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Abstract. In the setting of extended quasi b-metric spaces, we introduce a new concept
called “extended A-contraction”. We then use our concept to prove a common fixed point
result for a pair of self mappings under a set of conditions. Also, we provide the concepts
of extended B-contraction and extended R-contraction. We then establish a common fixed
point under these new contractions. Our results generalize many existing result of fixed point

in metric spaces. Furthermore, we give an example to illustrate and support our result.

1. INTRODUCTION

It is widely known that fixed point theory is an appealing mixture of pure
and applied mathematical analysis used to explain some conditions in which
mappings provide perfect solutions.
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Recently, fixed point theory has undergone a great deal of development,
especially through the use of new generalizations of contraction [1, 9, 15, 24, 26]
and also by enfeebling or extending the axioms that characterize a metric space
to get many different spaces, such as quasi metric spaces [2, 12, 19], b-metric
spaces [14, 18], extended b-metric spaces [8, 10, 13, 20, 25], extended quasi
b-metric spaces [22], and so on.

Moreover, Shatanawi et al. obtained some fixed point results for a gener-
alized 1-weak contraction mappings [16], w-compatible mappings [17], cyclic
mappings of Q-distance [21], and Mizoguchi-Takahashi-type theorems in tvs-
cone metric spaces [23].

In[6] Akram et al. defined “A-contraction” as a new proper class of Kan-
nan’s contractions, along with several other well-known contractions. This
contraction was used by the authors to prove some fixed point theorems for
self-mappings [3, 4, 5, 6, 7].

In this paper, we are interested in investigating the common fixed point
theorem under extended A-contraction conditions in the setting of extended
quasi b-metric space after proving that we give example to validate our results.

2. PRELIMINARIES

Firstly, we present a definition and an example of extended quasi b-metric
space which we require in the sequel.

Definition 2.1. ([11]) Let X be a nonempty set and 6 : X x X — [1, 00).
An extended b-metric is a function dp : X x X — [0,00) such that for all
x,y,z € X, we have
(i) do(z,y) = 0 iff & = y;
(11) d@(m7y) - dg(g,.f);
(iii) dy(zx,z) < 0(x,2) [d@(aﬁ, y) + dg(y,z)].
Then the pair (X, dp) is called an extended b-metric space.
(1) If dp satisfying just (1) and (3), then (X,dp) is called an extended
quasi b-metric space.
(2) if dy satisfying just (1) and (3) and = s, s > 1 be a given real number
then (X, d;) is called a quasi b-metric space.

Example 2.2. ([22]) Define 6 : {1,2,3} x {1,2,3} — [1,00) by 0(x,y) =
max{z,y} and dp : {1,2,3} x {1,2,3} — [0,00) by dp(1,1) = dp(2,2) =
d9(3,3) = 0, d9(1,2) = d@(l,?)) = d9(2,3) = 6 and d9(2, 1) = d9(3,1) =

dp(3,2) = 5.
Then (X,dp) is an extended quasi b-metric space which is not an extended
b-metric space.
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Some fundamental concepts, like convergence, Cauchy sequence, and com-
pleteness in the setting of extended quasi b-metric space, are defined as follows.

Definition 2.3. ([22]) Let {z,,} be a sequence in (X, dy). Then, the sequence
{zn} converges to z € X if ILm do(zp,x) = le do(x,zp) = 0.

Definition 2.4. ([22]) Let (X, dy) be an extended quasi b-metric space. Then
(1) A sequence {x,} in X is said to be left-Cauchy, if for every € > 0
there exists a positive integer N = N(e) such that dg(z,,xr) < € for
alln >k > N.
(2) A sequence {z,} in X is said to be right-Cauchy, if for every ¢ > 0
there exists a positive integer N = N(e€) such that dp(zy,z,) < € for
alln >k > N.
(3) A sequence {z,} in (X, dp) is said to be Cauchy, if it is left-Cauchy
and right-Cauchy.

Definition 2.5. ([22]) Let (X, dy) be an extended quasi b-metric space. Then

(1) (X,dg) is said to be left-complete, if every left-Cauchy sequence is
convergent in X.

(2) (X,dp) is said to be right-complete, if every right-Cauchy sequence is
convergent in X.

(3) (X,dp) is said to be complete, if every Cauchy sequence is convergent
in X.

Now, the following definitions and results related to A-contraction are re-
quired in the main results.

