1 - 5) D (Y, zn) — (1 — ) (1 - g) Dy(bp,vp)

1—ap <1 - g) Dgy(vn,wp)

—( )

— (L =an)7(1 = 7)1 ([|Vf(an) — G(an)|)

= (1= a)7(1 = 7)o (|[Vg(bn) — K(by)]l)

— (1 — an) W (Jgs (Txy, — Suy), Tqn — TT)

— (1 — an) v (JEs (Sup, — Txy,), St,, — Su)

+ an(Vf(2) = Vf(Z), zni1 — ) + an(Vg(u) — Vg(@), upt1 — )

<(1—n)0n — (1 —ap) (1 - 5) D¢(an, yn)

— (= an) (1= 5) Dyt = (1= an) (15 ) Dy(0n.00)

—(1—ap) (1 5) Dy(vn,wp)

—7(1 = 7)1 = an)¢r (I[Vf(an) — Glan)l])
7)
)

—7(1=7)(1 = an) g2 ([[Vg(bn) — K (bn)l[)
— (1= ) BlIT 2 = Sl P + an(V (@) = V(&) 2011 — 7)
+ an(Vg(u) — Vg(u), uny1 — u).
(3.47)
This implies that
<1 - g) [Df(amyn) + Df(ym Zn) + Dg(bnvvn) + Dg(vnywn)]
+ gllen = Sun|? +7(1 = 7)¢1(|[V f(an) — Glan)l]) (3.48)

+ T(l - T)¢2(|’v9(bn) - K(bn)H)
<0, - @nJrl + a M,

for some M > 0, where the existence of such M is guaranteed by the bound-
edness of {x,} and {u,}.

Now, we show that the sequence {©,,} of real numbers, converges strongly
to zero by considering two cases:
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Case 1. If there exists a natural number ng such that 0,1 < 0, for all
n > ng, then {6, } converges. Taking the limit as n — oo in (3.48), we get
lim ||y — Sun|* =0 (3.49)
and
limy 00 ¢1 ([[Vf(an) — Glan)[]) = 0 = limp—00 @2 (|[Vg(bn) — K (by)]]),
which implies that
Jim [[Vf(an) = Glan)|| = 0= lim |[Vg(bn) — K(bn)][- (3.50)
From the definition of z,, (2.10), (2.11), property of the Bregman projection,
and Cauchy-Schwarz inequality, we have
Df (a:n, Zn)
< Dy (azn VI (Vf(an) — T I, (T2, — Sun)))
= Vi@, Vf(2n) = T Jgs (Txn — Sun))
< Vi(n, VI(2s))
— <'ynT*JE3(Txn — Sup), VI (Vf(zn) — mIT* gy (Txn — Suy)) — xn>
= D¢(xn,2n) — (T Jp,(Txy — Sup), ¢n — Tn)

< Wl T* Ty (T — Sun)|| ||gn — znll.
(3.51)

Substituting (3.28) into (3.51), then taking the limit on both sides and using
(3.49), we obtain

2
0< lim Dy(wn, 2) < lim @"HTHQ Ty (T, — Sun)||2)

n—oo
~2
= lim <”||T\|2 [Tz, — Sun||2> = 0.
n—oo \ 3
This implies that lim, o Df(2n, 2,) = 0 and hence by Lemma 2.9 we obtain
lim ||z, — zn|| = 0. (3.52)
n—oo
Similarly, one can show that
lim ||u, — wy|| = 0. (3.53)
n—oo
Moreover, by taking the limit as n — oo on both sides of (3.48), we obtain

nh_)r{)lo Dy(bp,vy,) =0, nh_{glo Dgy(vn,wy) =0,
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which implies that

lim ||a, —ynl| =0, lim |ly, —2,|| =0 (3.54)
n—oo n—oo
and
lim ||b, —vp|] =0, lim |Jv, —wy,|| = 0. (3.55)
n—00 n—0o0
From (3.52) and (3.54), we have
lm ||z, —yn|| < lim ||z, — 25|| + lm ||z, —yn|| =0 (3.56)
n—oo n—oo n—oo

