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1. INTRODUCTION

Let H be a real Hilbert space with the inner product (-,-) and the induced
norm || - ||, C' a nonempty, closed and convex subset of H and A : H — H
be a nonlinear operator. The classical variational inequality problem (VIP) is
formulated as:

Find x € C such that (Az,y —z) >0, Vy e C. (1.1)

The notion of VIP was introduced independently by Stampacchia [25] and
Fichera [11, 12] for modeling problems arising from mechanics and for solv-
ing Signorini problem. It is well known that many problems in economics,
mathematical sciences, mathematical physics can be formulated as VIP. We
denote the solution set of a VIP by VI(A,C). Due to the fruitful applications
of the VIP, many researchers in this area have developed different iterative
techniques to solve VIP (1.1). In particular, Goldsten in [13] introduced an
iterative technique defined as follows:

{xl €C (1.2)

Tny1 = Po(zn, — Mxy,),

for all n € N, where X\ € (0, %), A is a-strongly monotone and L-Lipschitz

continuous and P¢ is a metric projection defined from H onto C. The author
established that the iterative method (1.2) converges to the solution set of
VIP (1.1). However, it was observed that if A is monotone and L-Lipschitz
continuous, the iterative technique (1.2) may not converge to the solution
set of VIP (1.1), see [15] and the reference therein for details. In addition,
computing the value of A may be very difficult or impossible.

In the light of these drawback, Korpelevich in [17] introduced and studied
the extragradient method (EM) defined as follows:

xr1 € C,
Yo = Po(wn — AnAzy), (1.3)

Tnt1 = Po(n — AnAyn),
for all n > 1, where A, € (0, %), A is monotone and L-Lipschitz continuous
and Pg is a metric projection defined from H onto C. This method was im-
plemented with a more relaxed cost operator, however, the computation of A,
remains a challenge. More so, another drawback of this technique is that it
requires two projections onto the feasible set C per iteration, which is costly
when C' does not have a simple structure. Since the inception of EM, many
authors have introduced, modified and studied different EM in which the cost
operator A is monotone and pseudomonotone. For example, He et al. [10],
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Apostol et al. [2], He et al. [15], Ceng et al. [1], Censor et al. [7], Nadezhkina
and Takahashi [19] and many others.

In the light of providing an affirmative answer to the set back of the EM,
Censor et al. [3] introduced and studied the subgradient extragradient method
(SGEM) as follows:

r1 € C,

Yn = Po(xn — A\pAxy),

T, ={we H : (x, — \yAx, — yn, w — yn) < 0},
Tnt1 = Po(rn — A Ayn),

(1.4)

where A\, € (0, %) for all n > 1, A is monotone and L-Lipschitz continuous
and P¢ is a metric projection defined from H onto C. They established that
the iterative method (1.4) converges to the solution of VIP (1.1). However,
computing the A, in the above iterative method is still a setback.

An interesting generalization of VIP (1.1) was introduced and studied by

Censor et al. in [9]. They introduced and studied the following split variational
inequality problem (SVIP) defined as:

Find z* € C that solves (Az*,x —2*) >0, Vax € C (1.5)
and

y* =Tz* € Q that solves (By*,y —y*) >0, Vy € Q, (1.6)

where C and () are nonempty, closed and convex subsets of real Hilbert spaces
H, and Hs, respectively, A : Hy — Hi, B : Hy — H, are two operators and
T : H — Hs is a bounded linear operator. The SVIP has wide applications
in many fields such as phase retrieval, medical image reconstruction, signal
processing, and radiation therapy treatment planning see ([3, 10, 5, 6]) and the
references therein. It is easy to see that, the SVIP (1.5) -(1.6) is a combination
of the classical VIP (1.1) and the well-known split feasibility problem (SFP)
introduced and studied by Censor and Elfving in [6]: Find z* € C

Tz =y* € Q. (1.7)

In an attempt for Censor et al. in [9] to approximate the solution of SVIP
(1.5)-(1.6). They needed to convert the SVIP (1.5)-(1.6) into a constrained
VIP (1.1) in a product space H; x Hs. After which they applied the SGEM
to solve the equivalent SVIP (1.5)-(1.6) problem. It was observed that solving
a SVIP (1.5)-(1.6) in this manner, one will be faced with the problem of
converting the new product subspaces into H; and Hs. In addition, it was
observed that this method lack the splitting structure of the SVIP (1.5)-(1.6)
and in the process lacks the capacity in which the iterative method can be
applied to real life problem (see [9] and the references therein).
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In the light of these challenges, many authors have proposed different itera-
tive methods to solve the SVIP (1.5)-(1.6). For example, Tian and Jiang [20],
introduced and studied the following iterative method.

1 €C R

Yn = Po(xn — wT*(I — Po(I — vA))Txy),
ty = PC(yn - AnByn)a

Tn+l1 = PC(yn - AnBtn)p

for n € N, where v, C [a,b], for some a,b € (0, W)’)\” C [e,d] for some

(1.8)

¢,d € (0, %),1/ € (0,2a),T : Hi — Hj is a bounded linear operator, A is a-
inversely strongly monotone and Lipschitz continuous, B is monotone and and
Lipschitz continuous. They established that the proposed iterative method
converges weakly to the solution set of SVIP (1.5)-(1.6). In addition, Pham
et al. [20] introduced a Halpern type iterative technique for solving the SVIP
(1.5)-(1.6) in real Hilbert spaces. They established that the iterative technique
converges strongly to the solution set of the SVIP (1.5)-(1.6).

In this area of research approximating a solution of split variational inequal-
ity problems (SVIP) has been an interesting problem to consider. However,
the iterative techniques that have been considered for this problem in the
literature require that the underlying operators to be a-inversely strongly, or
monotone, or pseudomonotone. It is well known that the underlying cost oper-
ators have crucial roles to play in real applications of these iterative methods.
In the light of this introducing an iterative technique with weaker monotonic-
ity condition on cost operators and better rate of convergence is highly sorted
after.

Remark 1.1. We observe the following drawback in the iterative processes
introduced and studied by different authors.

(1) In [21, 26, 27], this method requires three projections onto the feasible
set C per iteration, which will be expensive if C' is not simple.
(2) In [9, 20, 20], the implementation of their iterative technique depends

on the knowledge of the bounded linear operator norm. This property
is crucial because any iterative technique that depends on the operator
norm require the value during the process of computation, which is a
very difficult or sometimes impossible to get. Hence, this make it
difficult to apply the iterative technique to real life problems.