Definition 2.6. ([6]) Let Ry denote the set of all non-negative real numbers
and A be the set of all functions 7 : ]R:j’r — R, satisfying:
(i) 7 is continuous on the set R (with respect to the Euclidean metric
on R3).
(ii) ¢ < kn, for some k € [0,1) whenever ¢ < 7((,n,n), ¢ < 7(n,(,n) or
C < 7'(7777770 for Cﬂ? € R-‘r'

Definition 2.7. ([6]) On a metric space (X,d), a self-mapping T is called
A-contraction if for all x,y € X and some 7 € A,

d(Tz, Ty) < 7(d(z,y),d(z, Tz),d(y, Ty)).

Definition 2.8. ([6]) On a metric space (X, d), a self-mapping T is called
(1) B-contraction if there exists a 5 € [0, 1) such that for all z,y € X,

d(Tz,Ty) < fmax{d(z,Tz),d(y,Ty)}. (2.1)
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(2) R-contraction if there exist non-negative numbers k1, ko, k3 satisfying

K1 + ko + k3 < 1 such that for all z,y € X,
d(Tz, Ty) < md(Tz,z) + k2d(Ty, y) + k3d(z, y). (2.2)

Akram et al. [6] investigated comparison of an A-contraction with B-
contraction (2.1) and R-contraction (2.2), they get

Theorem 2.9. ([6]) Every B-contraction and R-contraction in a metric space
are an A-contraction.

3. MAIN RESULTS

Definition 3.1. Let (X,dy) be an extended quasi b-metric space. We say
that the pair (7,5) of mappings T and S is an extended A-contraction if
there exists a € (0, 1) such that for all z,y € X, we have

do(T, Sy) < 7(ab(z,y)dg(z,y), a0(T, 2)dy(T, ), a0(Sy, y)do(Sy. ) )
and

dH(Sya TI‘) <7 (a9<y7 1’)d9(y, x)? 059(1', T.’B)dg(.%', Tx)? a@(y, Sy)dg(y, S?J))
for some T € A provided that 7 is non-decreasing on its variables.
Theorem 3.2. Let S, T : X — X be two continuous mappings on a complete
extended quasi b-metric space (X, dy) such that dy continuous in its variables.
Assume the pair (T,5) is an extended A-contraction, where a € (0,1) and
0 is bounded by é Then, the pair of the mappings T and S has a common

fixed point x*, that is, Tx* = x* = Sx*, provided that k < «, where k is the
constant satisfies condition (ii) of the definition A.

Proof. Let xg be a given point in X. Put 1 = Tx¢ and x5 = Sx;. Continuing
in the same way, we construct a sequence {x,} in X such that

Tont1 = Txoy and zopto = STont1, VR € N U {0}

Now, we shall prove that {z,} is a left-Cauchy sequence. To this end, we
have

do(zon+1,220) = do(Tx2n, ST20-1).
By using extended A-contraction condition, we get
do(Txon, Stap-1) < T <oc9(x2n, Ton—1)do(T2n, Tan—1),

ab(Txon, xon)de(Txon, Ton),

ab(Szop_1,T2n—1)dg(Sxon—1, x2n71)) .
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Therefore
do(Tani1, T2n) < T<a9($2n,$2n—1)d9($2n,l’2n—1),
b (2241, Ton)do(T2n+1, T2n),
al(zop, xon—1)do(Tan, avgn,l)) .

Since # is bounded by é and 7 is non-decreasing in its variables, we get

do(xon+1,xan) < T(de(wzn,$2n—1),d9($2n+1,xzn),d0($2n,$2n—1))-

Let ¢ = dg(won+1,2n) and n = dg(won, T2n—1). Then ¢ < 7(n,¢,n), as a result
there is k € [0, 1) such that ¢ < k7. Hence

do(Ton+1, Ton) < Kdg(Tapn, Tan—1)-
holds for all n € N. Thus we obtain
do(Tani1, Ton) < Kkdo(Ton, Ton—1) < K2de(Ton—1, Tan—2) < ... < K*dg(z1, z0).
Thus
do(Tani1, Ton) < K2dg (21, 20).
From here, one can easily show that {x,} is a left-Cauchy sequence.

Now, on a similar manner for right-Cauchy sequence, we have
dg(xon, Ton+1) = dg(Sxon—1,TTay).
By using extended A-contraction, we obtain
dg(Sxan—1,Txon) < T(Oée(CCQn_l,1‘2n)d9(£€2n_1,.1‘2n),
al(zan, Txon)do(xon, TTan),
ab(zop—_1,Swon—1)de(Ton—1, S:L’gn_l)).