and from (3.53) and (3.55), we obtain
lim ||up — ]| < lim ||Jup —wy|| + lim [|w, —v,|| = 0. (3.57)
—00 n—o0 n—oo
From (3.54) and (3.56), we have
Jim lan, =2, < lim {Jan —yal| + lm {ly, — 2, = 0. (3.58)
From (3.4) and (3.50), we have
IV f(@nt1) = Vlan)|| < lim (an|[Vf(z) =7V f(an)]])
+(L=7) lim (1= a,)l|Glan) = V(@)

lim
n—oo

=0.
(3.59)
From (3.59) and part (iii) of Lemma 2.8, we have
lim ||zp+1 — anl| = 0. (3.60)
n—oo
Therefore, from (3.60) and (3.58), we obtain
nh_{rolo [Zn41 — @n|| < nh_{go [Zn41 — anl| + nll_g)lo |lan — ||
— 0. (3.61)
Similarly, we have
lim ||up+1 — unl| = 0. (3.62)
n—oQ

Since {(zn,un)} is bounded and E; x Ej is reflexive (Lemma 2.6), there
exists a subsequence {(zp, , un, )} of {(zn,un)} which converges weakly to some
(x*,u*) € E1 X Ey and

limsup A, = lim A,,. (3.63)
n—00 k—o0

Consequently, we have z,, — 2* and u,, — u*. From (3.52) and (3.53), we
have z,, — z* and w,, — u*, respectively. So, from (3.54), the fact that
Zn, — 2* and Lemma 3.3, we obtain z* € VI(C, A). Similarly, one can show
that v* € VI(D,B). From (3.58), we have a,, — z*. Thus, with the help

of (3.50) and the definition of f—asymptotic fixed points, we conclude that
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o —

x* € F¢(G). From the Bregman relatively f—nonexpansivity of G, we have
x* € Fy(G). So, x* € VI(C, A) N F¢(G).

Similarly, we can show that u* € VI(D, B) N Fy(K).

Moreover, by Lemma 2.1 we have

|Tx* — Su*||? = ||[Twn, — Sun, +Ta* — Tan, + Sup, — Su*||?
< HTxnk - Sunk||2 (3'64)
+2(Jg,(Tz" — Su*), Tx* — Txy, + Sup, — Su™).
Since T and S are sequentially weakly continuous, we have that x,, — z*
implies T'xz,, — Tz*, and u,, — u* implies Su,, — Su*. Thus, we obtain
using (3.49) that Tz* = Su*. Therefore, (z*,u*) € Y.

Furthermore, from the definition of A,41, (3.61), (3.62), (3.63) and (2.8)
we have

limsup Ap11 < limsup A, + A limsup [||Zn+1 — Zn|| + [|[tnt1 — unll]

= klgrolo Ay, + Akh—?olo [”xnk-i-l - x”k” + Hunk-i-l - unkH]
= lim {(Vf(z), Vg(u)) = (VF(Z), Vg(@)), (@n, tn,) - (Z,2))
= ((V[f(z),Vg(u) — (Vf(2), Vg(u)), (=", u") — (z,u))

<0.
(3.65)

From (3.47) we have
Ont1 < (1 — )0y + anApia. (3.66)
So, (3.65), (3.66), Lemma 2.11 and the condition on «, give that
lim 6, =0,

n—o0

which implies that
lim Df(i‘,l’n) =0

n—oo
and
lim Dgy(a,uy,) = 0.

n—oo
Thus, by Lemma 2.9 we obtain lim,, o x, = T and lim,,_, o U, = .
Case II. If there exists a subsequence {O,, } of {0©,} with ©,,, < ©,,4; for

all i > 0, then by Lemma 2.12, we can find a nondecreasing sequence {my} of
positive integers such that limy_,,, my = co and

@mk < Gmk-f—l and @k < Gmk-f—l? (3.67)
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for all positive integers k. Thus, (3.48) becomes

(1 — /J/> [Df(amkaymk) + Df(ymk7ZTTLk) + Dg(bmk7vmk) + Dg(vmk’wmk):|

B

+7(1=7) 61 (195 (@m) = Glam, )| + 62 (1V9(bm,) = K (b))

+ Sl e, = S|P
< ®mk — Gkarl + OlmkM.