(3) In [1, 9, 15, 16, 20, 26], the cost operators A and B are a-inversely
strongly or monotone, or pseudomonotone.

The purpose of this paper is to introduce and study a modified split vari-
ational inequality problem and fixed point problem (SVIPFPP), which is a
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generalization of SVIP (1.5)-(1.6) in infinite dimensional real Hilbert spaces,
in which the underlying cost operators are quaismonotone and Lipschitz con-
tinuous. The problem is defined as follows:

Find z* € C that solves FI(S) N (Az",x —2*) >0, Vz € C (1.9)
and
y* =Tz* € Q that solves (By*,y —y*) >0, Vy € Q, (1.10)

where C' and @ are nonempty, closed and convex subsets of real Hilbert spaces
H, and Hs, respectively, S : Hy — Hi is a quasinonexpansive mapping, A :
H, — Hy, B: Hy — Hs are two quaismonotone operators and T : H; — H»
is a bounded linear operator. As such, we propose a two SGEM for solving
the SVIPFPP with the following properties:

(1) It is easy to see that if F/(S) = I(identity mappy), problem(1.9)-(1.10)
becomes SVIP (1.5)-(1.6).

(2) In comparison with different iterative techniques for solving SVIP
(1.5)-(1.6), iterative method is designed in such a way that the un-
derlying cost operators are quasimonotone, Lipschitz continuous, and
sequentially weakly continuous.

(3) Our methods do not require any product space reformulation of the
classical SVIP (1.5)-(1.6), thus, overcoming the challenges faced by the
authors in [9].

(4) Our proposed iterative method does not depend on the knowledge of
the bounded linear operator ||T'|| unlike the following iterative methods
in which knowledge of the bounded linear operator is relevant for their
implementation (see [9, 20, 20]).

(5) The sequence generated by the proposed methods converges strongly
to a minimum-norm solution of the SVIPFPP in real Hilbert spaces
unlike [9, 20, 26].

(6) Our proposed iterative technique include inertial extrapolation steps.
We emphasize that the inertial extrapolation step helps to improve
the rate of convergence of an iterative method. The inertial steps
remarkably increase the convergence speed of these algorithm when
compared with others without extrapolation step of Algorithm 31 of
[24] and Algorithm 1 of [20].

The rest of this paper is organized as follows: In Section 2, we recall some
useful definitions and results that are relevant for our study. In Section 3, we
present our proposed method. In Section 4, we establish strong convergence
of our method and in Section 5, we present some numerical experiments to
show the efficiency and applicability of our method in the framework of infinite
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dimensional Hilbert spaces. Lastly in Section 6, we give the conclusion of the
paper.

2. PRELIMINARIES
In this section, we begin by recalling some known and useful results which

are needed in the sequel. Let H be a real Hilbert space. The set of fixed points
of a nonlinear mapping T : H — H will be denoted by F(T), that is

FT)={ze H:Tx =x}.

We denote strong and weak convergence by ”—” and ”—", respectively. For
any z,y € H and « € [0, 1], it is well known that

lz = ylI* = [l=[I* — 2(z, ) + [lyll*, (2.1)
lz +yl* = [|l=[* + 2(z, y) + [lyll*, (2.2)
lz =yl < lz]* + 2(y, & — y) (2.3)
and
laz + (1 — @)yl = allz|® + (1 = a)lly[* — a(l — a)llz — y||*. (2.4)

Definition 2.1. Let T': H — H be an operator. Then T is called
(a) L-Lipschitz continuous if there exists L > 0 such that

[Tz —Tyll < Lz - yll, Yo,y € H;
(b) nonexpansive if
1Tz =Tyl < |lz —yll, Va,y € H;
(¢) quasinonexpansive, if
1Tz —yll < llz —yll, Vo € H,y € F(T);
(d) monotone if
(Tx —Ty,xz—y) >0, Yo,y € H;
(e) pseudomonotone if
(Tz,y—z) > 0= (Ty,y —x) >0, Vo,y € H,;
(f) a-strongly monotone if there exists o > 0, such that
(Te =Ty, —y) > af|z —yl|?, ¥V a,y € H;
(g) quasimonotone

(Te,x —y) >0= (Ty,x —y) >0, Va,ye H,;
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(h) sequentially weakly continuous if for each sequence {z,}, we obtain
that {x,} converges weakly to x implies that T'z,, converges weakly to
Tzx.

Remark 2.2. It is well known that a-strongly monotone is monotone, mo-
tone is pseudomonotone, pseudomonotone is quasimonotone. However, the
converses are not generally true.

Let C be a nonempty, closed and convex subset of H. For any u € H, there
exists a unique point Pou € C such that
lu — Poul| < [lu—yll, vy € C.

The operator P¢ is called the metric projection of H onto C. It is well-known
that Po is a nonexpansive mapping and that Po satisfies

(x =y, Pox — Poy) > ||Pox — Pyl (2.5)
for all x,y € H. Furthermore, P¢ is characterized by the property
lz = yl* > ||z — Pez|® + |ly — Pox||?

and

(x — Pox,y — Pox) <0 (2.6)
forall x € H and y € C.
Lemma 2.3. ([14, 28]) Let C be a nonempty, closed and convex subset of

a real Hilbert space H and A : H — H b a L-Lipschitz and quasimonotone
operator. Suppose that y € C and for some p € C, we have (Ay,p —y) > 0.
Then at least one of the following hold

(Ap,p—y) =20 or (Ay,q —y) <0
for all g € C.

Lemma 2.4. ([22]) Let {a,} be a sequence of positive real numbers, {ay} be
a sequence of real numbers in (0,1) such that Y 2 oy, = oo and {d,} be a
sequence of real numbers. Suppose that

ant1 < (1 —ap)ap + apd,, n>1.

If limsupy,_, o dn,, < 0 for all subsequences {an, } of {an} satisfying the condi-
tion

liminf{an,+1 — an,} >0,

k—oo

then lim a, = 0.
k—o0
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3. PROPOSED ALGORITHM

In this section, we present our proposed method for solving a quasimonotone
variational inequality problem and a fixed point problem.

Assumption 3.1. Suppose that the following conditions A and B are hold:
Condition A:

(1) The feasible sets C' and @ are nonempty, closed and convex subsets of
the real Hilbert spaces H; and Ho, respectively.

(2) {Sn} is a sequence of nonexpansive mapping on Hj.