Since 4 is bounded by é and 7 is non-decreasing in its variables, we get

d9($2n,$2n+1) < T<d9($2n—1,9U2n),d9(962m$2n+1),d9($2n—1,$2n))-

NOW7 let g = d@(x2n7x2n+1)7 n = d@(x2n—17x2n)' Then C < 7(777C777)' By
Definition 2.6, there is x € [0, 1) such that ¢ < k7. So we have

do(zon, Tont1) < Kdg(Tan—1, Ton).
holds for all n € N. Consequently, we have
do(22n, Tant1) < Kdp(T2n—1,T2,) < K2dg(T2n—2,T2n—1) < ... < K> dg(z0,71).

So
do(T2n, Tons1) < K2"dg(z0, 1)
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From here, one can easily show that {z,} is a right-Cauchy sequence. Conse-
quently {x,} is a Cauchy sequence.
Since X is a complete space, {x,} converges to some z* € X. So, we obtain

nh_)rgo dg(zon, ™) = nlglgo dg(z*, xon) = 0 = dg(z*, x™)
and
lim dp(xop—1,2") = lim dg(z*,z2,-1) = 0 =dg(x*, x").
n—oo n—oo
Now, to show that Tx* = x*, we have
dg(Tx*, 372”) = dg(Tx*, S%Qn_l).
Apply contraction condition
do(Tx*, Sxop—1) < T(Og@(x*,xgn,l)dg(x*,:L‘Qn,l), af(Tx*, x*)do(Tz", z"),
af(Sxan_1, $2n—1)d9(5$2n—1,9€2n—1)>
= T(aé’(x*, ZTon—1)dg(x*, xon—1), d(Tx*, 2" )dg(Tx*, z*),
af(x2n, xon—1)dg(T2n, $2n—1))-

Since 0 is bounded by é and 7 is non-decreasing in its variables, we get

do(Tx*, 29y,) < T(dg(x*,:z:gn_l),dg(T:J;*,a:*),dg(xgn,azgn_l)).
Letting n — oo in above inequality, the continuity of dy and 7 implies that
do(Tx*,x*) < T(dg(x*,x*),dg(Tx*,x*),dg(:v*,:v*))
- r(o,dg(Ta;*,x*),o).
By Definition 2.6, there is k € [0,1) such that
dg(Tz",z*) < kKO =0,

which implies that «* is a fixed point of T
For continuous mapping S, we have

dg(Sx™,z*) = ILm do(Sz*, o) = ILm dg(Sx*, Sxon_1) = dg(Sx*, Sz*) = 0.
This implies that z* is a fixed point of S.

For the sake of the uniqueness, suppose that there exist another common
fixed point of T" and S say y*. Thus, we have

do(z*,y") = do(Tz",Sy").
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By contraction condition, we have
do(Tz*,Sy*) < T<a0(x*, Yy )dg(x*,y"), ad(Tx*, x*)do(Tx*, z*),
af(Sy*,y*)de(Sy", y*))
< (do(a*,y"), do(a”, ), daly",y") )

T(d@(x*,y*),(),()).

Let ¢ = dp(z*,y*) and n = 0. By Definition 2.6, we get { < 7({,n,n) for some
k € [0,1), thus ¢ < kn. Therefore

do(z*,y") < KO =0.

So x* = y*. It follows that z* is a unique common fixed point in X, This
completes the proof. O

Example 3.3. Let X = [0,1], define a mapping 6 : X x X — [1,00), by
O(z,y) = 1+ |z — y| and define dy : X x X — [0,00) by dg(z,y) = |x — y|.
Then (X, dp) is a complete extended quasi b-metric space.

As well, define the mappings S,T: X — X by S(y) = 4 and T'(z) = sz(x).
Then, we have

sin(z) y
do(Tx, Sy) = - f’.
Take y = 3z, for some z € X, we obtain
do(Tz,Sy) = ‘sm2(x) - x‘

From Figure 1, we find that
2
do(Tx,Sy) < g\x — 3z

2
= —d .
3 9(1:,:1/)

Now, define 7 : R — R by 7({,n,0) = %(C +n+ ) for all (,n,0 € Ry.
It is clear that 7 is a well-define, continuous and non-decreasing function on
RY and ¢ < 3, whenever ¢ < 7(¢,n,7) or ¢ < 7(1,¢,n) or ¢ < 7(n,7,() for
all {,n € R,;. Since, we have dy(Tx,Sy) < %d@(a:, y), from Definition 2.6 for
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T, we observe that

do(Tx, Sy) < T(d(;(az,y),dg(Ta:,Sy),dg(x,y)>
=l o, |22 ] )
B sinz(x) g.’L‘ 3
=l ol EREELl 5 )
S )

Let « € (0,1). Since 6 is bounded by é, we get

do(T, Sy) < (b, y)ds(w,y), a0(Tw, 2)do(T, ), a0(Sy, y)da(Sy. 1) ).