Taking the limit as & — oo to both sides of (3.68), we derive

lim ||Txy,, — S’umk|]2 =0,
k—o0

A [V f(am,) = Glam,)|| = lm |[Vg(bm,) — K (bm, )l = 0.
—00 k—oo

Following the method used in Case I, we get

lggo Hl‘mk - ka” = klgrolo ||umk - wmkH =0,
lggo Hymk - ka” = k:lglolo vak - wmkH =0,

khm ||$mk - ymk” = lim ||umk - UmkH =0.
—00 k—o0

Furthermore, following similar steps as in Case I, we obtain
lim ||xmk+1 - xmk” =0, lim Humk+1 - umk” =0
—00 k—oo

and

limsup Ay 41 < 0.
k—o00

Thus, from (3.47) and (3.67), we have

which implies that
@mk S Amk—‘rl‘

(3.68)

(3.69)

Taking the limit on both sides of (3.69) as & — oo and using the fact that
lim supy_, o0 Am,+1 < 0, we get that the sequence ©,,, — 0 as bk — oo . It
follows from (3.66) that ©,,,+1 — 0 as k — oo. Since O < O, 41 for all
k > 0, we have that ©; — 0 as k — oco. Thus, we have limy_,oc D (%, 1) =0
and limy_,o Dg(@, ui) = 0, which implies by Lemma 2.9 that limy_,c 2 = 2

and limg_ o0 up = U.

Thus, we have shown, in Cases I and II, that the sequence {(z,,u,)} gen-
erated by Algorithm A, converges strongly to (Z,u) = P#(z,u), and this

completes the proof.

0
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If A and B are uniformly continuous and monotone mappings, then the
assumption that A and B are sequentially weakly continuous is not required
and hence the following corollary follows.

Corollary 3.5. Assume that A: C' — Ef and B: D — E3 are uniformly con-
tinuous and monotone mappings. If Conditions (A1) — (A2),(B2) — (B4) and
(C1) —(C2) are satisfied, then the sequence {(xy,un)} generated by Algorithm
A, converges strongly to (z,u) € YT, where (z,u) = P{l(:z:, u).

If £ = 0 = u, then Algorithm A can be used to locate an element of the
solution with the minimum norm and hence we have the following corollary.

Corollary 3.6. Suppose that the Conditions (Al) — (A2), (B1) — (B4) and
(C1)—(C2) are satisfied. Then the sequence {(xy,un)} generated by Algorithm
A with x = 0 and v = 0, converges strongly to (z,u) € T, where (T,u) =
P}(0,0).

4. APPLICATIONS

Condition 4.1.

This section deals with applications of the main result to some specific cases.
The following are the assumptions that will be used in these cases.

(A3) Let C and D be nonempty, closed and convex subsets of a smooth,
strictly convex, reflexive real Banach space E with dual E*;

(A4) Let f,g: E — R be proper, lower semi-continuous, uniformly Fréchet
differentiable, strongly convex, strongly coercive, Legendre functions
which are bounded on bounded subsets. Let f and g have Lipschitz
continuous gradients with the strong convexity constant of f (respec-
tively, g) greater than or equal to the Lipschitz constant of Vf (re-
spectively, Vg);

(B5) Let A,B: E — E* be uniformly continuous, pseudomonotone and
sequentially weakly continuous on bounded subsets of F;

(B6) Let G, K: E — E* be Bregman relatively f—nonexpansive and Breg-
man relatively g—nonexpansive mappings, respectively.

