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Abstract. Numerous problems in science and engineering defined by nonlinear functional
equations can be solved by reducing them to an equivalent fixed point problem. Fixed
point theory provides essential tools for solving problems arising in various branches of
mathematical analysis, such as split feasibility problems, variational inequality problems,
nonlinear optimization problems, equilibrium problems, complementarity problems, selection
and matching problems, and problems of proving the existence of solution of integral and
differential equations.The theory of fixed is known to find its applications in many fields of
science and technology. For instance, the whole world has been profoundly impacted by the
novel Coronavirus since 2019 and it is imperative to depict the spread of the coronavirus.
Panda et al. [24] applied fractional derivatives to improve the 2019-nCoV/SARS-CoV-2
models, and by means of fixed point theory, existence and uniqueness of solutions of the
models were proved. For more information on applications of fixed point theory to real life

problems, authors should (see [6, 13, 24] and the references contained in).
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1. INTRODUCTION

Numerous problems in science and engineering defined by nonlinear func-
tional equations can be solved by reducing them to an equivalent fixed point
problem. Fixed point theory provides essential tools for solving problems
arising in various branches of mathematical analysis, such as split feasibil-
ity problems, variational inequality problems, nonlinear optimization prob-
lems, equilibrium problems, complementarity problems, selection and match-
ing problems, and problems of proving the existence of solution of integral and
differential equations.The theory of fixed is known to find its applications in
many fields of science and technology. For instance, the whole world has been
profoundly impacted by the novel Coronavirus since 2019 and it is imperative
to depict the spread of the coronavirus. Panda et al. [24] applied fractional
derivatives to improve the 2019-nCoV/SARS-CoV-2 models, and by means of
fixed point theory, existence and uniqueness of solutions of the models were
proved. For more information on applications of fixed point theory to real life
problems, authors should (see [6, 13, 21] and the references contained in).

Let E be a real Banach space with its dual £*. The Monotone Variational
Inclusion Problem (MVIP) is to find z* € E such that

0e (U4 V)™, (1.1)

where U : E — E* is a single-valued monotone mapping and V : E — 2F
is a multi-valued monotone mapping. We denote the set of solution of (1.1)
by MVIP(U,V) = (U + V)~1(0*). MVIP (1.1) has received considerable at-
tention due to its wide theoretical value in nonlinear analysis or optimization
theory and wide spectrum of applications such as image reconstruction, ma-
chine learning and signal processing. It is also known that MVIP (1.1) has
been an important tool for solving problems arising in mechanics, finance, ap-
plied sciences, among others (see [1, 2, 3, 5]). If U = 0 in (1.1), we obtain the
following Variational Inclusion Problem (VIP), which is to find z* € E such
that

0eVa*. (1.2)

The classical method for solving MVIP (1.2) is the following forward-backward
splitting method (see [1, 17, 29]): for any 1 € E and A > 0

Tni1 = Resy oUx(zy,), V0 >1,

where Resl := (I + A\V)~! is the resolvent of V, Uy := I — AU where T
denotes the identity mapping on E. The forward-backward splitting method
is known to include as special cases of the proximal point algorithm (PPA),
(when U = 0) and the gradient method, (see [15, 16]). However, from the
numerical point of view, the weak convergence of this method is not desirable
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and enough to make it efficient. Several results have been presented to solve
MVIP in the framework of real Hilbert spaces. For instance, Zhang and Wang
[35] introduced a contraction algorithm for solving MVIP (1.1) and proved that
the sequence generated by their algorithm converges weakly to the solution of
problem (1.1).

In the framework of real Hilbert space, Tianchai et al. [30] introduced the
following iterative method for approximating solution of (1.1) and fixed point
problem of a nonexpansive mappings: find xg,x; € C and let {z,} C C be
generated by

Yn = Tpn + en(xn - 557171)7

Tn+l = S(anf(xn) + (1 - an)JAn)(yn — MUy + en)v
for all n € N, where C' is a nonempty, closed and convex subset of a real Hilbert
space H, U is an a-inverse strongly monotone and V' is a maximal monotone
operator on H such that the domain of V' is included in C. Let Jy, = (I+V)~!
be the resolvent of V for A > 0 and S : C' — C be a nonexpansive mapping.
Then they proved that the sequence {x,} converges strongly to a point x*
in their solution set. Also, Wei and Duan [33] extended the results of Lopez
et al. [20] from uniformly convex and g-uniformly smooth Banach spaces to
uniformly smooth and uniformly convex Banach spaces.