(3) A: Hy — Hy and B : Hi — H; are quasimonotone, sequentially
weakly continuous and Lipschitz continuous with Lipschitz constant
Lo and L; respectively.

(4) S : Hy — H; is a quasinonexpansive operator and f : H; — Hj is a
contraction mapping with coefficient 7 € (0, 1).

(5) T : Hy — Hs is a bounded linear operator.

(6) The solution set

Q:={xeVIB,C)NF(S):Tr e VI(AQ)} #0.
Condition B:
(1) a, € (0,1), li_)m ap, =0and > > oy = 00,

(2) {m} € (0,m) € (0,1),n € (1,%),04 € (1,%),1/,5 € (0, 3) such that
2—-n—vn>0,2—a—3da>0,{w,} C(0,1) witht a, + 7y +w,, = 1,
Ao > 0,0 > 0, and choose the nonnegative real sequence {I',} and
{¢n} such that Y7 | T, < oo and Y o7, ¢ < 0.

We present the following iterative algorithm.

Algorithm 3.2. Initialization Step:

Step 1: Choose g, z1 € Hi, given the iterates x,—1 and x, for all n € N,
choose 6,, such that 0 < 6,, < 6,,, where

. -1 " .
0, = mln{n?—ﬂ_la Hzn_zn71||}}a if T # Tp—1, (3.1)
#Bl_la otherwise,
with {€,} is a positive sequence such that €, = o(ay,).

Step 2: Set
Wy = Tp + en(snxn - nxn—l)-
Then, compute
zn = Po, (Twy, — N\ Ayn),
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where
O, ={z € Hy: (Twy, — MyATwy, — Yn, x — yn) < 0}
and
)\n+1 (34)
_ 2 _ 2 .
_ [owin { ARG R A G (AT — Ay, g — 2) >0,
An + Cns otherwise.

Step 3: Compute

U = Wy + YT (2, — Twy), (3.5)
Uy, = Po(vy, — vpBuy), (3.6)
tn = Py, (vn — avy, Buy,), (3.7)

2
where 7, is chosen such that for small enough ¢ > 0, ~,, € [e, I [T =zl €

|T*(Twn_zn)||2 o
if Tw,, # zy, otherwise v, = v, ¥, = {x € Hy : (v — vy Buy —up, x —uy) < 0}
and

Hnt1 (3.8)
. {min{é(vn_u"2+||un_tn”2) Hn + Pn} lf <an - BU’n,a un - t’I’L> > 07

2(Bvn—Bun,un—tn)
n + I, otherwise.

Step 4: Compute
Tp+1 = Oénf(l'n) + wpTy + nnStw (3'9)

4. CONVERGENCE ANALYSIS

Lemma 4.1. The step-sizes Yp, fintr1 and Apy1 in Algorithm 3.2 are well de-
fined.

Proof. The proof that A\,i1, nt1 and v, are well define follows similar ap-
proach as in Lemma 3.1 of [18] and Lemma 3.6 of [19], thus we omit it. [

Lemma 4.2. Let {x,} be a sequence generated by Algorithm 3.2 under As-
sumption 3.1. Then, {x,} is bounded.

Proof. Let p € Q. Then Tp € VI(A,Q) C Q. Since lim z—”Hxn — Zp-1]] =0,
n—oo —mn
there exists N1 > 0 such that z—ZHxn — Zp—1|| < Ny, for all n € N. Then using
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Algorithm 3.2, we have

lwn = pll = |2 + On(Snzn — Spn-1) — p|
S Hxn - p” + enHSnxn - Snxn—IH

< N = pll + @ = 01
< [Jen = pll + an N1 (4.1)
Also, using Algorithm 3.2, we have
20 — Tp|* = || P, (Twn — nATw,) — Tp||®
< | Twn = nAn Ay — Tpl|* = | Twy — nAnAyp — 2|
= [|Twn — Tpl* + (nAn)? [ Aynl* — 2(Twy — Tp, nhn Ayn)
— [ Twn = 2nl1> = (0An)? | Aynll* + 2(Twn — 2, nAnAyn)
= | Twn = Tp||* = |Twn — 2n|1* = 2(nAnAyn, 20 — Tp)
= | Twn = Tpl* = | Twn = 2nl1 = 2(0AnAYn, 20 — Yn)
= 2(nAnAYn, yn — T'p). (4.2)

Since Tp € VI(Q,A) and y, € Q, we have (ATp,y, — Tp) > 0 and using
Lemma 2.3, we obtain (Ay,, yn, — Tp) > 0. Thus, (4.2) becomes

20 = Tp|” <||Twn — Tpl* = | Twn — 20l” = 200An AYns 20 — yn).  (4.3)
Now, observe that
—||Twy, = zal* = = Twn = Yo + yn — 2
=~ Twn = yull® = lyn = 2al® + 2{Twn = yn, 20 — yn)
= |1 Twn = yall* = lyn — 2nll?
+ 2(Twp, —Yn— A AT Wy + My AT Wy, — Ay AYn, 4+ A AYny 20— Yn)
= I Twn = yall* = g0 — 2nll?
+ (Twyp, — MAT Wy — Yn, 20 — Yn)
+ (A AT W, — My AYn,y 20 — Yn) + (A AYn, 20 — Yn). (4.4)

Since z, € Q C Ha, we have (Tw,, — \y ATwy, — Yn, 2n, — yYn) < 0 and using the
step-size, we have (4.4) becomes

AnV

)\n+1 )\n+1
+ 2<>‘nAyn> n — yn>a (4-5)

ApV
—|Twn = za|* < —(1 = =) | Twn — yu* — (1 - Myn — 2nl?
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this implies that

ApV
_2<)\nAynyzn - yn> < _(1 - )\n )HTwn - yn”2
n+1
AnpV
—(1- /\n+1)||yn_an2+ HTwn_anQ' (4.6)
mn
Hence
AnV 9
_2<77)\nAynvzn - yn> < _77(1 - \ +1)HT'wn - yn”
n
AnV
= 1= )y = 2l
n
+ n||Twy, —anZ. (4.7)
Substituting (4.7) into (4.3), we have
2 2 AnV 2
|2n — Tp||* < | Twyn, — Tp||* —n(1 — MNTwn — ynll
An+1
AnpV 9 9
—n(1 - 3 +1)Ilyn — 2" = (A = )| Twn — 2 |” (4.8)
n
Since
[ Twn — 2u||* < 2| Twn — ynl* + 2[20 — ynll* and  — (1 —1n) >0,
we have

