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Abstract. In this paper, we shall introduce the new notions of w-orbital admissible map-
pings, w-interpolative Kannan type contraction and w-interpolative Ciric-Reich-Rus type
contraction. In the setting of these new contractions, we will prove some fixed point theo-
rems in bipolar metric spaces. Some existing results from literature are also deduced from

our main results. Some examples are also provided to illustrate the theorems.

1. INTRODUCTION

In 1922, Banach [2] was the first, who introduced the constructive method
to obtain a fixed point of a self-map. After that, the scholars introduced a
number of generalizations of Banach contraction principle to prove fixed point
theorems. In 1968, Kannan [4] proposed a new contraction to prove fixed point
theorems. In 1971-72, Riech, Ciric and Rus ([13]-[17]) combined the Kannan
and Banach contractions and gave a new contraction. Very recently, in 2018,
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Karapinar et al. introduced interpolative Kannan [5] type and interpolative
Ciric-Reich-Rus type [6] contraction in complete metric spaces.

In 2014, Popescu [12] refined the a-admissible mapping and introduced a
new type of mapping called w-orbital admissible mappings. In 2019, Aydi et
al. [1] using w-orbital admissible mappings proved fixed point theorems for
interpolative Ciric-Reich-Rus type contraction. There are number of metric
spaces like partial, rectangular, G-metric, b-metric, cone etc. present in lit-
erature. Recently, in 2016, Mutlu and Gurdal [9] introduced the concept of
bipolar metric space (see [7]). Later, Mutlu et al. ([10]-[11]) proved coupled
fixed point theorems for multivalued mappings in bipolar metric spaces. In
2021, Gaba et al. [3] introduced the concept of (o, BK)-contraction and in
2022, Murthi [8] proved fixed point theorems for Boyd-Wong type contractions
in bipolar metric space.

In this paper, we shall also prove some fixed point theorems for w-interpolative
Kannan type and w-interpolative Ciric-Reich-Rus type contractions.

To prove our results, we need some basic existing definitions from literature
as follows:

Definition 1.1. ([9]) Let X and Y be two non empty sets and d: X x Y —
[0,00) be a map satisfying the following conditions:

(1) d(x,y) = 0 if and only if z = y for all (z,y) € X x Y;

(2) d(z,y) =d(y,x) for all z,y € X NY;

(3) d(z1,y2) < d(w1,y1) + d(w2,y1) + d(z2,y2).

for all z1,290 € X and y1,9y2 € Y. Then d is called a bipolar metric and
(X,Y,d) is called a bipolar metric space.

If XNY = ¢ then space is called disjoint otherwise joint. The set X is
called a left pole and the set Y is called a right pole of (X, Y, d). The elements
of X, Y and X NY are called left, right and central elements, respectively.

Example 1.2. ([10]) Let X = {Up,(R) : U,,(R) is an upper triangular matrix
of order m over R} and Y={V,,(R) : V,,(R) is a lower triangular matrix of
order m over R }. Define d : X xY — [0,00) by d(P,Q) = >27",_, [pij — ¢ij]| for
all P=(pij)mxm € Un(R) and Q=(¢ij)mxm € Vin(R). Then, clearly (X,Y,d)
is a bipolar metric space.

Definition 1.3. ([9]) Let (X,Y,d) be a bipolar metric space. Then any se-
quence (z,) C X is called a left sequence and is said to be convergent to right
element say y if d(z,,y) — 0 as n — oo. Similarly, a right sequence (y,) CY
is said to be convergent to a left element say x if d(z,y,) — 0 as n — oc.

Definition 1.4. ([9]) Let (X,Y,d) be a bipolar metric space.
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(1) A sequence {(xn,yn)} on X x Y is called a bisequence on (X,Y,d).

(2) If both the sequences {z,} and {y,} converge, then the bisequence
{(zn, yn)} is said to be convergent. If both the sequences {x, } and {y,}
converge to the same point u € X NY then the bisequence {(xn, yn)}
is called biconvergent.