Furthermore, in the framework of p-uniformly convex real Banach spaces
which are also uniformly smooth, Okeke and Izuchukwu [23] studied and anal-
ysed a Halpern iterative method for split feasibility problem and zero of the
sum of two monotone operators and proved a strong convergence result for
approximating the solution of the aforementioned problems when U : £ — E*
is a single-valued nonlinear mapping and V : E — 27 is a multi-valued map-
ping.

Very recently, Ogbuisi and Izuchukwu [22] introduced the following shrink-
ing iterative method for approximating a point in the set of zeros of the sum of
two monotone operators, which is also a solution of a fixed point problems for
a Bregman strongly nonexpansive mapping in a real reflexive Banach space.
For u,zo € E are arbitrary, the sequence {z,} is generated by

Co=C,

Yn = Vg (on 7 9(u) + Bn V 9(zn) + 70 V 9(T(20))),

un = (Resyys o Uf)yn,

Crni1 ={2€Cp: Dy(2z,un) < anDy(2z,u) + (1 — an)Dy(z,2,)},
(w0), n >0,

— p9
$n+]_ - Pcn+1
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with conditions lim o, = 0,a, + B, + 1 =1 and 0 < a < By, < b < 1.
n—oo

Then {z,} converges strongly to P}g?(T)ﬂMVIP(l,l)(mO)' One of the best ways to
speed up the convergence rate of iterative algorithms is to combine the iterative
scheme with the inertial term. This term is represented by 6,,(z, — z,—1) and
is a remarkable tool for improving the performance of algorithms and it is
known to have some nice convergence characteristics. For growing interests in
this direction (see [1, 3, 7, 25]).

The idea of inertial extrapolation method was first introduced by Polyak
[25] and was inspired by an implicit discretization of a second-order-in-time
dissipative dynamical system, so -called "Heavy Ball with Friction”

V() + ' (1) + v f(u(t) = 0, (1.3)

where v > 0 and f : R" — R is differentiable. System (1.3) is discretized so
that, having the terms z,_1 and z,, the next term x,4; can be determined
using

1—2 _ — Ty
where j is the step-size. Equation (1.4) yields the following iterative algorithm:
:L“n.H=$n+,3(I—n—xn_1)—an($n), n2>1, (15)

where 8 =1—7vj,a = 4% and B(z, — z,_1) is called the inertial extrapolation
term which is intended to speed up the convergence of the sequence generated
by (1.5).

Motivated by the aforementioned results and other results in the literature,
we introduced a modified inertial Halpern method for approximating solution
of systems of monotone variational inclusion problem and fixed point problem
of a finite family of multi-valued Bregman relatively nonexpansive mapping in
a reflexive Banach space. We establish a strong convergence result for approx-
imating common solutions for systems of zeros of sum of maximal monotone
operators involving a Bregman inverse strongly monotone operators and fixed
point equation for finite family of a multi-valued relative nonexpansive map-
ping in a reflexive Banach space. Several consequences and application to
other optimization problems were discussed. Our result improves and extends
some important results presented by authors in literature.

We state our contributions in this article as follows:
(1) We were able to dispense with the condition Z Onl|zn — Tn_1|| < 00

which is often used when employing the mertlal method during the
course of obtaining our strong convergence result, (see [1]).
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(2) The class of mapping employed in our iterative algorithm generalizes

the ones in [1].
(3) The result discussed in this article extends and generalizes the results
of [1, 14, 19, 34] from Hilbert spaces and 2-uniformly convex Banach

spaces to reflexive Banach spaces.

(4) Our algorithm defined does not require at each step of the iteration
process, the computation of subsets of C),, @, and D,, (or Cp41) as
in the case in [2] and the computation of the projection of the initial
point onto their intersection, which leads to a high computational cost
of iteration processes. The removal of all these restrictions makes our
work applicable to more real world problems.

(5) We will also like to emphasize that the sequence generated by our
iterative method converges strongly, which is more desirable to the
weak convergence result obtained in [36].