4.1. Common Solutions of Variational Inequality and f, g—Fixed Point
Problems. Let £ = Fy = Fy = FE3, T = S =1 and let f and g be as in
Condition 4.1 (A4). Then the split equality of variational inequality and f, g—
fixed point problems reduces to finding a common solution of two variational
inequality and f, g—fixed point problems. This problem can be expressed as:

find z € (VI(C,A) N F¢(G)) and @ € (VI(D, B) N Fy(K)) such that = 4.
Denote ¥ = {(z,u) € (VI(C,A) N F¢(G)) x (VI(D,B) N Fy(K)) : & = u}.
In this case, we have the following corollaries.
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Corollary 4.1. Assume that ¥ # (). If Conditions (A3) — (A4), (B5) — (B6),
(C1) —(C2) are satisfied, then the sequence {(xy,un)} generated by Algorithm
Awith E = Ey = Ey = E3 and T = S = 1, converges strongly to (Z,u) € X,
where (%,1) = PE(z,u).

Corollary 4.2. Assume that ¥ # () and let A: E — E* and B: E — E* be
uniformly continuous monotone mappings. If Conditions (A3) — (A4), (B6),
(C1) — (C2) are satisfied, then the sequence {(xn,un)} generated by Algorithm
A, with E = Ey = Ey = E3 and T = S = I, converges strongly to (z,u) € X,
where (Z,1) = PE(z,u).

4.2. Split Equality of Null Point and f, g—Fixed Point Problems. Let
f and g be as in (A2). If C = E; and D = Es, then the split equality
of variational inequality and f, g—fixed point problem reduces to the split
equality of null point and f, g—fixed point problem which can be described as
finding a point (Z,u) with the property

(z,u) € (A710) N Fp(@)) x (B7H0) N Fy(K)) : Tz = S,
where A71(0) = {z € B :0 € Az} and B~1(0) = {u € Ey : 0 € Bu}.

Denote

T* = {(z,u) € (A1(0) N Ff(G)) x (B~1(0) N Fy(K)) : Tz = Su}.
In this case, we have the following results:

Corollary 4.3. Assume that T* # (). If Conditions (A1) — (A2),(B1)—(B3),
with C = Ey, D = Ey, (C1) — (C2) are satisfied, then the sequence {(xy,un)}
generated by Algorithm A, converges strongly to (z,u) € YT*, where (Z,u) =
Pl (z,u).

Corollary 4.4. Let A: Ey — Ej and B: Ey — E3 be uniformly contin-
uous monotone mappings and assume that Y* # (. If Conditions (Al) —
(A2),(B2) — (B3) with C = E; and D = Es, (C1) — (C2) are satisfied,
then the sequence {(xn,un)} generated by Algorithm A, converges strongly to
(z,a) € T*, where (z,u) = P (z,u).

4.3. Split Equality Variational Inequality Problem. Let f and g be as
in (A2). If, in Condition 3.2, Gz = Vf(z) for all x € C and Ku = Vg(u)
for all uw € D, then the split equality of variational inequality and f, g—fixed
point problems reduces to the split equality variational inequality problem
which seeks to

find z € VI(C, A) and w € VI(D, B) such that Tz = Sa.
Denote I' = {(z,u) € VI(C,A) x VI(D,B) : T% = Su}.
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One can easily show that V f and Vg are Bregman f—relatively nonexpan-
sive and Bregman g—relatively nonexpansive, respectively, and hence we have
the following results.

Corollary 4.5. Assume that T' # (. If Conditions (A1) — (A2), (B1) — (B3),
(C1) — (C2) are satisfied with Gx = V f(x) for allz € C and Ku = Vg(u)
for all w € D, then the sequence {(zn,u,)} generated by Algorithm A, con-
verges strongly to (z,u) € T', where (Z,1) = P}z, u).

