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Abstract. In this paper, we introduce the notion of a-Geraghty contractive type covariant
and contravariant mappings in the bipolar metric spaces. In addition, we prove some fixed
point theorems, which give existence and uniqueness of fixed point, for a-Geraghty contrac-
tive type covariant and contravariant mappings in complete bipolar metric spaces. Finally,

we show some examples to support our main results.

1. INTRODUCTION

The Banach’s fixed point theory is very important in nonlinear analysis.
Many authors proved various fixed point theorems for such mappings in com-
plete metric spaces. Geraghty [6] studied a generalized of Banach contraction
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principle. Samet et al. [21] introduced and studied new concepts, called con-
tractive and a-admissible mapping. Many researchers have focused to study
such type mappings which extended the mentioned mappings to various metric
spaces as cone, generalized, modular, e.g. [2, 3, 4, 5, 8, 9, 14, 15, 16, 17, 22].

Mutlu and Giirdal [12] added a new one to them and introduced bipolar met-
ric spaces. Moreover, they proved some fixed point theorems as Banach and
Kannan in such spaces. Afterward, Mutlu, Ozkan and Giirdal extended the
certain coupled fixed point theorems, previously introduced in metric spaces
as standard, cone and modular, to bipolar metric spaces [1, 13, 20].

2. PRELIMINARIES

In this paper, R and N symbolize the set of all non-negative real numbers
and the set of positive integers, respectively.

Definition 2.1. ([12]) Let T, T # 0 and A : T x T — R™ be a function. A is
called a bipolar metric on pair (I', T), if the following properties are satisfied
(BO) if A(n, ) = 0, then n = p;
(B1) if n = p, then A(n,n) =0;
(B2) if n,u e I'NY, then A(n, u) = A(p,n);
(B3) A, pi2) < Alnr. 1) + Ao, ) + Az, 12)
for all (n, 1), (n1,p1), (N2, p2) € L' x Y.
Then the triple (I', T, A) is called a bipolar metric space.

Definition 2.2. ([12]) Let (I'1, Y1) and (T', T2) be pairs of sets and given a
function f: Ty U Y] — T'o U Yo,
(i) If f(I';) C T2 and f(Y1) C Yo, then f is called a covariant map from
(Fl, ) to (FQ, Tg) and denoted this with f : (Fl, Tl) = (FQ, TQ)
(ii) If f(I'1) € Y9 and f(Y1) C I'g, then f is called a contravariant map
from (I';, Y1) to (I'2, T2) and denoted this f: (I';, T1) = (T'2, T2).

If A; and Ay are bipolar metrics on (I'1, Y1) and (I'g, T9), respectively, we
also use the notations.

[T, Y1, A1) = (T2, T2,A2) and  f: (Ty, Y1, A1) = (T2, T2, Ag).

Definition 2.3. ([12]) Let (I, Y, A) be a bipolar metric space.

(i) A point z € 'U T is called a left point if z € I', a right point if z € T
and a central point if it is both left and right point.

(ii) A sequence {n,} on the set I" is called a left sequence and a sequence
{pn} on Y is called a right sequence. In a bipolar metric space, a left
or a right sequence is called simply a sequence.



On a-Geraghty contractive mappings in bipolar metric spaces 297

(iii) A sequence {u,} is called convergent to a point z, if {u,} is a left
sequence, z is a right point and lim,, oo A(uy, z) = 0 or {u,} is a right
sequence, z is a left point and lim, o A(z,u,) = 0. A bisequence
{Nn, pn} on (I'; T, A) is a sequence on the set I' x Y. If the sequences
{nn} and {p,} are convergent, then the bisequence {n,, i, } is called
convergent, and if {n,} and {u,} converge to a common point, then
{Nn, in} is called biconvergent.

(iv) {mn, n} is a Cauchy bisequence, if limy, p—s00 A(7n, i) = 0. In a bipo-
lar metric space, every convergent Cauchy bisequence is biconvergent.

(v) A bipolar metric space is called complete, if every Cauchy bisequence
is convergent, hence biconvergent.