2. PRELIMINARIES

We state some known and useful results which will be needed in the proof of
our main theorem. In the sequel, we denote strong and weak convergence by
”—” and ” —", respectively. Let E be a reflexive Banach space with £* its dual
and C' be a nonempty, closed and convex subset of E. Let g : E — (—00, +0]
be a proper, lower semicontinuous and convex function. Then the Fenchel
conjugate of g denoted by g* : E* — (—00, 00| is defined by

g*(z*) = sup{(z*,z) — g(x) : x € E}, z* € E*.

Let the domain of g be denoted as domg = {z € E : g(z) < 400}, hence
for any x € int(domg) and y € E, the right-hand derivative of g at x in the
direction of y is defined by

The function g is said to be:

(i) Gateaux differentiable at x if lim;_,o+ w exists for any y. In

this case, ¢%(z,y) coincides with Vg(z) (the value of the gradient Vg

of g at z);

(ii) Gateaux differentiable, if it is Gateaux differentiable for any z €
int(domg);

(iii) Fréchet differentiable at x, if its limit is attained uniformly in ||y|| = 1;

(iv) Uniformly Fréchet differentiable on a subset C of E, if the above limit
is attained uniformly for z € C and ||y|| = 1.

Let g : E — (—00,+00] be a function. Then g is said to be:
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(i) essentially smooth, if the subdifferential of g denoted as dg is both
locally bounded and single-valued on its domain, where dg(z) = {w €
E:g(z)—gly) = (w,y—z), y € E};

(ii) essentially strictly convex, if (9g)~! is locally bounded on its domain
and g is strictly convex on every convex subset of dom Jg;

(iii) Legendre, if it is both essentially smooth and essentially strictly con-
vex. See [3, 9] for more details on Legendre functions.

Alternatively, a function g is said to be Legendre if it satisfies the following
conditions:

(i) The intdom ¢ is nonempty, g is Gateaux differentiable on intdom g
and dom Vg = intdom g;

(ii) The intdom g¢* is nonempty, ¢g* is Gateaux differentiable on intdom g¢*
and domV ¢* = intdom g¢.

Let g : E — (—o0, +00] be a Gateaux differentiable function. The modulus
of total convexity of g at « € dom g is the function vy(z, .) : [0, +00) — [0, +00)
defined by

Ug(.l‘,t) = inf{Dg(yvx) ‘Y e dom 9, Hy - :UH}

The function g is totally convex at z if vy(x,t) > 0, whenever ¢ > 0. The func-
tion g is totally convex if it is totally convex at any point x € int(dom g) and
is said to be totally convex on bounded sets if vy(B,t) > 0 for any nonempty
bounded subset B of ¥ and t > 0, where the modulus of total convexity of the
function g on the set B is the function vy : int(dom g) x [0, +00) — [0, +00)
defined by

vg(B,t) := inf{vg(x,t) : z € BN dom g}.

We know that g is totally convex on bounded sets if and only if ¢ is uniformly
convex on bounded sets (see [12], Theorem 2.10).

If E is a Banach space and B; := {z € E : ||z|| < s} for all s > 0, then, a
function ¢ : £ — R is said to be uniformly convex on bounded subsets of F,
[35, see pp. 203 and 221] if pst > 0 for all s,¢ > 0, where p; : [0, 4+00) — [0, o0]
is defined by

ps(t) =

I

inf ag(z) + (1 —a)g(y) — gla(z) + (1 — a)y)
2,y€Ba,|lz—y||=t,a€(0,1) a(l —a)

for all ¢ > 0, with ps denoting the gauge of uniform convexity of g. The
function g is also said to be uniformly smooth on bounded subsets of E, [35,
see pp. 221], if lim; g 2= for all s > 0, where o : [0, +00) — [0, 00] is defined
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by

1—a)t 1-— —aty) —
oult) = sup ag(@) + (1 —ajty) + (L — a)g(z — aty) — g(x)
z€B,yeSE,ac(0,1) a(l - a)
for all t > 0. The function g is said to be uniformly convex if the function
dg : [0, +00) — [0, +00) defined by

3a(t) = sup { 30(0) + a0~ a2 s lly = .

dg(®) 0

satisfies limy o =5~ =

Definition 2.1. ([10]) Let g : E — (—00,+00] be a convex and Gateaux
differentiable function. Then, the function D, : E x E — [0,400) defined by

Dy(z,y) := g(x) —g(y) — (Vg(y),r —y) (2.1)

is called the Bregman distance with respect to g, where z,y € F.