On a similar manner, we can get

do(Sy,Tx) < T<a0(y, x)dy(y, x), af(x, Tx)dg(z, Tx), ab(y, Sy)de(y, Sy)).

y
25¢
[ — | sin(x
[ 2 [x=3x
15+
[ 3
10
5|
| | | | | | | | | | | | | | | | X
5 10 15 20
FIGURE 1. Comparison between SiHQ(x) — av‘ and 2|z — 3z|.

Corollary 3.4. Let T : X — X be a continuous mapping on a complete
extended quasi b-metric space (X, dp), where dy is continuous in its variables.
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Assume there exist a € (0,1) and T € A such that

do(T, Ty) < 7(ab(w,y)dy(2,y), a0(Tw, 2)dg(T, ), 08Ty, y)do Ty, y))
and

dO(Tya Tl‘) <7 (a@(y, .’L‘)d@(y, Z‘), Oé@(.%, Tl‘)d@(x, TQS‘), a@(y, Ty)dg(y, Ty))
hold for all x,y € X. If T is non-decreasing on its variables and 0 is bounded

by é, then the mapping T has a unique fized point in X provided that k < «,
where Kk is the constant satisfies condition (ii) of the definition A.

Proof. 1t follows from Theorem 3.2 by taking S = T. 0

Corollary 3.5. Let T : X — X be a continuous mapping on a complete quasi
b-metric space (X,ds). Assume there exist o € (0,1) and 7 € A such that

ds(Tz, Ty) < T(@Sds(.%', y),asds(Txz, x), asds(Ty, y))

and

ds(Ty, Tx) < 7(asdy(y, ), asdy(z, Tx), asdy(y, Ty))

hold for all x,y € A. If T is non-decreasing on its variables and s < é, then
the mapping T has a unique fized point in X provided that k < o, where K is
the constant satisfies condition (ii) of the definition A.

Proof. 1t follows from Theorem 3.2 by taking § =s, s >1and S =1T. g

Definition 3.6. A pair (7,S) of the self-mappings T and S in frame of an
extended quasi b-metric space (X, dp) is said to be an

(1) extended B-contraction, if there exist 8 € [0,1) and a € (0,1) such
that for all z,y € X,

do(Tx, Sy) < pmax{ad(Tx,z)dg(Tx,x),ad(Sy,y)de(Sy,y)} (3.1)
and
dg(Sy, Tx) < fmax{al(z, Tx)dg(z,Tx),ad(y, Sy)de(y,Sy)}. (3.2)

(2) extended R-contraction, if there exist non-negative numbers k1, k2, K3
satisfying k1 + k2 + k3 < 1, a € (0,1) such that for all z,y € X,

do(Tz,Sy) < r1ab(z,y)dg(x,y) + keabd(Tx,x)dg(Tx, x)
+r300(Sy, y)do(Sy, y) (3.3)
and
do(Sy, Tx) < r1ab(y,z)dg(y,z)+ keab(x,Tx)dyg(x,Tx)
+rgab(y, Sy)dy(y, Sy). (3.4)
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Proposition 3.7. Fvery extended B-contraction and extended R-contraction
in an extended quasi b-metric space are an extended A-contraction.

Proof. First, assume that the pair (7, 5) is an extended B-contraction. Then
there exist § € [0,1) and a € (0,1) such that for all z,y € X, we have

do(Tx, Sy) < Bmax{ab(Tz,z)dy(Tx,),0(Sy,y)do(Sy, y)}
and
do(Sy, Tx) < fmax{al(z,Tz)dg(x, Tx),ad(y, Sy)dg(y, Sy)}.
Define 7 : R? — R, by 7((,n, 0) = Bmax{n, o} where 3 € [0,1). In addition
(i) If ¢ < 7(¢,m,m), then ¢ < fmax{n,n} = Bn. Here, we take kK = €
0,1).
(ii) if g)g 7(n,¢,n), then ¢ < fmax{(,n}. Because 5 < 1, we conclude
that max{¢,n} =n. So { < kn. Here, we take k = 8 € [0, 1).

(iii) If ¢ < 7(n,n, (), then ¢ < Bmax{n,(}. Because 8 < 1, we conclude
that max{¢,n} =n. So ( < kn. Here, we take k = 5 € [0, 1).

Then, we get 7 € A.

Case 1. Taking ¢ = af(z,y)dp(z,y), n = ad(Tx,x)dy(Tx,x) and
0 = ab(Sy,y)dy(Sy,y), for all z,y € X, a € (0,1), then we get

Bmax{al(Tz,x)dy(Tx, ), ad(Sy,y)ds(Sy,y)}
= T(aﬁ(x, y)do(x,y),ad(Tx,x)de(Tx, x),ad(Sy,y)ds(Sy, y)) .