Definition 2.4. ([12]) Let (I';,T1,A1) and (I'g, T2, A2) be bipolar metric

spaces.
(i) Amap f: (', T1,A1) = (T2, Yo, Ag) is called left-continuous at a
point ng € I'y, if for every € > 0, there exists a § > 0 such that

Ax(no, ) <6, A2(f(mo), f(1)) <€ asp €T
(ii)) A map f : (I't, T1,A1) = (T2, T2, Ag) is called right-continuous at
a point pug € Yy, if for every € > 0, there exists a § > 0 such that

Ax(n, o) <6, Ma(f(m), fpo)) <easmeTy.
(ili) A map f is called continuous, if it is left-continuous at each point

n € I'y and right-continuous at each point p € 1.

(iv) A contravariant map f : (I'1,Y1,A1) = (2, Yo, Ag) is called con-
tinuous if it is continuous as a covariant map f : (I'1,T1,A1) =
(TQ,F2,A2).

From the definition we know that a covariant or a contravariant map f from
(T'1,Y1,A1) to (I'2, T2, Ag) is continuous if and only if
up, > von (', T1,A1) = f(u,) — f(v) on (T'y, Yo, Ag).
Definition 2.5. ([13]) Let (I', T, A) be a bipolar metric space, u € I', r € T

and F: (T'x Y,Y xT') = (I',T) be a covariant mapping. (u,r) is said to be
a coupled fixed point of F' if

F(u,r)=w and F(r,u)=r.

Lemma 2.6. ([7]) Let F': (' x T, T xT') = (I',Y) be a covariant mapping.
If we define the covariant mapping T : (T' x T, T xT') = (I' x T, T x I") with

T(n,p) = (F(n,p), F(p,n)) for all (n,p) €T x T, (2.1)

then (n, p) is a coupled fized point of F if and only if (n, p) is a fized point of
T.
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Definition 2.7. ([21]) For a nonempty set I let 7: ' > T"and o : I' x I —
[0,00) be given mappings. We say that T is a-admissible, if for all n,u € T
we have «(n, ) > 1 implies a (T'n, T) > 1.

Definition 2.8. ([7]) Let 7': (I, T) = (I, Y) and o : I' x T — [0, 4+00). Then
T is called a-admissible (covariant) if for a(n, u) > 1,

a(Tn,Tp)>1forallpel and pe .

Definition 2.9. ([7]) Let T: (I', ¥) = (I',T) and o : I' x T — [0, +00). Then
T is called a-admissible (contravariant) if for a(n, u) > 1,

a(Tpu,Tn) >1forallpeland pe Y.

We denote by ¥ the family of all functions 7 : [0, +00) — [0,1) such that,
for any bounded sequence {s,} of positive reals, v (s,) — 1 implies s,, — 0.

Let © be the family of functions ¢ : [0, +00) — [0, +00) satisfying the fol-
lowing conditions:

(i) ¢ is nondecreasing.
(i) D02, ¢™(s) < oo for all s > 0, where ¢" is the n-th iterate of .

From [18] and [19], for every function ¢ : [0,+00) — [0, +00) the following
holds:

(i) If ¢ is nondecreasing, then for each s > 0,
lim ¢"(s) = 0= ¢(s) < s= ¢(0) =0.
n—oo

(ii) If ¢ € Q, then for each s > 0, ¢(s) < s and ¢(0) = 0.

3. MAIN RESULTS

Definition 3.1. Let (I', Y, A) be a bipolar metric space and T : (I','T) =
(T', Y) be a covariant mapping. If there exist o : I' x T — [0, +00), v € ¥ and
v € Q with a(n, u) > 1 such that

(A (T, Tp)) <~ (p(A(n,p))p(An,p) forallpel and pe T, (3.1)
then T is called an a-Geraghty contractive covariant mapping.