It is well known that Bregman distance D, does not satisfy the properties
of a metric function because D, fail to satisfy the symmetric and triangular
inequality property. However, the Bregman distance satisfies the following
so-called three point identity: for any € dom g and y, z € int(dom g),

Dy(2,y) + Dy(y, 2) = Dy(z,2) = (Vg(2) = Vg(y),z —y).  (2.2)

The relationship between D, and |[|.|| is guaranteed when g is strongly convex
with strong convexity constant p > 0, that is,

Dy(z,y) > g||$ —yl|?>, Vzedom g, y € int(dom g). (2.3)

Let T : C' — int(dom g¢) be a mapping. A point p € C' is called a fixed point
of T if Tp = p. However, if T is a multi-valued mapping, then an element
p € C is called a fixed point of T"if p € T'p. We denote by F(T') the set of all
fixed points of 1. Furthermore, a point p € C is called an asymptotic fixed
point of T if C' contains a sequence {z,} which converges weakly to p such
that nlggo ||Txy — xp|| = 0. In the case of a multi-valued mapping, a point
p € C is called an asymptotic fixed point of T, if there exist {x,} C C' which
converges weakly to p such that nh_{go d(zp, Try) = 0. We denote by F(T) the

set of asymptotic fixed points of 7.

Let C' be a nonempty, closed and convex subset of int(dom g). Then an
operator T': C' — int(dom g) is said to be

(i) Bregman nonexpansive, if

Dg(TxaTy) S Dg(-iU,Z/), v T,y € C.
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(ii) Bregman relatively nonexpansive, if F(T') # () and

~

Dy(p,Tx) < Dy(p,x), Vpe F(T), x € Cand F(T)=F(T). (24)
(iii) Bregman firmly nonexpansive (BFNE) if

(Vg(Tz)-Vg(Ty), Tx—Ty) < (Vg(x)—Vyg(y), Tz—Ty), Va,y € C.
(iv) Bregman strongly nonexpansive (BSNE) with F (T) # 0 if

Dy(y,Tx) < Dy(y,x), ¥z e C,yeF(T)
for any bounded sequence {z,},>1 C C,
nh_fgo(Dg(yvxn) - Dg(yaTmn)) =0
implies

lim Dy(Txy,xn) = 0.

n—o0

(v) quasi-Bregman nonexpansive if F(T') # () and for all z € C, ¢ € F(T)
D!](q7 THJ) < DQ(Q7 37)

Let K(C) and C'B(C) denote the family of nonempty subsets and nonempty
closed bounded subsets of C, respectively. Let H be the pompieu-Hausdorf
metric on CB(C') defined by

H(X,Y):= max{ sup d(z,Y),sup d(y, X)},
zeX beB

for all X,Y € CB(C), where d(z,Y) := inf{||x — y|| : y € Y} is the distance
from the point x to the subset of Y.

Definition 2.2. A mapping 7' : C — CB(C) is called Bregman relatively
nonexpansive mapping if

(1) F(T) #0,
(2) Dg(x*,u)Ag Dy(z*,x), Vu e Tz, x € C and z* € F(T),
(3) F(T)=F(T).

Definition 2.3. A function g : E — R is said to be strongly coercive if
g(xn) _

llznll—sco ||Zn]]

Lemma 2.4. ([31]) Let E be a Banach space, s > 0 be a constant, ps be the
gauge of uniform convexity of g and g : E — R be a convex function which is
uniformly convexr on bounded subset of EE. Then,
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(i) For any xz,y € Bs and a € (0,1), we have

glaz + (1 —a)y) < ag(z) + (1 — a)g(y) — a(l — a)ps(||lz — yl)),

where Bs :={z € E: ||z]| < s}.
(ii) For any =,y € Bs,

ps(llz = yll) < Dy(,y),
where Bs == {z € E: ||z|| < s}.

Lemma 2.5. ([12]) Let E be a reflexive Banach space, g : E — R be a strongly
coercive Bregman function and V be a function defined by

V(z,z*) = g(z) — (x,2") + ¢"(z¥), x € E, 2" € E*.

Then V is convex in the second variable and V (x,x*) = Dy(x, Vg*(z*)), for
allz € £ and z* € E*.