—(1 =) Twy, = z|1* < =2(1 = )||Twn = ynl* = 2(1 = 0) |20 — wal?,
thus, we have

AV

l2n = Tp[I* < || Twn — Tp||* = n(1 ~ | Twn = ynll®

n+1
AV

= (1= "y — zall* =201 = )| Twn —
n+1

= 2(1 = n)llzn — yall®
VAR

= [ Twn = Tpl* = (2= n = =) Twn = yul*
n+1
VA
= (2=n—"D)llz = yall” (4.9)
n+1
Considering the limit (2 —n — %ﬂ) =2 —n—vn > 0. Hence, there exists ng

such that for all n > ng, we have 2 —n — %ﬂ > 0. Thus, it follows that, for
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all n > ng, we obtain

20 = Tpl|* < || Twn — Tplf? (4.10)
and this implies that

lzn = Tp|| < | Twn — Tp|. (4.11)
Furthermore, using Algorithm 3.2 with step-size ~,, and (4.11), we have

[[vn — p||2 = [lwn + T (zn — Twy) — p||
= fem — P2 + 21T (20 — T
+ 27 (wp, — p, T* (2, — T'wy))
— len — pI2 + 21T (20 — Twn)
+ 27 (Twy, — Tp, zp, — Twy,)
= llwn = pl* + 72l T* (20 — Twy)|”
+ Ynllzn — Tp||2 — Yl Twy, — Tp”2 — Ynll2n — TwnH2
< lwn = pl1* + 72l T* (20 — Twn)||?
+ Y[ Twn — TpH2 — Yol Twn — TpH2 — Ynll2n — TwNHQ
< llwn = plI* + 72l T* (20 — Twy) |®
= V(W + T (2 — Twn)H2
= llwn = plI* = el T* (20 — Tawn)
< Jlwn —pl%, (4.12)

I

which implies that
lvn — pll < [lwn —pl|- (4.13)

Using a similar approach as in (4.9), we obtain

Ofbn e
ltn = pI* < llon = pl* = (2 = @ = =) [[vn — unl|
Hn+1
O b
- (2 - - Kn )th - un||27 (414)
Hn+1

which implies that

[tn — pll < [lvn —pl|. (4.15)
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Finally, using Algorithm 3.2, (4.15), (4.13) and (4.1) we have
Hxn—&-l _pH = Hanf(xn) + Wiy + NSty — pH

an(f(@n) = p) + wn(@n —p) + 0 (St” - p) H

< apllf(zn) — fFP) + anllf(p) — pll

+ (1 = oy — wy)[|Sts, — pl|
< apTllzn = pll + anl f(p) — pll + (1 — an — wy)||tn — pl|
< apTllzn = pll + anl f(p) — Pl + (1 — an — wy)|lvn — p|
< apTl|lzn = pll + anl f(p) — pll + (1 — an — wy)||wn — Pl
< anTllzn — pll + aal f(p) — bl

+ (1 = an —wp)[|zn — pll + anNi]
< anTllzn — pll + aall f(p) — bl

+ (1 = an)||zn — pl + anN1
=1 —an(l=1))zn —pl

+an(1 - | M2
< e { o, — pl, P ILD =PI (4.16)
Tt follows by induction
o =l < max { o — pl, =LY (417
Hence {z,} is bounded. O

Lemma 4.3. Let {x,} be a sequence generated by Algorithm 3.2 under As-
sumption 3.1 and suppose that there exists a subsequence {zp, } of {x,} which
converges weakly to x* € Hy and

lggo ||wnk - v”k” =0= klggo thk - Unk:”'
Then x* € ).
Proof. Let p € Q). We suppose that z,, # Twy,. It is easy to see from (4.12)
that

lon, = plI? < llwny, = I* = Y €l T* (2, — T, )|

< ”wnk _p||2 - EQHT*(an - Tw”k)”? (4'18)
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which implies that
T (zny, — Twn,)|I* < llwn, =l — l[on, —pI?
< (llwng, = vagll + llony, = pID? = llvn, — pl®
< [lwpy, — vnkHZ + 2||wn,, — Vi [|[|ony, — pll
+ [lvn, = plI* = llvn, — 2l
= llwny, = vn I + 2llwn, — v o, = pll. (4.19)
By using the hypothesis, we have
lim ||T* (2, — Twy, )| = 0. (4.20)

k—o00

Thus

[, =pII* < lwny =pl* + A2l T* (20 = Twny )1 = Ynll2n, —Twn, 1%, (4.21)
and this implies that
Yo 120y, = T |I* < Nwny = plI* = [fony, = pI* + 72 1T (20, — Twny) |12
< Nlwny, = vng|I* + 2[[wny, — vy | [[vn, — 2l
+ U 1T (2, — Twgy ) |12 (4.22)

From our hypothesis, we have

lim ||z, — Twy,| =0. (4.23)
k—ro0
From (4.9), we have
UAn, M
2n, = Tpl* < | Twn, = Tl = (2 =0 = =) 1 Twny, = Y, [I”
)\nk 1
VAn, M
= @=n= ) e =y (4.24)
nk+1

Now, observe that

20 = Tl = |20, — Twny, + Ty, — Tpl|?
= |[Twn, —Tp — (T'wn, — an)Hz

= || Twn, — Tp||* — 2(Twy,, — Tp, Twn, — zn) + | Twn, — 2n, ||

> | Twn,, — Tpll?* = 2/|T(wny, = D) Twny, = 20|l + [ Twn — 20

> || Twyy, — Tpl* = 2/|T[wny, = Pl Twny — 20

+ 1 Twn;, — 20 ]1” (4.25)
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and this implies that
~llzn, = TpI* < =Twn, = Tl* + 2| T|[[|wn, — I Twn), — 20, |

— | Twny, — 20, || (4.26)
Adding (4.24) and (4.26), we have
UAn, M VAn, 1
(2= 1= S0 [ Pwn, = g, |+ 2 = 1= 50 20, = g
< 2| Tlwn,, — I Twn, = 20| = 1 Twn,, = 2, |I*- (4.27)
By using (4.23), we have
lim [|[Twy, — Yn, |l = 0= lm ||zn, — Yn,ll- (4.28)
k—o0 k—oco
Since yn, = Po(Twn, — An,ATwy, ), from the characteristic of the metric
projection, we have
(Twp, — Ay AT Wy, — Ynp, ©— Yny) <0, V2 eQ (4.29)
and this implies that
(Twn,, — Yng» & — Ynyp,) — Ay (AT Wy, , T — Yn,,) < 0. (4.30)