On a similar manner:

Case 2. Taking ¢ = af(y,x)dy(y,z), n = ab(x, Tz)dg(x, Tx) and
o= ab(y, Sy)dy(y, Sy), for all x,y € X ,a € (0,1), then we get

Bmax{ab(x,Tz)dy(x,Tx),ab(y, Sy)de(y, Sy)}
= T(aﬂ(y, x)dp(y, x), ab(x, Tx)dg(z, Tx), ab(y, Sy)ds(y, Sy)) .

Consequently, every extended B-contraction is an extended A-contraction.

Next, assume that the pair (7, .5) is an extended R-contraction. Then there
exist non-negative numbers k1, k2, k3 with k1 + k2 + k3 < 1, a € (0,1) such
that for all z,y € X.

dg(T.T, Sy) Sﬁlae(‘rv y)dg({lf, y) + HQQQ(Txa $)d9(T£L’, .T)

+ r300(Sy, y)ds(Sy. ) (3.5)

and
dg(Sy, Tz) <r1ab(y,x)dy(y, x) + kaab(z, Tx)dp(x, Tx)

+ k3af(y, Sy)de(y, Sy). (3.6)
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Define 7 : R — R, by 7((,n,0) = k1 + k2n + k30. Then 7 is continuous.
Moreover, we have

(1) ¢ <7(¢m,n) = k1(+ Kan+ k3n implies (1 — k1)¢ < (k2 + £3)n and so
¢ <hm, k=L € [0,1).
(i) ¢ < 7(n, ¢, m) = Kim+ K2 + k3n implies (1 — k2)( < (K1 + K3)n and so
¢ < kn, where kK = '{11%:23 €1[0,1).
(iii) Similarly, ¢ < 7(n,n,() = K11 + Ko + k3¢ implies that
(1 — k3)¢ < (K1 + k2)n and so ¢ < kn where Kk = %}:32 €1[0,1).
So, we conclude that 7 € A.
Case 1. Taking ¢ = af(z,y)dg(z,y), n = ab(Tx,z)dg(Tz, x) and
0= aH(Sy,y)dg(Sy,y)>, for all z,y € X and « € (0,1), then we get

r1a0(x, y)dg(x,y) + real(Tx, x)dg(Tx, x) + k300(Sy, y)ds(Sy, )
= (a8, y)do (@), 0BT, 2)ds (T, ), 0(Sy, y)da(Sy, ) )

Case 2. Taking ¢ = af(y,x)dy(y,z), n = ab(z, Tx)dg(x, Tx) and
0= ab(y, Sy)dy(y, Sy)), for all z,y € X and « € (0,1), then we obtain

"ilae(y) CL’)d,g(y, .CE) + H2059(‘777 T%)d@((l), T‘T) + H3a6(y7 Sy)dg(y, Sy)
= 7 (ably, 2)da(y, 2), (@, T)ds (@, Tw), 0(y, Sy)da(y, Sy) )

Hence, we conclude that every extended R-contraction is an extended A-
contraction. This completes the proof. O

Corollary 3.8. Let the pair (S,T) of self-mappings T and S on a complete
extended quasi b- metric space (X, dg) be an extended B-contraction, where dgy
is continuous in its variables, a € (0,1) and 0 is bounded by é Then T and
S have a unique common fized point in X provided that 8 < «, where 5 is the
constant that satisfies condition (1) of Definition 3.6.

Proof. From Proposition 3.7, we know that every extended B-contraction is an
extended A-contraction. Hence by Theorem 3.2, we get the desired result. [

Corollary 3.9. Let the pair (S,T) of self-mappings T and S on a complete
extended quasi b- metric space (X,dp) be an extended R-contraction, where
dg is continuous in its variables, o € (0,1) and 0 is bounded by é Then T
and S have a unique common fixzed point in X provided that k < «, where
K = max { “11_*:32, '{llfn’?, '?_J;”f} such that k1, ko and k3 are the constants that

satisfy condition (2) of Definition 3.6.
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Proof. From Proposition 3.7, we know that every extended R-contraction is an
extended A-contraction. Hence by Theorem 3.2 we have the desired result. [

4. CONCLUSION

Due to the large number of the active research papers and the significant
development of metric spaces in parallel with the generalization of different
type of contractions, we have introduced a new concept called “extended A-
contraction” in the context of extended quasi b-metric spaces. Next, we made
a generalization of the main result presented in [6] by M. Akram et al. Also,
we have provided an example to illustrate and support our main result.
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