(3) A bisequence {(zn,yn)} on (X,Y,d) is said to be a Cauchy bisequence,
if for each ¢ > 0 there exists a positive integer N € N such that
d(xn, Ym) < € for all n,m > N.

(4) A bipolar metric space is said to be complete if every Cauchy bise-
quence is convergent in this space.

Definition 1.5. ([9]) Let (X1,Y1,d1) and (X2, Y2,ds2) be two bipolar metric
spaces and T : X7 UY; — Xo UY5 be a function:

(1) HTX; C X9 and TY; C Yo, then T is called a covariant mapping and
is denoted by T : (Xl, H,dl) = (XQ,YQ, dg)

(2) I TX; CYsy and TY; C Xy, then T is called a contravariant mapping
and is denoted by T': (X1,Y1,d1) & (Xo, Y2, d2).

Definition 1.6. ([9]) Let (X1,Y1,d1) and (X2, Y2, d2) be two bipolar metric
spaces.

(1) A map T : (X1,Y1,d1) = (Xo,Y2,d2) is called left continuous at
a point g € X if for every € > 0 there exists a § > 0 such that
dy(Txo, Ty) < € whenever dq(xg,y) < 0.

(2) A map T : (X1,Y1,d1) =2 (Xo,Ya,d2) is called right continuous at
a point yg € Y if for every € > 0 there exists a § > 0 such that
da(Tx, Typ) < € whenever d;(z,yo) < 6.

(3) A map T is called continuous if it is left continuous at each xyp € X
and right continuous at each yy € Y.

(4) A contravariant map 7" : (X1, Y1,d;) = (Xa, Y2, ds) is continuous if and
only if T" is continuous as covariant map T": (X1, Y7,d1) = (Xo, Yo, d2).

Definition 1.7. Let ¥ be the family of the functions ¢ : [0,00) — [0, c0)
satisfying the following conditions:

(1) % is non-decreasing,

(2) Y22, 47 (1) < oc,
for all ¢ > 0, where ¢"(t) is a nth iteration of ¢. These functions are known
as (c)-comparison functions.

It can be easily verified that if ) € ¥, then ¢ (t) < ¢ for all ¢ > 0.
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2. MAIN RESULTS

In this section, firstly we shall introduce the new notions of w-interpolative
Kannan type and w-interpolative Ciric-Reich-Rus type contractions and prove
fixed point theorems for such type of contractions in bipolar metric space.

Definition 2.1. Let w : X XY — [0,00) be a mapping. A contravariant
mapping 7 : X UY &2 X UY is said to be w-orbital admissible if

wz,Tr) >1 = w(T?z,Tz)>1 (2.1)

and
w(Ty,y) >1 = w(Ty,T?) > 1, (2.2)
for all (z,y) € X x Y.

Definition 2.2. Let (X, Y, d) be a bipolar metric space and 7" : XUY = XUY
be a contravariant mapping. Then T is said to be a w-interpolative Kannan
type contravariant contraction if there exists ¥ € ¥, w: X x Y — [0,00) and
a € (0,1) such that

w(z,y)d(Ty, Tx) < ¢([d(z, T2)]*[d(Ty, y)]' ™), (2.3)
for all (z,y) € X xY but x,y ¢Fix(T), where Fix(T)={z € XUY : T(z) = z}.

Definition 2.3. Let (X, Y, d) be a bipolar metric space and 7" : XUY = XUY
be a contravariant mapping. Then 7' is said to be a w-interpolative Ciric-Riech-
Rus type contravariant contraction if there exists ¥ € ¥, w: X x Y — [0, 00)
and «, 8 € (0,1) such that

w(z,y)d(Ty, Tx) < ¢([d(z,y))’[d(w, Tx)]*[d(Ty, y)]' "), (2.4)
for all (z,y) € X xY but z,y ¢Fix(T).