Lemma 2.6. ([12]) Let E be a Banach space and g : E — R a Gateauz
differentiable function which is uniformly convex on bounded subsets of . Let
{Zp}tnen and {yn}nen be bounded sequences in E. Then,

lim Dy(yn,2z,) =0 = lim ||y, —xy|| =0.

n—oo n—oo
Lemma 2.7. ([12]) Let E be a Banach space and g : E — R a Gateauz
differentiable function which is uniformly convexr on bounded subsets of E. If

xzg € E and the sequence {Dy(xy,x0)} is bounded, then the sequence {xy} is
also bounded.

Lemma 2.8. ([11]) If dom ¢ contains at least two points, then the function g
is totally convex on bounded sets if and only if the function g is sequentially
consistent.

Definition 2.9. Let F be a reflexive Banach space and C' be a nonempty,
closed and convex subset of E. A Bregman projection of z € int(dom ¢) onto
C C int(dom g) is the unique vector Proj¢,(z) € C satisfying

Dy(P(x),z) = inf{Dy(y,z) : y € C}.

Lemma 2.10. ([20]) Let C be a nonempty, closed and convexr subset of a
reflexive Banach space E andx € E. Let g : E — R be a Gateaux differentiable
and totally convex function. Then,

(i) z = P2(x) if and only if (Vg(z) — Vg(z),y — z) <0, Vy e C.

(ii) Dy(y, P&(z)) + Dg(Pe(x),z) < Dy(y,z), ¥V y € C.
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Lemma 2.11. ([26]) Let E be a real Banach space and g : E — R be uni-
formly Fréchet differentiable and bounded on bounded subsets of E, then Vg
18 uniformly continuous on bounded subsets of E from the strong topology of
E to the strong topology of E*.

Lemma 2.12. ([32]) Let {an}, {7}, {0n} and {t,} be sequences of nonneg-
ative real numbers satisfying the following relation:

ant1 < (1 —tn — 'Vn)an + Ynnan—1 + tpsp + dp, Vn >0,

(o ¢] o
where Y t, =400, > §, < +oo, for each n > ngy (where ng is a positive
n=ng n=ng

integer) and {v,} C [0,3], limsups, < 0. Then, the sequence {a,} converges
n—oo

weakly to zero.

Lemma 2.13. ([20]) Let f : X — (—o0,+00] be a proper, convex and lower
semicontinuous function. Then f* : X — (—oo, +00] is a proper convezr weak*
lower semicontinuous function. Thus, for all z € X ; we have

Dy (=97 gw ) < étin(z,xi), (25)

N
where {z;} C X and {t;} C (0,1) with > t; = 1.
=1

2

Lemma 2.14. ([22]) Let f : E — R be a strongly coercive, bounded and Frchet
differentiable Legendre function which is totally convex on bounded subsets of
E. let A: E — E* be a Bregman inverse strongly monotone mapping and
B : E — E* be a maximal monotone operator. Then the following statements
hold:

(i) Dy(z,Res], o Al(2)) + Dj(Res]; o Al(2),2) < Dys(z,2) for all = €

(A+ B)710,2 € E and X > 0;
(ii) Res{B o AJ; is a BSNE operator such that

F(Res{B o A{(:E)) = ﬁ(Res{B o A{(ZE))

Lemma 2.15. ([17]) Assume that f : X — R is a Legendre function which
1s uniformly Fréchet differentiable and bounded on bounded subset of X. Let
T; : 1 < i < N be BSNE operators which satisfy F(T;) = F(T;) for each
1<i< NandletT :=TnNTn-1---T1. If {F(T;) : 1 <i < N} is nonempty,
then T is also BSNE with F(T) = F(T).
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Lemma 2.16. ([17]) Let X be a reflexive real Banach space and f : X — R
be a Legendre function which is uniformly Fréchet differentiable and bounded
on bounded subset of X. Let B : X — 2% be a mazimal monotone mapping
and T be a QBFNE mapping on X. Suppose that F(Res{B) N(T) # 0, then

ResiB oT is also a QBFNE mapping.