Definition 3.2. Let (I', Y, A) be a bipolar metric space and T : (I',T) =
(I, T) be a contravariant mapping. If there exist a : T' x T — [0,4+00), v € ¥
and ¢ € Q with a(n, u) > 1 such that

(A (T, Tp)) <7 (p(A(n,p)) e(A(n,p) forallneland pe ¥, (3.2)
then T is called an a-Geraghty contractive contravariant mapping.
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Theorem 3.3. Let (I','T,A) be a complete bipolar metric space and T :
(I,Y) = (I',Y) be an a-Geraghty contractive covariant mapping. Suppose
that the following conditions are satisfied:
(i) T is c-admissible;
(ii) There existng € ', po € Y such that a(no, o) > 1 and a(no, Tpo) > 1;
(iii) T is continuous.
Then T has a fixed point.

Proof. Let ng € ', pp € Y such that a(ng, T'uo) > 1. We define the bisequence
{Nny in} BY N1 = T,y pin+1 = Ty for all n € N. Because T is a-admissible,
using condition (ii), we get

a(no, po) > 1= a(Tno, Tuo) > 1,
a(no, p1) = a(no, To) = 1= a(Tno, Tp1) = a(n, p2) > 1,
a(ny, pa) = a(Tno, Tpo) = 1= a(Tny, Tpn) = oz, p2) = 1
a(n, p2) = o, Tpn) =2 1= a(Tny, Thg) = alnz, ps) = 1,
a(nz, p2) = a(Tm, Tur) > 1= (T2, Tuz) = a(ng, ps) > 1.
Similarly, we obtain
(N, int+1) > 1 and a(np41, int1) > 1 for all n € N. (3.3)

From equations (3.1) and (3.3), we can find that for n = n,—1, p = pn,

O(A(Mns tnt1)) = @(A(Tp—1,Tpn))
< Y(P(AMn—151n))) (A1, f1n)) (3.4)
< o(A(NMn—1, pin))
and for 1 = nn, 1 = n,
PAMn+41; pnt1)) = (AT, Tn))
< (@A 110))) (A (s i) (3.5)

< oAy fin))
for n > 1. So, by the properties of ¢, we conclude that

Ay tin+1) < A(M—1, ) forallm e N (3.6)
and
A1, 1) < A1, pn) - for all n € N (3.7)

Therefore, the sequence {A(ny, tint1)} and {A(n,, un)} are nonnegative and
nonincreasing sequence. Consequently, there exists 71 > 0 and 79 > 0 such
that limy,—o0 A, in+1) = 71 and limy, o0 A(n, tn) = 72 We claim that
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71 = 19 = 0. Suppose, on the contrary, that 71 > 0 and 79 > 0. Then, due to
(3.4) and (3.5), we have

@A, Hn+1))

O(A(n—1, pin)) < Y(e(A(n-1, 1n))) <1

and

SO(A(%H,,unH))
QO(A(nn,Mn)) < 7(90(A(77n7 Mn))) < 1.

In what follows that

nlgrolo ’Y((p(A(nn—la Un))) =1= nlggo 7(@(‘/\(7771; Un)))
Owing to the fact that ¢ € ), we obtain
Jim (A1, ) = 0= lm (A0, i), (3:8)
which yields that
71 = lm A1, pn) = 0= lm A, i) = 2. (3.9)

We assert that {n,, u,} is a Cauchy sequence. Suppose, on the contrary, that
we have

e= lim A(nn,pm) > 0. (3.10)

n,m—00

Now, for n,m € N with m > n, by applying the property (B3), we get
Ay ) < Ay fin) + A0 fin) + A0y fm)- (3.11)
Combining (3.1) and (3.11) with the properties of ¢, we obtain
(A (1, Nm)) O(A(Mns pn) + Ay pin) + A1, pian))
P(A(1n; pin)) + (AT 0m—1, Tin-1)) + (A (s i)
(A (s pn)) + (P AMm—1, 0-1)))(A(Nm—1, fin—1))