Hence we obtain that
(Twn,, — Yngr & — Ynp) < Any (AT Wn,, T — Yn,)
= Ay (AT Wy, , Twr,, — Yn,,)
+ A (AT wyp, , & — Twy, ). (4.31)

Since Ay, > 0, we have

)\ik(Twnk — Ynps & — Yny) + (AT wn,, Yn,, — Twp, ) < (ATwy, ,x — Twy, ).
(4.32)

Using (4.28), we have

0 < liminf(ATwy, ,z — Twy,) < imsup(ATwy,, ,z — Twy, ). (4.33)

k—o0 k— o0
Now, observe that
(AYni © — Yny) = (AYny, & — Twny) + (AyYny, TWny, — Yny,)
= (Aypn, — ATwy,,x — Twy, ) + (ATwy, ,z — Twy, )
+ (Ayn,., TWn, — Yn,,)- (4.34)
Since A is Lipschitz continuous on Ha,

lim ||ATwy,, — Ayn, || < L2 lim ||Twy, — yn, || = 0. (4.35)
k—o0 k—oo
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Combining (4.33), (4.34) and (4.35), we have
0< likm inf(Ayn, , © — yn,) < limsup(Ayn,, T — Yn,)- (4.36)
—00

k—o0

In what follows, we now establish that Tx* € VI(A, Q). To start with, we
consider the case in which limsupy,_, . (Ayn, , ® — yn,) > 0 for all z € Q. Then
there exists a subsequence {yy, } of sequence {ypn, } such that

lim sup(Aynkm y T — ?Jnkm> >0

m—r0o0

for all x € Q. It follows that we can find Ny such that

(AYny, > T = Yny, ) >0, ¥m > No. (4.37)
Since A is quasimonotone, it follows that
(Az,x — yp, ) >0, Vm > Np. (4.38)
Now observe that
Hwnkm - Tny,, ” = Qny, . anﬂ”snkmxnkm - Snkm xnkm—lu
Ny
— 0, as m — o0. (4.39)

Since, the subsequence {z, } of {x,} is weakly convergent to a point z* € H;.

Again, since T is a bounded linear operator, we obtain that {T'wy, } converges

weakly to Tz*. Hence, using the fact that li_>m |Twn,, — Yy, || = 0, we have
n o0

that {yy, } also converges to T'z*.
Now passing the limit as m — oo in (4.38), we have

lim (Az,z —yp,, )= (Az,x —Tz") > 0. (4.40)

m—ro0

Hence, Tax* € VI(A, Q).
Secondly, we consider the case in which limsupy,_, (Ayn,, = — yn,) = 0 for
z € Q. Let {01} be a non-increasing positive sequence defined by

k+1

Then, we obtain

. . 1
klin;o ok = k11_>n;O<Aynk,x — Yn,) + lm 0T =0. (4.42)

This implies by (4.41), that
<Aynk,x - ynk> + 5k >0 (443)
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for each k > 1, since {y,, } C @, it implies that {Ayy, } is strictly non-zero
and liminf,_, [|Ayn, || = No > 0. We therefore deduce that

| Ayn, || > %. (4.44)
In addition, let {e,, } be a sequence defined by €,, = ﬁ# It implies
that
(Ayn,,, €ny) = 1. (4.45)
Combining (4.43) and (4.45), we have
(Ayn,, © + Sken,, — Yn,,) > 0. (4.46)
By quasimonotonicity of the operator A on Hs, we get that
(A(x + Oké€n,, ), T + Ok€ny — Yn,,) > 0. (4.47)

Now, observe that
(Az,x + Open, — Yny,) = (Az — AT + Oken,,)
+ A(x + Oen, ), T + Okeny, — Yny)
= (Ax — A(x + Oken, ), & + Oken,, — Yny,)
+ (A(z + Sken, ), T + Ok€ny, — Yny)- (4.48)

Combining (4.47), (4.48) and applying the well-known Cauchy-Schwarz in-
equality, we have
(Az,x + Spen, — Yn,,) > (Ax — A(z + Open,,), T + Ok€n, — Yn)
Az = Aw + pen,) 17 + Speny — ynyll - (4:49)
Since A is Lipschitz continuous, we have
(Az,  + Okeny, — Yny) + Lal|okeny |||z + dken, — yn, [l = 0. (4.50)

Combining (4.44) and (4.50) and using the definition of €, , we have

>
>

2L
(Az, 2 + Open, — Un,) + Wjékﬂx + Openy, — Yny |l > 0. (4.51)

Since, the subsequence {z, } of {x,} is weakly convergent to a point z* € Hy,

and 7T is a bounded linear operator, we obtain that {T'w,,, } converges to Tz*.

Hence, using the fact that h_)m |Twn, — Yn,|| = 0, we have that {y,, } also
n—oo

converges to Txz*. Taking limit as k — oo, since d; — 0, we have
2L
lim |(Az,z + dken, — Yn,) + —25kHzL' + Okeny, — Yn, ||| = (Az, 2 — Tx*) > 0.
k—o0 N()
(4.52)
Hence Tz* € VI(A, Q).
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Using a similar approach, we have z* € VI(B, C). Hence, we conclude that

¥ e Q.

g

Theorem 4.4. Let {x,} be a sequence generated by Algorithm 3.2 under As-
sumption 3.1. Then {x,} converges strongly to p € ), where p = Pqf(p).

Proof. Let p € Q. Using Algorithm 3.2, we have

[|wn _pH2 = Hxn + 0n(Snwn — Spwp_1) — p||2

= H-Tn - p”2 + 29n<Snxn — P, SnTp — Snxn—1>

+ HiHSnxn - Snxn—lH2

< lzn — p”2 + 20n |2y — zpall||lzn — pll + Hrzszn
< lzn — p”2 + Onllen — Tn-1|[2l|2n — Pl + Onllzs

= ||lzn — p||2 + Onllen — 2n-1||12[|2n — Pl

"‘Bnﬁ |Zn — Zn-1]l]

< lzn — p”2 + Onllzn — 2n-1||[2l|2n — pll + anN1]

< [lzn — p”2 + On|lzn — zn-1|Na.
In addition, using Algorithm 3.2 and (4.53), we have

|Zn+1 — p”2 = [lan f(2n) + WnZn + 1Sty —pH2
= HO‘nf(xn) + wpTp + NSty —pH2

< Hwn(xn - p) + nn(Stn _p)H2 + 2an<f(xn
< w?szn - pH2 + 77721HStn - pH2 + 20pwn || T