Lemma 2.17. ([17]) Let X be a reflexive real Banach space and f : X — R
be a Legendre function which is uniformly Fréchet differentiable and bounded
on bounded subset of X. Let T;;i =1,2,--- /N be QBFNE on X and Ty =

N N
TyoTn_y10---0Ty. Assume that (| F(T;) # 0, then F(Tyn) = () F(T;).
i=1 1=1

Remark 2.18. Set T)’; = Res{Bi ) Alf)\, where 4 = 1,2,--- N and A >

N N

0.If (N F(Res{Bi) NN F(A{)\)) is nonempty for each i = 1,2,--- | N, then
i=1 i=1

by Lemma 2.16, we obtain that T}; is QBFNE for each i =1,2,--- , N. Thus,

by Lemma 2.17, we obtain that

N
F(TY o T o T3) = (| F(TY). (2.6)
=1

Lemma 2.19. ([27]) Let B: X — 2%" be a mazimal monotone mapping such
that B=1(0*) # (. Then

Dy (u,Resf;B(x)> + Dy (ResJ;B(x), $> < Dy(u, ) (2.7)

for all X > 0, u € BY0*) and x € X. Furthermore, B~1(0*) = F(Resf\cB)
and Resf\cB 1s single-valued.

Lemma 2.20. ([18]) Let f : X — (—o0,+0o0] be a Legendre function and let
A: X — 2% be a BISM mapping such that A='(0*). Then for any X\ > 0, we
have the following:

(i) A=H0") = F(Aﬁi) and Aﬁ\v is single valued;
(ii) For any u € A=Y(0*) and x € (dom Af\c), we have

D¢(u, Agz) + Dy(Apzx,x) < Dy(u,x).

Remark 2.21. It follows that
(A + B)7Y(0") = F(Res], 0 A]), (2.8)
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where A and B are single-valued and multi-valued mappings, respectively. If in
addition, A and B are BISM and maximal monotone mappings, respectively,
then it follows from Lemma 2.19 and Lemma 2.20 that the composition Resy 50

Af\ is also single-valued for any A > 0.

Lemma 2.22. ([12]) Let C' be a nonempty, closed and convex subset of a
reflexive Banach space E. Let f : E — R be a Gateaux differentiable and
totally convex function. Then

(a) z= Pé(a:) if and only if (Vf(z)-Vf(z),y—z) <0,Vx € E andy € C,
(b) Dy(y, Pl(x)) + Dy(Pl(x),2) < Dy(y.), ¥a € B,y € C.

Lemma 2.23. ([32]) Let {an}, {zn}, {}, {on} and {t,} be sequences of
nonnegative real numbers satisfying the following relation:

Anp+1 < (1 —ty — ’Vn)an + Ynnan—1 + thsy + 5n> n > 07

oo o0
where Y tp, = 4+00; Y, Y < +00 for each n > ng (where ng is a positive
n=ng n=ng

integer) and {v,} C [0, 3], limsup s, < 0. Then, the sequence {a,} converges
n—oo
to zero.

Lemma 2.24. ([21]) Let {T'x} be a sequence of real numbers such that there
exists a subsequence {T'y; }j>0 of {T'r} which satisfies Ty, < Ty, 41 for all j > 0.
Define a sequence of integers {7(k)}r>x+ defined by:

T(k) =max{n < k:Tj < Tri1}.

Then {7(k)}k>k+ is a nondecreasing sequence satisfying klim 7(k) = 00, and
- —00
Jor all k > k*, we have that I'z(xy < T'7gy41-

3. MAIN RESULTS

Lemma 3.1. Let C' be a nonempty closed convex subset of a reflexive Banach
space B with its dual E* and g : E — R be a strongly coercive Legendre func-
tion which is bounded, uniformly Freichet differentiable and totally convexr on
bounded subsets of E. For each 1 <r < N, let U, : E — E* be a finite family
of BISM mappings, V, : E — 2F" be a finite family of mazimal monotone
mappings and S, : C — CB(C) be a multi-valued Bregman relatively nonez-

N
pansive mapping. Suppose that 2 = () (F(S;) N (U, +V;)~1(0)) # 0. Define

r=1
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a sequence {xn 1o generated arbitrarily by chosen xo,x1 € E and any fizved
u€ek:

up = Vg*(Vg(zn) + 0n(Vg(an-1) — Vg(zn))),
Wy, = Vg*(Jd])V o Jév_l ) Jdl)un),

N
Yn = v.g*((sn,OVQ(wn) + Z 5n,rvg(zn,r))a Zny € Srwn)
r=1

Tnt1 = Vg (anVg(n) + BuVg(zn) + 1mVg(yn)),
where {0,} C [0, 3], {an}, {Bu}. {m} and {0,,} are sequences in (0,1) such
that oy + By + v = 1, J; = Resiv OUT¢, r=12,---N, ¢ > 0 and the
following conditions are satisfied
(Al) 0<e<b, <’yn_ Lovn>1;

(A2) hm an =0 and Z ap, = 00;
(A3) 0 < hm mf Bn < 11m sup 5, < 1;

n—oo
(A4) Z By = 1,lirginf On,00nr >0 for all1 <r < N for alln € N.
r=0 n—oo
Then the sequence {xy} is bounded.