+ @A (1 fm))-
(3.12)
Together with (3.8) and (3.12), we deduce that

lim (A (N, ptm)) < n’ggloov(w(f\(nm_l, fn-1)))

n,m—0o0

X lim (,O(A<77n—17 Mm—l))‘

n,Mm—00

Therefore, using (3.10), we obtain
1< lim  y(e(A(1m-1, n-1)));

n,M—00

which implies limy, ;00 V(@ (A(Nm—1, tn—1))) = 1. Consequently, we have

limy, ;m—s00 A(Nm—1, tn—1) = 0. It is a contradiction. Since (I', T, A) is complete
bipolar metric space, {ny, i, } biconverges. That is, there exists z € T NYT
such that 7, — z and u, — z as n — oo. Since the covariant map T is
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continuous, j, — z implies that p,4+1 = Tu, — Tz and 7, — z implies that
Mnt1 = Inn — Tz. By uniqueness of the limit, we obtain immediately that
Tz = z. Therefore, z is a fixed point of 7' O

Theorem 3.4. Let (I';'T,A) be a complete bipolar metric space and T :
(I,Y) = (I, T) be an a-Geraghty contractive contravariant mapping. Sup-
pose that the following conditions are satisfied

(i) T is c-admissible;
(ii) There exist ny € I' such that a(no, Tno) > 1;
(iii) T is continuous.

Then T has a fized point.
Proof. Let ng € T' such that a(ng,Tno) > 1. We define the bisequence {n,, ti,}
by Nnt+1 = T, iy = Ty for all n € N. Because T is a-admissible, using
condition (ii), we get
a(no, to) = a(no, Tno) > 1 = a(T'uo, Tno) = a(n1, po) > 1,
(n1, p0) > 1 = a(Tpo, Tr) = a(ny, p1) > 1,
ani, ) > 1= a(Tpy, Tm) = a(ne, p1) > 1,
a(ne, p1) > 1= a(Tuy, Tnz) = ana, p2) > 1.

a

Similarly, we obtain
(N, tin) > 1 and a(np41, ) > 1 for all n € N. (3.13)
From equations (3.1) and (3.3), we can find that for n = n,, g = pn—1,

(A1 ) = (AT pin—1, 1))
< (@A 1)) (A1 1)) (3.14)
< @(A(nnnunfl))
and for n = Npy1, 1 = Un,
(A1, tn)) = (AT pn, Tin))
< (@A (s 1)) (A1 ) (3.15)
< oA, in)
for n > 1. So, by the properties of ¢, we conclude that
Ay pin) < A0y prn—1) for allm € N (3.16)

and
Aty pon) < A0, 1) for all m € N. (3.17)
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Therefore, the sequence {A(n,, tn)} and {A(9p41, 4n)} are nonnegative and
nonincreasing sequences. Consequently, there exists 71 > 0 and 75 > 0 such
that

lim A(ny, pn) =711
n—oo
and
lim A(9n11, pin) = T2
n—oo

We claim that m = 75 = 0. Suppose, on the contrary, that 74 > 0 and 7 > 0.
Then, due to (3.14) and (3.15), we have

QA (s pin))

m < 'y(gp(A(UnHUJnfl))) <1

and
W(A(nnJrla ,Un))

O(A (10, pin))
In what follows that

Jim oy (9(A(n, 1)) = 1 = lim v (o(A(10, p1n)))-
Owing to the fact that ¢ € ), we obtain

< Y(@(A(Mn, pn))) < 1.

Jim (A0, 1)) = 0= lm (A0, i), (3.18)
which yields that
T = nh_}ngo ANy pin—1) =0 = nh_g)lo AN, i) = T2 (3.19)

We assert that {n,, u,} is a Cauchy sequence. Suppose, on the contrary,
that we have
e= lm A(nn,um) > 0. (3.20)

n,Mm—00

Now, for n,m € N with m > n, by applying the property (B3), we get
A, pim) < A1y pin) + A0y pn) + A1 ) (3.21)
Combining (3.2) and (3.21) with the properties of ¢, we obtain

O(AMn, ftm)) < @A (s frn) + ANy pn) + Ay fin))
§ @(A(ﬁn, Mn)) + @(A(Tnmfly T,UJnfl)) + @(A(Um, Nm))
< oAy i) + (@A Mm—1, pn—1))) (A (Mm—1, pn—1))