Corollary 4.6. Let A: By — EY and B: Ey — E3 be uniformly continuous
monotone mappings. Assume that I' # (). If Conditions (A1) — (A2), (B2) —
(B3), (C1) — (C2) are satisfied with Gz = V f(x) for allz € C and Ku =
Vg(u) for allu € D, then the sequence {(xy,u,)} generated by Algorithm A,
converges strongly to (z,u) € T, where (Z,u4) = P}z, u).

4.4. Split Equality f—Fixed Point Problem. If we have A = 0and B = 0,
in Algorithm A, then the split equality of variational inequality and f, g—fixed
point problem reduces to the split equality f,g—fixed point problem which
seeks to
find z € Ff(G) and u € F;(K) such that Tz = Sa.
Denote I'* = {(Z,a) € Ff(G) x Fy(K) : Tz = Su}.

Corollary 4.7. Assume that I'* # 0. If Conditions (A1) — (A2), (B2) — (B3),
(C1)—(C2) are satisfied. then the sequence {(Tn,un)} generated by Algorithm
A, with A = B = 0, converges strongly to (Z,u) € I'*, where (z,u) = Pr«(z,u).

5. NUMERICAL EXAMPLE

Under this section, a numerical example is given to demonstrate the con-
vergence of the sequence generated by Algorithm A.

Example 5.1. Given F; = Ey = F3 = R?. Let the norm and inner product

on R? be, respectively, given by ||z|| = v/(z,z) = \/>°% |2i|? and (z,u) =
S22 | aiu; for all z,u € R?. Define the mappings A: R? — R? and B: R? — R?
by

)
Ax = A(x1,x9) = <2+ $%+1‘%) (1,29 — 1),

Bu = B(uy,ug) = Jui + u3 (u1, uz)
and let C'and D be given by C = {z € R? : ||z|| <2}, D = {u € R? : [|u]| < 2}.
Clearly, C and D are nonempty, closed and convex subsets of R?, and the map-
pings A and B are uniformly continuous and sequentially weakly continuous
on C and D, respectively. It can be easily shown that B is pseudomonotone
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on subsets of D. We only show here that A is pseudomonotone on R?. To this
end, let (Axz,y — ) > 0. Then we have,

5 /
(2"1' .1‘%4—.%'%) ($1,$2—1),(y1—$1,y2—x2)> ZO,

this implies that

)
(5+ v/t +a3) ((era = 1.t~ v - o)) 20

5
Since 3 ++/2? + 23 > 0, we conclude that ((z1,22—1), (y1 — 1, y2 — x2)) > 0.
Now, for (y1,92) € R? we have

5
(Ay,y —z) = <2+\/y%+y§> < y1,y2 — 1), (n1 *$17y2*$2)>

5

> (2+\/y1 —i—y2) [< (y1,92 — 1), yl—xl,yz—wz)ﬂ
5

= (3 Vot 3) [{(oran = 1.0 — o1 - )]
5

= (2+ y%+y§> (Iyr — 21 + Jy2 — 22|?)

5
> §Hy—$\l2
>0

Therefore, A is pseudomonotone on R2.
Let us define T, S: R? — R? by
Tz =T(x1,22) = (5r1,0) and Su = S(uy,u2) = (2u1, 3ug),
where (21, 2), (u1,u2) € R% Then T and S are bounded linear maps on R?
with adjoints T*z = (5x1,0) and S*u = (2uy, 3uz), respectively. Now, we have
(A(0,1), (z1,22)—(0,1)) > 0 for all (z1,x2) € C, (B(0,0), (u1,u2)—(0,0)) >0
for all (u1,u2) € D. So, & € VI(C,A) and u € VI(D, B), where z = (0,1)
and @ = (0,0). Let us define G: C — R? and K: D — R? by
Gz = G(z1,22) = (0,22) and Ku = K(uy,u2) = (u2,u1),