(3.1)

Proof. Let x* € Q2. Then from (3.1), we obtain that

Dg(x*, Up) = Dg(x*a Vg*(Vg(zn)) + 00.(Vg(rn-1)) — Vg(zn)) (3.2)
< (1 =0n)Dg(z" — x) + 0Dy (", p—1).
From (3.1), Lemma 2.13 and Lemma 2.14, we get

Dy(z*,yn) = Dg(z*, Vg* (0n,0Vg(wy) ZénTVg Znr))
= 0poDg(z*, wy) Z(SnrD () znr)

< 9poDy(z", wy) Z&”D *, Spwpy)

= Dy(z", wp)

= Dg(x*Vg*(JéV o Jévfl 0---0 Jéun))

< Dg(a:*,un)

< (1 =0n)Dg(z" —xp) + 0, Dg(z", xp—1). (3.3)

Let ps : E — R be a guage function of uniform convexity of the conjugate
function g*. By (3.3), (3.1) and Lemma 2.13, we get
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Dy(x",2n41) < Dy(z*,Vg* (8, Vg(zn) + 1 Vg(yn) + anVg(u)))
= Vy(2*, BuVg(zn) + 1 Vg(yn) + anVg(u)))
= g(z") — (2", B Vg(zn) + mVg(yn) + anVg(u))
+ ¥ (BuVg(xn) + 'YH(yn) + @, Vg(u))
< Bng(@™) + yng(@™) + ang(@™) = Bu(z™, Vg(xn))
— (2", Vg * (yn)) — an(z®, Vg(u)) + Brg"(Vg(zn))

+ 719" (Vg(yn)) +ong™(Vg(w)) = Bnynps <| Vg(zn) —Vg(yn)|!>
 Buan (1 ¥at2) = o)l ) =000} (I99(e) - Votw]
< B a(a") ~ (", Valan) + 4" (Vg(on)
+Tn [g(af*) — (2%, Vg(yn)) + g*(Vg(yn))}
+an(ola") ~ (0", g} + " (Tatw) )|
st (I9n) = Vatul)
= B, Vy <x*, Vg(xn)> + v Vy <x* Vg(yn)> + o,V (:E*, Vg(u))
— Brmps (I!Vg Tn) = Vg(yn H)

< BnDg(z*, zp) + YmDg(x™, yn) + anDg(x™, u)
—Bwnps<HVg Tn) = Vg(yn H)

< BaDy(a*n) + 31— 0u Dy (", 20) + b Dy(a*, 1)
+ @Dyl ) = B (IV9(2) ~ Tt

= BuDy(x*, xn) + Dg(z", xn) — YnOnDg(x™, xy)
+ %,ﬂan((:U*, xn—l) + Oang(l'*, u)

a6 1 atn) = Vit
< (1= oan —Ybn)Dy(x*, 2n) + bnDg(x™, Tn—1) + anDg(x™, u)

a6 1 atn) ~ Vot
< (1= oan —Vbn)Dy(x*, 2n) + bnDg(™, Tn—1) + anDg(x™, u)
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< max{D,(z", ), Dg(z*, xp—1), Dg(x*,u)}

<max{Dy(z", x1), Dy(z", x0), Dg(z",u)}. (3.4)

Hence, {Dy(z*,z,)} is bounded by applying Lemma 2.7, it implies that {z,,}
is bounded. Consequently, {uy}, {w,} and {y,} are bounded. O

Now, we state and prove the following strong convergence theorem

Theorem 3.2. Assume that Lemma 3.1 and assumptions (Al)-(A4) holds.
Then {xy} converges strongly to z = P3(u) where P is the Bregman projection
of E onto €.