+ (A im))-
(3.22)
Together with (3.18) and (3.22), we deduce that

lim (A, i) < n,grgoov(w(A(nm-l, [in—1)))

n,Mm—00

x lim  p(A(Mm=1, fin—1))-

n,Mm—00
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Therefore, using (3.20), we obtain
< lim 5(o(A(m-1, tn-1))),

n,1M—00
which implies
lim  y(e(A(m—-1, pn-1))) = 1.

n,m—00
Consequently, we have

lim A1, pn-1) =0,

7,Mm—00

which is a contradiction. Since (I', T, A) is a complete bipolar metric space,
{Nn, in} is biconvergent. That is, there exists z € I' N Y such that n, — z
and p, — z as n — 0o. Since the contravariant map 7' is continuous, 1, — 2
implies that u, = T, — Tz and combining this with u, — 2 gives Tz = z.
Therefore, z is a fixed point of 7. O

Theorem 3.5. Let (I',;'T,A) be a complete bipolar metric space and T :
(I,Y) = (I',Y) be an a-Geraghty contractive covariant mapping. Suppose
that the following conditions are satisfied:
(i) T is c-admissible;
(ii) There existng € ', po € T such that a(no, po) > 1 and a(no, To) >
(iii) If {nn, pn} is a bisequence such that a(ny, py) > 1 for all n and n, —
Uy by, — u, u € X NY asn — oo, then a(u, uy) > 1 for all n.

Then T has a fized point.
Proof. Following the proof of Theorem 3.3, we get the sequence {1y, u,} de-
fined by npt1 = T0n, pine1 = Ty for all n > 0, which is Cauchy bisequence
in the complete metric space (I', T, A) and converges to some z € I' N Y such
that n, — 2, i, — 2z as n — oo. Using (3.3) and condition (iii), we obtain
a(z, ) > 1 for all n € N. By applying (B3), (3.1) and the above inequality,
using condition (ii), we obtain

o(A(Tz, Z)) ATz, Tpn) + MTn, Tpin) + AT, 2))
ATz, Tpn)) + (AT, Tpin)) + (AT, 2))
Y(e(A(z, pn))) (A2, pin)) + ©(A(Nn41, 2))
+ (A, 1)) (A1 i)
(A2, pn)) + (A, pin)) + ©(A(1n41, 2)) (3:23)
(A2, pn)) + (A, 2)) + @(A(z, 2)
+ A2, pn) + Ay, 2))
¥
_|_

IN A
=

IN

(A(2s f1n)) + ©(A(1ns 2))
O(A(2, pin)) + P(A(Mnt1, 2))-
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Taking n — oo in above inequality and using the continuity of ¢ at s = 0, we
obtain A(T'z, z) = 0, that is, Tz = z. Therefore, z is a fixed point of T O

Theorem 3.6. Let (I';'T,A) be a complete bipolar metric space and T :
(I,Y) = (I, T) be an a-Geraghty contractive contravariant mapping. Sup-
pose that the following conditions are satisfied:
(i) T is c-admissible;
(ii) There exist ng € I' such that a(no, Tno) > 1;
(iii) If {nn, pn} is a bisequence such that a(ny, pn) > 1 for all n and n, —
Uy by — U, w € X NY as n — oo, then a(u, uy) > 1 for all n.

Then T has a fized point.