1 1
and f,g: R? — R by f(z) = §|]:c||2 and g(u) = §||u\|2 Then, we have

Vf(z) =z, Vg(u) = u and Jg = I, where I is the identity mapping on R2.
One can easily show that G is Bregman relatively f—nonexpansive and K is
Bregman relatively g—nonexpansive. Moreover,

Gz = G(0,1) = (0,1) = Vf(0,1) and Ku = K(0,0) = (0,0) = Vg(0,0).
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From this, we conclude that z € F¢(G) and @ € Fy(K). Moreover, T'(0,1) =
(0,0) = 5(0,0). Thus,
(z,u) € (VI(C,A) N F¢(G)) x (VI(D,B) N Fy(K)) with Tz = Sa.
1

Now, taking o, = —————— for n > 1 and
n + 100000
B 2 2
(2) (5:L‘1n2 QU1n) + (3U2n)2 ~ T ne 97
o = 5 (25x1n — 1Ou1n) + (4u1n — 10w1n) + (9u2n)
— if Q.
Too0000 1 "¢

then the Conditions (A1) — (A2), (B1) — (B4), and (C1) — (C2) are satisfied.

The figures below show that the error term sequence {E,} = {(xn,un)
—(z,u)} converges strongly to zero for different choices of the parameter [
and different initial points.

1.6 1=0.06
1=0.15
I=0.

14l 0.9999

n

-
—_ N
T T

Error term sequence, E
o
oo
T

0.6
0.4 -
0.2 -
0 1 1 1 1 1 —
5 10 15 20 25 30
lterations, n

(19, T2y), (u1y, u2,)) = ((0.5,0.5),(0.5,1.5)), =05, p=04, y=0.5

FiGURE 1. Illustration of convergence rate of the sequence for
different values of the parameter .
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1.6 (x1 4X2 5,ul ,u2 )=(0.5,0.5,0.5,1.5)
(x1 0,x2 0,u1 0,u2 0)=(0.3,0.5,0.4,1)
1.4 ¢ (x1 gx2 Ul U2 )=(0.0.9,0.50.5)

n

-
N

—_

Error term sequence, E
o o
» oo

N
N

o
o

0 1 1 1 1 T —
5 10 15 20 25 30

lterations, n

Parameters [ = 0.9, 3 =0.5, p=04, v=0.5

FiGuRrE 2. Illustration of convergence rate of the sequence for
different initial values.

The numerical experiments were carried out using MATLAB version R2020a
and all programs were run on a 64-bit OS PC with Intel(R) Core(TM) i7-8550U
CPU@1.80GHz 1.99GHz and 16GB RAM.

Remark 5.2. Figure 1 shows that the convergence of the sequence generated
by Algorithm A gets faster as [ gets closer to 1. From Figure 2, we observe that
for any choice of initial point, the sequence {(z,u,)} converges to a solution
of the split equality of variational inequality and f, g—fixed point problem.
That is, the ultimate convergence of the sequence does not depend on the
choice of initial points.

6. CONCLUSIONS

In this paper, we have proposed a method for finding a solution of split
equality of variational inequality and f, g—fixed point problems, where the
variational inequality problems are for uniformly continuous pseudomono-
tone mappings and the f, g—fixed point problems are for Bregman relatively
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f, g—nonexpansive mappings in reflexive Banach spaces. We have proved
strong convergence of the algorithm using the Bregman distance approach.
Finally, a numerical example is provided to show the applicability of the pro-
posed algorithm. The results in this paper extend most of the results which
are discussed in the literature in one or the other way. Specifically, the results
of our method improve the result obtained by Wega and Zegeye [34] in the
sense that it extends the result from finding common solution of variational
inequality and f—fixed point problems to finding a solution of split equality of
variational inequality and f, g—fixed point problems. Our result also extends
the results obtained by Boikanyo and Zegeye [5] in the sense that it addresses
f, g—fixed point problems on top of the split equality variational inequality
problems.
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