+ 200, (f (2n) — Dy Tny1 — D)

< wpllen = pl* + 13 l1tn — plI* + wpnn (Il
+ 20, (f () — f(P), Zns1 — p) + 20 (f(p)
< wp(wn + M) 120 — p||2+77n(wn+77n)Ht —p”2
) = f(P), Tn+1 — p) + 200 (f (p)

Man — p||2+77n(wn+77n)”vn
+ 200 (f (2n) = f(P), Tn1 — p) + 200 (f(p)
)
) -

+ 20, (f (2

< wn (Wn Tin

< wn(wn + 1) |20 — p“2 + M (wn + 1) [ wn —
f(P)s Tn1 — p) + 200 (f ()

+ 20, (f(zn

- xn—1H2
— Zn—1]l]
(4.53)

— D, Tyl — D)
— pl|||Stn — p|

—plI* + [Itn — plI*)
— Py Tng1 — P)

— P, Tpt1 — D)
— D Tp4+1 — p>

— Dy Tn41 — p>



Quasimonotone split variational inequality problem and fixed point problem 223

< wy(wn + 1) [|l2n —p||2
+ M (wn + 7)) |0 — p||2 + Mo (Wn + M) Onl|Tn — 2p—1[| N2
+ 2anT |20 — pllllznt1 — pll + 200 (f (p) — Py Tnt1 — P)
< (wn + nn)QHl‘n - p||2 + (Wi + 1) bn | — Tp—1[| N2
+ ant|lzn — pll + anTl|Tni1 — pll + 200 (f (P) — P, Tnt1 — D)
< (1 =20y + apT)||20 — pHQ + O‘?szEn - p||2
+ N (Wi + 7)) On||Tn, — Tp—1]| N2
+ anT||znt1 — pll + 200 (f (P) — P, Tnt1 — P), (4.54)
which implies that

200, (1 — 7
fons = ol < (1= 220Dy, — 2
20‘”(1 - T) nn(l - Oén)en
— ZTp—1||V:
o anT | 2a,(1—7) l7n = 21| N2
an N3 1
2(1 _ 7_) (1 — T) <f(p) D, Tn+1 p>
2an(1 _7—) 2 2an(1—T)
=(l-— - ] 4.55
( 1 —a,T Men =pl+ 1—a,r " (4.55)
where
N3 = sup{||zn —pH2 :n > N}
neN
and
nn(l - an) en
v, ="— 7= — o 1IN
n 2(1 —7) aonn Tn 1” 2
oang 1
+ 2(1— 1) + (1—71) (f(p) = p,xpny1 — D).

According to Lemma 2.4, to conclude our proof, it is sufficient to establish
that limsupy,_,, ¥p, < 0 for every subsequence {||z,, — p|} of {||zn — p||}
satisfying the condition:

lim inf{{|zn, +1 — pl| = lzn, —p[} = 0. (4.56)
k—o0

To establish that limsup;_, ., ¥,, < 0, we suppose that for every subsequence
{l|lzn, — pl|} of {||zn, — p||} such that (4.56) holds. Then,

lim inf{||2n, +1 = p|* = [lzn, — p[I*}
k—o0
= liminf{(||zn, 11— | = 20, = 2D (201 = Il + 2, — 21}
—00
_ (4.57)
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It is easy to see from (4.54) and (4.14), that

[E _pH2 < wy(wWn + M) |20 _pH2 + 1 (wn + 1) [t _pH2
+ 200 (f(xn) — f(P); Tnt1 — p)
+ 200 (f(P) — P Tnt1 — p)
< wn(wn + M) ||z _pH2 + N (wWn + M) [[vn — sz
_ Oppa

— M (wn + 1) (2 — @ )an_unH2
Hn+1

+ 20 (f(zn) — f(P), Tnt1 — p)
+ 200 (f(p) = P, Tnt1 — D)
< Wn(wn =+ nn)”xn _pH2 + ﬁn(wn + 77n)||wn _pH2

O Ly,

— D (wn 4 1) (2 — @ — Y o, — |2
Hn+1
O Ly, ¢

— awn + 1) (2 — @ — ED) 1, — w2
Hn+1

+ 20, (f(xn) — f(P), Tnt1 — D)
+ 2an(f(p) — P, Tnt1 — p)

200,(1 — 7) 9
<(1-=" ey, —
< (1= =D g
200 (1 = 7) (1 — iy, )0
— Tp_1||IV:
+ 1—a,7 [ 20 (1 — 7) |7 = 21| N2
N. 1-— )
20,(1 = 7)  20p,(1—7) n+1
nn(l - an) 5Mna 2
_anit 9y — —
S [ e [N
1
+

(1 — 7_) <f p) — Py Tny+1 _p>]

« 1—a,) 68
< Hl'n —P||2 + Wnuxn - xn—l”N2 + ankNS
—oanT  Qp
O Ly X
(1= )2 — @ = S 1y —
Hn+1
O Ly
— (1 — )2 — a — |0, — w2
Hn+
L2 )~ pens — )] (4.58)
(1_anT) D P, Tn+1 D) .

which implies that
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B 5,unka)

Lo 41 thk_unkHQ
ng

lim sup (nnk(l —op,)(2—«a

k—o0

1) o
o (1= 0 )(2 = — Oy, —unk|2>
Hng+1
Qoulin1= o) B
L—n, T g, T

k—oo

< lim sup [Hxnk —pH2 +

20,

N5 + S0) = prngs = 1) = langs - pHQ]

(1— oy, T

< —lminf[||zn, 1 — p)|> = ||l2n, — pl%] <O0.
k—o0

Thus, we have

klgglo thk - u”k” =0= klggo ank - u”k” (4.59)

Using the triangular inequality and (4.59), we have

lim ||ty — vn, || < lHm ||tn, — up, || + lim |Jup, — s, || = 0. (4.60)
k—o0 k—o0 k—o0
Now using similar approach as in (4.58), we have

[Zn+1 — p”2 < Wny (Wny, + 10y ) |20y, —p||2 + My, (@ + 00, ) [y, — p||2

+ 20, (f () = F (D), Tny+1 — P) + 200, (f(P) — Py Tny1 — D)
< Wiy (Wi, + 0y )| Ty, — p||2 + My, (@Wny, + M )|V, — pHQ

+ 20, (f () = F (D), Tny+1 — )+ 200, (f () — Py Tny41 — D)
< Wy (W, + 0y )Ty, — p||2 + My (Wi, + 7y ) [[|wny, — p||2

~ Y€l T* (20, = T, )|I°]

+ 200, (f (@) = f(P)s Tny1 — P)+200, (f (P) — P, Tnys1 — D)
<(1- ank)qunk _pH2 + anHxnk - xnk—1HN2

— 1y (1 = 0 )€ | T* (2, — T, )|I?