Proof. Following the proof of Theorem 3.4, we get the sequence {1y, u,} de-
fined by np+1 = Tn, pn = Ty, for all n > 0, which is a Cauchy bisequence
in the complete metric space (I', Y, A) and converges to some z € I' 1Y such
that n, — 2, pp, — 2z as n — oo. Using (3.13) and condition (iii), we obtain
a(nn, z) > 1 for all n € N. By applying (B3), (3.2) and above inequality, we
obtain

p(M(Tz,2)) = o(MTz, Tpn) + AT, Thin) + AT, 2))

< o(AMT2,Tun)) + o(ATnn, Tun)) + (AT, 2))
< (A2, 1n))) (A2, pn)) + ©(A(n+1, 2))
+ (P (A 10 ) (A (1, 1))
< (A2, n)) + (A, p1n)) + P (A(Npt1, 2)) (3.24)
< o(A(z, ptn)) + (A, 2)) + ©(A(z, 2)
+ Az, ftn) + A1, 2))

< ©(A (2, ttn)) + (A1, 2))
+ @(A(z, ) + @(A(Nn+1, 2)).

Taking n — oo in above inequality and using the continuity of ¢ at s = 0, we
obtain A(T'z, z) = 0, it means that Tz = z. Therefore, T has a fixed point. [

In the following, we give a hypothesis to obtain the uniqueness of the fixed
point.
(H) There exists a € I'N T such that a(n,a) > 1 and a(a,p) > 1 for all
neland peT.

Theorem 3.7. If the condition (H) is added to the hypotheses of Theorem
3.3 or Theorem 3.5 (resp. Theorem 3.4 or Theorem 3.6), we obtain that z is a
unique fized point of the covariant mapping (resp. the contravariant mapping)
T.
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Proof. We will show the uniqueness of a fixed point of the covariant mapping
(resp., the contravariant mapping) 7. We suppose the contrary, that is, u is
an another fixed point of 7' with z # w. Then, from the condition (H), there
exists a € I'NT such that

a(z,a) >1 and afa,u) > 1. (3.25)
Because T' is a-admissible, using (3.25), we get

p(A(z,0)) = p(MT2,Ta)))

< Y(p(A(z,a)))p(A(2,a)) (3.26)
< p(A(z,a))
and
p(Aa,u)) = o(A(Ta,Tu)))
< v(p(Aa,u)))e(Aa, u)) (3.27)
< ¢(Aa,u)),
which is a contradiction to the uniqueness of the limit. Hence, z=a € I'NT.
Therefore, T" has a unique fixed point. O

Corollary 3.8. Let (I',Y,A) be a complete bipolar metric space and T :
(I,Y) = (I, Y) be a covariant mapping. Suppose that there exists a func-
tion v € ¥ and ¢ € Q such that

AT, Tp) < v(eAn, w)e(An, 1))
foralln el and p € Y. Then T has a unique fixed point.

Proof. We take the mapping o : I' x T — [0, 4+00) as «a(n,u) = 1 for all
n €I, u e in Theorem 3.3 and Theorem 3.7. It is obvious that all the
conditions of Theorem 3.3 and Theorem 3.7 are satisfied. Then the proof is
completed. O

Corollary 3.9. Let (I',Y,A) be a complete bipolar metric space and T :
(T,Y) = (I',Y) be a contravariant mapping. Suppose that there exists a func-
tion v € ¥ and ¢ € Q such that

AT, Tp) < v(eAn, w)e(A(n, 1))
foralln el and p € Y. Then T has a unique fixed point.

Proof. Using similar method with proof of Corollary 3.8, we say that it suffices
to take a(n, ) =1 for all p € T" and p € T in Theorem 3.4 and Theorem 3.7
to prove the corollary. O
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Theorem 3.10. Let (I',T,A) be a complete bipolar metric space and F :
(Tx YT, T xTIT) = (I','T) be a covariant mapping. We suppose that there
exist functions v € U, o € Q and a : (I' x T) x (T x I') — [0,400) with
a((n,p), (u,2)) > 1 such that

PN 0, () < (1

AmﬂO;ﬂ&u»>@<AMﬂU;ﬂ%u»

(3.28)
for all (n,p), (u,z) € T'x Y and the following conditions are satisfied:

(1) al(n,p), (u,2)) 2 1 = a((F(n, 1), F(p,n)), (F(u,2), F(z,u)) = 1 for
all (n, ), (z,u) €T x T;
(ii) There exists (no, po) € I' x Y such that
a((n0, o), (F' (o, m0), F (1o, po))) = 1
and
a((F(no, o), F(kos10)), (Hosm0)) > 1
(iii) F' is continuous.
Then F has a coupled fized point, that is, there exists (u,z) € I' x T such that
u=F(u,z) and z = F(z,u).