Theorem 2.4. Let (X,Y,d) be a bipolar metric space and T : X UY &=
X UY be a w-interpolative Kannan type contravariant contraction satisfying
the followings:

(1) T is w-orbital admissible;
(2) There exists xg € X such that w(xg, Txo) > 1;
(3) T is continuous.

Then T has a fixed point.

Proof. Let xy € X such that w(xg, Txo) > 1. We define a bisequence {(zn, yn)}
as Tn+1 = Tyy and y, = Tz, for all n € N. Since T is w-orbital admissible,
from equation (2.1), we obtain that

w(zo,y0) = w(wo, Txo) > 1.
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It implies that

w(T?zg, Txo) = w(xy, y0) > 1. (2.5)
Equation (2.5) implies that
w(xla yO) = w(TyOa yO) > 1. (26)

Using equation (2.2) in equation (2.6), we get
w(Tyo, T?y0) > 1,
this implies that

w(z1,y1) > 1. (2.7)
By repeating the same process, we get
W(Tn,yn) > 1 and  w(xpi1,yn) > 1. (2.8)

Using equation (2.3), (2.8) and Definition 1.7, we find that for z = x, and
Y=Yn

d(Typ—1,Txy)

W(Tn, Yn—1)d(Tyn—1, Txy)

([, Ten))* [A(Tyn—1, yn-1)]' ")

Y([d(wn, yn)]* [d(xnayn—l)]l_a)

[d(n, yn)]*[d (xnayn—l)]lio{ (2.9)

d(zn,yn)

IN A

IN

From equation (2.9), we get

[d(xnayn)]lia < [d(xnvyn—l)]liaa
this implies that
d(Tn,Yn) < d(Tn, Yn—1)- (2.10)
Now, by using equation (2.10), we obtain

(A, yn))*[d(@n, yn-1)]' ™" < [d(@n, yo1)]*[d(@n, yn-1)]' "

= d(zn,Yn-1)- (2.11)
Using equation (2.11) in equation (2.9), we get
d(@n, yn) < V(d(Tn, Yn-1))- (2.12)

Again, by using equation (2.3), (2.8) and Definition 1.7, we find that for x = ),
and y = yn

d(xn-i-layn) = d(TynaTwn)
< w(@n, Yn)d(Tyn, Txn)
< P([d(zn, Tzn)]” [d(Tymyn)]l_a)

(ld
D([d(@n, yn)] [ d(@nr1, yn)] )
[d(2n, Yn))*[d(@ng1, yn)] (2.13)

IN
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From equation (2.13), we get

[d(@ns1,y0)]" < [d(n, yn)]?,
this implies that
A(Tn+1,Yn) < d(Tn,Yn)- (2.14)
Now, by using equation (2.14), we obtain
[d(@n, yu))* [d(@ns1,92)] 0 <A@, o)) [d( @0, )]
= d(xp,Yn)- (2.15)

Using equation (2.15) in equation (2.13), we get

d(xn+1a yn) < ¢(d($m yn)) (216)
By induction, from equations (2.12) and (2.16), we obtain
d(xna yn) < ¢n(d($1a yO))7 d($n+17 yn) < 1/1n+1(d(330a yO))a (217)

for all n € N. From the Definition 1.7, it is clear that there exists ¢ > 0 and
N(e) € N such that

YN (d(z1,90)) < % and S, v " (d(zo, 10)) < (2.18)