+ 20, (f(zn,,) = f(D)s Tny1 — P)+200, (f(P) — P Tny1 — )

0
< ”‘Tnk _pH2 + ankﬂHxnk - xnk—1||N2
O[nk

= e (1 = 0 )| T (2, — T, ||

+ 2ank <f(xnk)_f(p)’ Tnp+1 — p>+2ank <f(p> — Py Tnp+1 — p>a
(4.61)

which implies that
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lim sup (nnk(l — Oénk)€2HT*(an - T'U}nk)”2>

k—o0

. 0
< limsup |:||$nk _pH2 + “k ||xnk - f'fnk—lHN2
k—o0 Qi

+ 2ank <f(xnk) - f(p)vxnk-i-l - p>
T 20, (F(B) — Py st — D) — [[Tmyst —pHQ]
< —liminf{lwn1 — I = [0, — pl2] < 0.
k—o0

Hence, we obtain
lim || T%(2zp, — Twy,)|| = 0. (4.62)
k—o0

In the proof of Lemma 4.1 in [19] (establishing that =, is well defined), the
authors obtained that

1 Twn = zall* < 2T (20, = Twn, ) [lwn = 2nll, (4.63)
see Equation (3.14) of [19]. Using (4.62) and with the above inequality, we
have

lim ||z, —Twy,| =0. (4.64)
k—ro0

From Algorithm 3.2 and (4.62), we have

lim ank - wnk” = lim ||wnk +’7nkT*(znk - Twnk) - wnkH
k—o0 k—o0
= Y, lm [|[T%(2p, — Twy,)|| = 0. (4.65)
k—o0

In addition, we have
(B TpH2 = | Twp, —Tp — Twy, + anH2
= || Twy,, — Tp||* = 2T (wp,, = p), Twny, = 2ny) + | Tewn, — 20, ||*
> [|Twn, — Tp|? = 20T ||wn, — pIlITwn, — 20|
+ |1 Twny — 20, |12, (4.66)
which implies that
20y, = TPI? < — [T, = Tp|2 + 2T 0, — Pl Tan, — 2]

— | Twn, — 2, || (4.67)
Adding (4.67) and (4.9), we have
VAn, M VAnp
(2 =0 = 3= Twny = g1 + 2= 0= =) 2 = ni|?
N+ ng+1

< 2HT||||wTLk _pHHTwnk - Z”k” - HTwTLk - an||2 (4'68)
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Taking limit as £ — oo, we have

klggo ||Twnk - ynk” = klggo ”an - ynk“ = 0. (4'69)

In addition, we have
klggo HTwnk - an” < klggo ||Twnk - ynk” + klglolo Hynk - an”
= 0. (4.70)
And also, we have

znt1 = pl* = anll f(@n) = plI* + wnllzn — pl|?
+ 1St = plI> = 1dnl|zn — Stal|?
< anllf(zn) = pII* + wnllz - p|
+1lltn = pII* — wanal|zn — Stn
< anllf(zn) = plI* + wallz = p|*
+nllvn = pII* = wanllzn — Stall?
< apl|f(zn) — pH2 + wnlzn _pH2
+ 1l lwn = plI* = wntn |20 — St
< anl|f(@n) = plI* +wnllzn = pl* + nnllzn — p)?
+ Mbnl|Tn — Tp—1||No — wpnn||zn — Sth2
= (wn + ma)ll#n = plI* + anl f(zn) — plI?
+ Dbnl|Tn — Tp—1||No — wnnn||zn — Sth2
< llen = pl* + anll f(2n) — p[?
+ 0|20 — 2n—1 || N2 — wpiip |20 — Stal|?, (4.71)

I

which implies that

lim sup <wnknnk||$nk - Stnk||2)

k—o00

. 0
< lim sup |:||‘rnk _pH2 + My, Oy, ~k ||‘rnk - xnk—lHNz
k—o00 ank

T o | (@) — Bl — Zmgsn —pﬂ
< —liminf[zne1 — Pl — n, — ol
k—o0

<0. (4.72)
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Thus, we have
klggo Hxnk - StnkH =0.

It is easy to see that, as k — oo, we have

Hwnk - :UnkH = anHSnkxnk - Snlcxnk_l”
0
= Qpy, - “k ||Snkxnk - Snk:L‘nk*lH — 0.
Qi

In addition, we have that

ank - xnkH < Hwnk - x”k” + ’YTIHT*(an - Twnk)H — 07 as k — 00,

”wnk - Unk” < ||wnk - x”k” + ||xnk - Unk” — 0, as k — oo,

thk - xnk” < thk - Unk” + ank - xnkH — 0, as k— 00,

thk - w"}c” < thk - $nk” + ||xnk - wnk” — 0, as k— 00,

Hunk - xnk” < Hunk - U”k” + ank - xnkH — 07 as k — oo
and
”tnk - StnkH < ”tnk - wnkH + Hwnk - xnkH
+ ||@n, — Stn, || = 0, as k — oo.
Thus, we have

”xnm—l - xnkH < aan@nk) - x”k)” + wonnk - xnk”

+ nnkHStnk - xnkH — 0, as k — oo.

(4.73)

(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)

(4.81)

Now, since {z,, } is bounded, there exists a subsequence {xnkj} of {zy,}

such that {xnkj} converges weakly to 2* € H. In addition, using (4.77) and

the boundedness of {t,, }, there exists a subsequence {tnkj} of {ty, } such that

{tn, } converges weakly to z* € H; and since S is demiclosed with (4.80), we
J

have that z* € F'(S). Hence, by (4.60), (4.65) and Lemma 4.3, we obtain that
x* € Q). Furthermore, since {xnkj} converges weakly to z*, we obtain that

limsup(f(p) — p, n, —p) = lim (f(p) =D Ty, - D)

k—o0 J—o0

= (f(p) —p,z* —p).