Proof. We consider the complete bipolar metric space (P,Q,A) where P =
'xYT, Q=7 xTI and
A(n,u) + Az, 1)

A((n, ), (u,2)) = 5

f(;lr all (n,p) € P, (u,z) € Q. Using (3.28), we obtain a((n, i), (u, z)) > 1 such
that

(A(F(n, ), Fu, 2)) < y(0(A((n, 1), (u, 2)))))e(A(0, 1), (u, 2)))  (3.29)
and a((z,u), (i, n)) such that

(A(F(n, 1), F(u, 2)) <v(@(A((, 1), (u, 2)))))p (A0, ), (4, 2))). (3.30)
Combining (3.29) and (3.30), we obtain d(e, o) such that

P(A(Fe, Fo)) < v(p(Ale,0)))e(A(e, 0)) (3.31)
for all e = (e1,e2) € P, 0 = (01,02) € Q, where 6 : P x QQ — [0,+00) is the
function defined by

d(e,0) = min{a((e1,e2), (01,02)), a((02,01), (€2,€1)) } (3.32)

and T : (P,Q) = (P,Q) is defined as (2.1). Then T is continuous and J-¢-
contractive covariant mapping. We take ¢ = (e1,¢2) € P, 0 = (01,02) € Q
such that §(e, o) > 1. Using conditions (i) and (3.28), we see that §(Te, To) >
1. Hence, T is d-admissible.
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Using conditions (ii) and (3.28), we have that there exists (1o, po) € P (or
(o, mo0) € Q) such that

6((nos o), T'(no, o)) = 1 (or (T’ (no, ko), (kosm0)) = 1).

Hence, we observe that Theorem 3.3 is satisfied. Then T has a fixed point.
Therefore, using Lemma 2.6, this is a coupled fixed point of F. O

Example 3.11. Let A,(R) and B,(R) be the sets of all n x n upper and
lower triangular matrices over R, respectively, and let a function A : A, (R) X
Bp(R) — R™ be defined as

AP,Q) = Ipij — aij]
ig—1

for all P = {aij}nxn € Ap(R) and Q = {gij }nxn € Bn(R). Then it is apparent
that (A, (R), Bn(R), A) is a complete bipolar metric space. We take a covariant
mapping

T : (An(R) X Bn(R), Ba(R) x An(R)) = (An(R), Bn(R)),

which T(P, Q) = {pquj} . where

P = {pij}nxnu Q = {Qij}nxn € ((An(R) X Bn(R)) U (Bn(R) X An(R)) (333)

It is clear that T is a continuous covariant mapping.

1
On the other hand, we define v : [0, +00) — [0, 5) by

As) = 3,
@ :[0,+00) = [0, +00) by
p(s) =s

and a : (Ap(R) x By(R)) x (Bn(R) x Ap(R)) — [0, +00) by

L, pij > qij, kij = vij
0, otherwise

a((Pa Q)v (Ka V)) = {
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where P = {pij}nxna V= {Uij}nxn S An(R) and Q = {Qij}nxny K = {k;ij}nxn S
B, (R). Then we obtain

(AT (P,Q), T(K,V)))

<A (Pt , kij + vij
B 4 nxn 4 nxn

Z pij + %] z] (%Y

tj=1
<zn: Pij — kij Qz‘j_vij
=
1 /APK) +AQV
s )
1 (APK) +AQV K)+AQ,V)
_2< > PK )+ AQ,V)

:7<¢<A( ) Q,V>) (A(P,K)2 (Q,V)>‘

Therefore, the conditions (i) and (ii) of Theorem 3.10 are satisfied for (1o, po)
= (I, In). Hence, T has a coupled fixed point. In particular, the coupled fixed
point is (Opxn, Onxn) € An(R) N By, (R) where 0,,x,, is the null matrix.
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