N

Now, for all n,m € N with m > n > N(e), by using property (3) of
Definition 1.1, we get

d(xmym) < d(wm yn) + d(wn—l-l?yn) + d($n+17yn+1)
+-+ d(l‘my ym—l) + d(xmn ym)

m m—1

= Z d(zg, yk) + Z A(Trt15 Yr)-

k=n k=n

Using equation (2.17), we get

m m—1
d@nvym) S Zd(gjl)y()) + Z d(x()?y())
k=n k=n

< Tps ¥ ([d(@1,90) + s " (d(zo, yo))-

By using equation (2.18), we get

€ €
A(Zn, Ym) < 3 + ;=€ (2.19)
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On the other hand, for all n,m € N with n > m > N(e), by using property
(3) of Definition 1.1, we get

d(xnyym) < d(xnayn—l)*‘d(xn—1>yn—1)*‘d(xn—17yn—2)
+---+ d(xm7 ymfl) + d($m, ym)

n—1 n
= > daey) + Y d(wg yr-1).
k=m k=m

Using equation (2.17), we get
m m—1
d(@n,ym) < Y d(@i,90) + Y dlwo, %),
k=n k=n

< Bps " ([d(@1,90) + ps " (d(zo, v0))-
By using equation (2.18), we get

€ €
d(Xn, Ym) < 3 + ;=€ (2.20)

Therefore {(x,,y,)} is a Cauchy bisequence. Since (X,Y,d) is a complete
bipolar metric space, so {(zy,yn)} is biconvergent. That is, there exists w €
X NY such that x, — w and y, — w as n — oo. Since T is continuous,
Tn — w implies that y, = Tz, — w and combining this with y, — w gives
Tw = w. Thus w is the fixed point of T. O

In the next theorem we omit continuity.

Theorem 2.5. Let (X,Y,d) be a bipolar metric space and T : X UY &=
X UY be a w-interpolative Kannan type contravariant contraction satisfying
the followings:
(1) T is w-orbital admissible;
(2) There exists xg € X such that w(xg, Tzg) > 1;
(3) If {(zn,yn)} is a bisequence such that w(zn,yn) > 1 for all n and
Yo — w € X NY asn — oo, there exists {Tpuy} in {Tn} such that
w(@p k), w) > 1 for all k > 1.
Then T has a fized point.

Proof. Following the proof of Theorem 2.4, we obtain that {(x,,y,)} is a
Cauchy bisequence. Since, (X,Y,d) is a complete bipolar metric space, so
{(zn,yn)} is biconvergent. That is, there exists w € X NY such that z,, - w
and ¥, — wasn — oo. Let Tw # w. Then d(Tw,w) > 0. From equation (2.8)
and condition (3), we get w(xy ), w) > 1 for all k > 1. Since d(xy), w) — 0,
d(Tp (k) Yn(k)) — 0 as k — oo and d(Tw,w) > 0, there exists N € N such that
forall k > N

d(@p ), w) < d(Tw,w) and d(Ty k), Ynr)) < d(Tw, w). (2.21)
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Using above, equations (2.3) and (2.21), we get

< d}([d(ajn(k)vyn(k))]a[d(Twa w)]l—a)
< P(d(Tw, w))
< d(Tw,w).

Taking k — oo, we get d(Tw,w) < d(Tw,w) which is a contradiction. So,
Tw = w. Thus w is the fixed point of T. O

Theorem 2.6. Let (X,Y,d) be a bipolar metric space and T : XUY = X UY
be a w-interpolative Ciric-Riech-Rus type contravariant contraction satisfying
the followings:

(1) T is w-orbital admissible;
(2) There exists xg € X such that w(xg, Txg) > 1;
(3) T is continuous.

Then T has a fixed point.

Proof. Let 9 € X such that w(zg,Txo) > 1. We define a bisequence as
Tnt1 = Tyn and y, = Tx, for all n € N. Since T is w-orbital admissible, by
the proof of Theorem 2.4, we get

W(@n,yn) > 1, w(Tni1,9n) > 1. (2.22)
Using equation (2.4) and (2.22), we find that for z = x,, and y = yy,—1,

d(xmyn) = d(Tyn 17Txn)

< w(@n, Yn—1)d(Typ—1,Txy)

< P([d(@n, yo-1)) [d(@n, Tz [A(Tyn-1,y0-1)]" ")

= P([d(@n, yn)]” [d(*xmyn—l)]l_a)