(4.82)
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Hence, since p is a unique solution of €2, it follows that

lim sup(f(p) = p, xn, —p) = (f(p) —p,2" —p) <0, (4.83)
—00
we have obtain from (4.83) and (4.81)
likm sup(f(p) — P, Tny+1 — p) < 0. (4.84)
— 00

Using our assumption and (4.84), we have that

. . nnk(l — ank) an ankN3
lim ¥, =1 —" — _1||No + —/————=
Jm P, = lim ( WT—7)  an, 1o~ Tt [N+ 5570
1
+ m@c(p) =P, Tny41 —P>>
<0.
Thus, From Lemma 2.4, we have that lim |z, — p| = 0. O
n—o0

5. NUMERICAL EXAMPLE

In this section, we will give some numerical examples which will show the
applicability and the efficiency of our proposed iterative method in comparison
to Algorithm 31 in [24] and Algorithm 1 in [20], respectively.

Example 5.1. Let H; = Hy = L2([0, 1]) be equipped with the inner product

1
() = /O £(t)y(t)dt, ¥ 2.y € La([0,1))

and norm
1
Jol? = [ latt)Pat, Vo.y € La((0,1).
0
Let B; A; f; T : L2([0,1]) — L2([0, 1]) be defined by
Az(t) = max{0,z(t)}, t € [0,1],z € La([0, 1));
x(t)

Bzx(t) = — t €[0,1],z € Lo([0,1]);

Fa(t) = /0 %x(s) dt t € [0,1],2 € Lo([0, 1]):
and
1
Tz(s) = /0 K(s,t)z(t)dt = € Ly(]0, 1)),

where K is a continuous real valued function on [0,1] x [0,1]. It is easy to
see that A is 1-Lipschitz continuous and monotone, B is v-strongly monotone,
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f is a contraction on Ly([0,1]) and T is a bounded linear operator with the
adjoint operator

1
T*a(s) = /0 K(t, s)z(t)dt, = € Ly([0,1)

(we use this example due to Remark 2.2).
Let Sp;S: La([0,1]) — L2([0, 1]) be defined by

1
Sx(s) = / tz(s)ds, Vt €0,1]
0
and
Spx(t) = sinx(t).
Let C be defined by C = Q = {x € Ls : {(a,x) = b} where a # 0 and b = 2.

Then, we have

Pco(z) = Po(Z) = max {0, W} a+7.

2 2 7
We choose o, = 500955 Wn = 100n2+8,77n =l—-wp,—ap,b0,=0,n=12,a=

L1,v=03,0 =0.1,%0 = 3,Tn = i {yrs, €n = 70814 = 5,0 = Grpyre for
all n € N. Also if we consider € = ||z, — z,,, || < 107> as the stopping criterion
and choose the following as starting points:

Case (1): xo(t) =22+t +2, 21(t) = t;

Case (2): zo(t) = 2t2 + e + 1, x1(t) = 33 + 3;

Case (3): xo(t) = 3 + €3t + 2, x1(t) = cos(t).

Alg. 3.2 Alg. 31in [24]  Alg. 1in [20]
Case(1) | No of Iter. 10 28 26
CPU time(s) 0.1704 0.20101 0.1745
Case(2) | No of Iter. 10 29 21
CPU time(s) 0.1713 0.2130 0.1810
Case(3) | No of Iter. 15 30 27
CPU time(s) 0.1710 0.2201 0.1821

TABLE 1. Computation result for Example 5.1.
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FIGURE 1. Example 5.1, Top Left: Case(1l); Top Right:
Case(2); Case (3); Bottom.

Example 5.2. ([18, 23]) Let Hy = Hy = I2(R) := {z = (21, 22,23, -+ ), x; €
R: > 2 |zi]? < oo} and [Jz]| = (352, \1‘1|2)% for all x € I3(R). Suppose the
operators T, A, B; f : [3(R) — [3(R) are defined by

Ta = (001,550, ), @ € Ly(R);
Az = (7 — ||z|)z, ¥V = € l2(R);
Bx = (5—||z|))z, ¥V z € [3(R)

and

flz) = % YV z € Iy(R).
Then, it is easy to see that T is a bounded linear operator with the adjoint

operator T*y = (0,y1,%,%,---) y € I2(R) and A, B are quasimonotone,
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Lipschitz continuous and weakly sequentially continuous on l2(R), see [23].
Let C = Q = {z € l2(R) : ||z|| < 3}. Clearly, C and @ are nonempty, closed
and convex subsets of [3(R). Hence, we have

v, if =l <3,
Po(z) = Po(z) = { 52

W?
In addition, we define S, S,, : l2(R) — l2(R) are defined by Sz = (0, %, 22, .- )

» D D
and S,z = (0,21,29,23,---). We choose a,, = m,wn = moiig%,nn =
1 —wy —anbp =60, =120 = 1.1,y = 03,§ = 0.1,\ = LT, =

3
%,en = 5%, M = %7Cn = % for all n € N. Also if we consider

5.1
if otherwise. (5.1)

€ = ||xp — 2, || <1075 as the stopping criterion and choose the following as
starting points:

Case (1): z0 = (2,2,2,--+), 21 = (0.5,0.5,0.5, - );
Case (2): z0 = (1,2,3,4,--+), x1 = (1,1,1,---);

Case (3): o = (0.1,0.2,0.3,---), =1 = (2,4,6,---);

Alg. 3.2 Alg. 31in [24]  Alg.1 in [20]
Case(1) | No of Iter. 7 22 14
CPU time 0.0812 0.1345 0.0823
Case(2) | No of Iter. 3 20 8
CPU time 0.0821 0.1430 0.0913
Case(3) | No of Iter. 5 50 12
CPU time 0.0810 0.0833 0.0819

TABLE 2. Computation result for Example 5.2.

6. CONCLUSION

A SEGM with an inertial extrapolation step is introduced and studied for
solving the SVIPFPP (1.9)-(1.10) in infinite dimensional real Hilbert spaces
when the cost operators are quasimonotone, sequentially weakly continuous
and Lipschitz continuous. In addition, we established that the proposed iter-
ative method converges strongly to the solution set of SVIPFPP (1.9)-(1.10).
Our method uses stepsizes that are generated at each iteration by some sim-
ple computations, which allows it to be easily implemented without the prior
knowledge of the operator norm or the coefficient of an underlying operator.
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FIGURE 2. Example 5.2, Top Left: Case (1) ; Top Right: Case
(2); Bottom Case (3).
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In addition, we present some examples and numerical experiment to show the
efficiency and implementation of our method in the framework of infinite and
finite dimensional Hilbert spaces.
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