< [d(zn,yn)]*[d (mmyn—l)]lia- (2.23)

From equation (2.23), we get

[d(xnayn)]l_a < [d(xnaynfl)]l_aa
this implies that
d(Tp,yn) < d(Tn, Yn—1)- (2.24)
Now, by using equation (2.24), we obtain
[d(Zn, yn)]* [d(Tn, ynfl)]l_a < [d(zy, ynfl)]a[d(ivmynfl)]l_a
= d(zn,Yn—1)- (2.25)
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Using equation (2.25) in equation (2.23), we get

d(n, yn) < (d(Tn, Yn-1))- (2.26)

Again, by using equation (2.4), (2.22) and Definition 1.7, we find that for
r=x, and y =y,

d(Tnt1,yn) = d(Tyn, Txy)
< w(@n, Yn)d(Tyn, Tn)
< P([d(@n, yn)) [d(@n, T2n)]*[d(TYn, yn)]' )
= P([d(n, y)]*Pld(@ni1,90)] 7)
< [d(@n, yo))* (@01, ya)] 7 (2.27)

From equation (2.27), we get

[d(zn+1, yn)]OH_B < [d(zy, yn)]a-&-B’
this implies that
d(Tn11,Yn) < d(Tn, Yn)- (2.28)
Now, by using equation (2.28), we obtain

[d(l‘n, yn)]a+ﬁ [d(xn+17 yn)]l_a_ﬁ < [d(l‘n, yn)]a+6[d($n, yn)}l_a_ﬁ

= d(xn,Yn)- (2.29)
Using equation (2.29) in equation (2.27), we get
A(Tn11,Yn) < Y(d(Zn, Yn))- (2.30)

By induction, from equations (2.26) and (2.30), we obtain

(20, yn) < O™ (d(21,90)) and d(@nt1,yn) < " (d(20,90)),  (2:31)

for all n € N. From the Definition 1.7, it is clear that there exists ¢ > 0 and
N(e) € N such that

EnZN(e)wn(d(xlayO)) < and EnZN(e)¢n+l(d($0ay0)) <

Now, following the same steps like in Theorem 2.4 after equation (2.18),
clearly, we have

(2.32)

N
DO

d(xn, Ym) < €, (2.33)

for all n,m € N with n,m > N(¢). Therefore {(z,,y,)} is a Cauchy bise-
quence. Since (X,Y,d) is a complete bipolar metric space, so {(xn,yn)} is
biconvergent. That is, there exists w € X NY such that z,, = w and y, = w
as n — oo. Since T is continuous, x, — w implies that y, = Tz, — w and
combining this with y,, — w gives Tw = w. Thus w is the fixed point of 7. [

In the next theorem we also omit continuity.
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Theorem 2.7. Let (X,Y,d) be a bipolar metric space and T : X UY = X UY
be a w-interpolative Ciric-Riech-Rus type contravariant contraction satisfying
the followings:
(1) T is w-orbital admissible;
(2) There exists xg € X such that w(xg, Tzg) > 1;
(3) If (xpn,yn) is a bisequence such that w(xyn,yn) > 1 for all n and y, —
w € XNY asn — oo, there exists {T, )} in {xn} such that w(wy g, w) >
1 for all k > 1.
Then T has a fixed point.

Proof. From the proof of Theorem 2.6, we obtain that {(xy,y,)} is a Cauchy
bisequence. Since, (X,Y,d) is a complete bipolar metric space, {(zn,yn)} is
biconvergent. That is, there exists w € X NY such that z,, - w and y, - w
as n — oo. Let Tw # w. Then d(Tw,w) > 0. From equation (2.22) and
condition (3), we get w(xpp),w) > 1 for all k > 1. Since d(zy), w) — 0,
d(Tp (k) Yn(k)) — 0 as k — oo and d(Tw,w) > 0, there exists N € N such that
forall k > N

d(Tpr), w) < d(Tw,w) and d(Tnky, Ynr)) < d(Tw, w). (2.34)
Using equations (2.4) and (2.34), we get

< ¢([d(xn(k)7w)]ﬁ[d(xn(k)7yn(k))]a[d(Twaw)]l_a_ﬂ)

< P(d(Tw,w))

< d(Tw,w).
Taking k — oo, we get d(Tw,w) < d(Tw,w) which is a contradiction. So,
Tw = w. Thus w is the fixed point of T. O

Example 2.8. Let X ={1,2,3}, Y ={2,3,4}, and d(z,y) = |z — y|, for all
(x,y) € X xY. Then it is clear that (X,Y,d) is a complete bipolar metric
space. Define T : XUY @ XUY byTz=3forall z€ XUY. SoT is
continuous. Taking w(z,y) =1 for all (z,y) € X x Y, then it is easy to verify
that T is w-orbital admissible, and (t) = £ for all ¢ € [0,00). One can see
easily that equation (2.3) holds for the above setup. So, all the conditions of
Theorem 2.4 are satisfied. Thus T" has a fixed point. Clearly, 3 is the fixed
point of T'. Hence Theorem 2.4 is verified.

Example 2.9. Let X = {1,2,3} and Y = {2,3,4}, and d(z,y) = |z — y|, for
all (z,y) € X xY. Clearly (X,Y,d) is a complete bipolar metric space. Define
T:XUY 2 XUY byTz=2forall ze€ XUY. Then T is continuous.
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Taking w(z,y) = 1 for all (z,y) € X x Y, then it is easy to verify that 7" is

w-orbital admissible, and ¢ (t) = § for all ¢ € [0,00). One can see easily that

equation (2.4) holds for the above setup. So, all the conditions of Theorem
2.6 are satisfied. Thus T has a fixed point. Clearly, 2 is the fixed point of T.
Hence Theorem 2.6 is verified.

Some results of the literature can be easily deduced from our main results
as follows:

Corollary 2.10. ([6]) Let (X,Y,d) be a complete bipolar metric space and
T: XUY & XUY be a contravariant mapping. If there exists A € [0,1),
a € (0,1) such that

d(Ty,Tx) < A([d(x, Tx)]*[d(Ty,y)]' ),

forall (x,y) € XXY butz,y ¢ Fix(T), where Fix(T) = {z € XUY : Tz = z},
then T has a fixed point.

Proof. In Theorem 2.4, by taking w(z,y)=1 and 1(t) = At one can get the
proof easily. O

Corollary 2.11. ([5]) Let (X,Y,d) be a complete bipolar metric space and
T:XUY &2 XUY be a contravariant mapping. If there exists A € [0,1),
a,f € (0,1) such that

d(Ty,Tx) < M[d(z,y))[d(z, T2)]*[d(Ty,y)]' ),
for all (x,y) € X XY but x,y ¢ Fix(T), then T has a fized point.
Proof. In Theorem 2.6, by taking w(x,y)=1 and ¢(t) = At one can get the
proof easily. O

Corollary 2.12. Let (X,Y,d) be a complete bipolar metric space and T :
XUY &2 X UY be a contravariant mapping then if there exists ¢ € W,
a € (0,1) such that

d(Ty, Tx) < y([d(z, Tx)]*[d(Ty, y)]' =),
forall (x,y) € X XY but x,y ¢ Fix(T), then T has a fized point.
Proof. In Theorem 2.4, by taking w(x,y)=1 one can get the proof easily. [
Corollary 2.13. Let (X,Y,d) be a complete bipolar metric space and T :

XUY & XUY be a contravariant mapping. If there existsy € ¥, o, € (0,1)
such that

d(Ty, Tx) < P([d(z,y)) [d(z, T)]*[d(Ty, )]'*7F),
forall (x,y) € X XY but x,y ¢ Fix(T), then T has a fived point.
Proof. Taking w(z,y)=1 in Theorem 2.6 and obtain the proof. O
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