Proof. Let * € Q, then by applying (3.3) and Lemma 2.13, we obtain that

N
Dg(2", yn) = Vyg(2", 6n0Vg(wn) + Z OonrVg(2nr))

r=1
N

=g(x") — 5n,0<$*’ Vg(wn)) — Z 5n,r<$*’ Vg(zn,r»

r=1
N
+ 6n,09" (Vg(wy)) + Z Onrg" (Vag(znr))

r=1

= 00,0005 (I[Vg(wn) = Vg (znr)l])

N
= 0p,0Dg (", wy) + Z OnrDg(2*, 2nr)

r=1
- 5n705n,r/):(||v9(wn) - VQ(Zn,T)H)
< Dg(x*a wy) — 5n,05n,7“P:(||v9(wn) - VQ(Zn,r)H)- (3.5)

On substituting (3.5) into (3.4), we get

Dg(x*amrwl) < Ban(x*, Tn) + 'Yn(Dg(aj*awn)
= 00,0005 ([[Vg(wn) = Vg (znr)l])
= Brmps(IIVg(an) = Va(yn)l])
< BnDg(x*, xy) + mDg(z™, 2r) — bnDg(z*, xp)
+ YnbnDy(x™, 2p—1) + anDg(z*, )
= Brnmps([IVg(zn) — Va(ya)ll)
= Ynn,00n,rP5([[Vg(wn) — Vg(znr)l|)
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= (1—o)Dy(z*, xn) — WOnDy(z*, xp) + YbnDg(x™, pn—1)
+ anDy(27,u) = Buymps([[Vg(2n) — Vg (yn)ll)
= Yn0n,00n,rp5 ([[Vg(wn) = Vg(znr)l])- (3.6)
We consider two cases:
Case 1: Assume that {D,(z*,z,)} is monotone decreasing, that is,
Dy(x*,xn,) < Dg(z*, zy).
Since Dy(x*,x,) < M, for all n > 1, where
M = max{Dy(z",u), Dg(z*, 1), Dg(z*, z0)},

which implies that {Dg(z*, 2,,)} is bounded. Therefore, {Dy(x*, x,)} is con-
vergent. Thus,

lim (Dy(z*, zp) — Dg(2n41)) = lim (Dy(z*, 2p—1) — Dg(a™, zp)) = 0. (3.7)

n—oo n—o0

From (3.6), we obtain that

V0,000, 05 ([IVg(wn) = Vg(znr)[]) + Brymps([[Vg(@n) — Va(yn)ll)
< (1= oan)Dy(z".xn) — Dg(*, Tps1) + Ynbn(Dg(x™, xr—1)
— Dy(z*,zy)) + anDg(x*, u).

By applying (3.7) and (A3), we obtain that
Jim p([[Vg(wn) = Vg(zr)ll) = 0= lim pi(|[Vg(wn) = Vg(yn)ll).  (38)
Using the property of p* in Lemma 2.13, we obtain that
Jim [[Vg(wn) = Vg(zn,)|| =07 lim [[Vg(wn) = Vg(yn)l- (3.9)

Since Vg* is norm to norm uniformly continuous on bounded subsets of E*,
we have

lim ||w, — znr|| = 0= lm ||z, — ynll. (3.10)
n—00 n—00
Since d(wp, Srwy) < ||wp, — 2p.r||, for each r € (1,2,--- ,N), we have
lim d(wp, Sywy) = 0. (3.11)
n—oo

Also from (3.1), we get
IVg(@ni1) = Vg(an)l| = anllVg(u) = Vg(zn)ll +7allVa(yn) = V()]
Using (A2) and (3.9), we obtain
Tim |[Vg(ani1) - Vgl = 0. (3.12)



Monotone variational inclusion and fixed point problems 513

Since Vg* is a norm to norm uniformly continuous on bounded subsets of E*,
we get
lim ||zp+1 — zp|| = 0. (3.13)
n—oo
By applying (3.12) in (3.1), we have
IVg(un) = Vg(zn)l| = 0,[|Vg(zn-1) — Vg(zn)|[ =0 as n —oco.  (3.14)

Since Vg* is a norm to norm uniformly continuous on bounded subsets of E*,
we have

lim ||luy, —zy|| = 0. (3.15)
n—oo
From (3.1) and (3.9), we have

N
IVg(yn) = Va(wn)l| =Y 6nrl|Vg(2nr) = Vg(wn)|| =0 as n — co. (3.16)
r=1

Since Vg* is a norm to norm uniformly continuous on bounded subsets of E*,
we obtain

nlggo [y — wnl| = 0. (3.17)
By combining (3.10) and (3.17), we have
nh_}rrgo ||wn — zp|] = 0. (3.18)

Also, from (3.15) and (3.18), we get
nli_)rrolo||un—wn|]:O:||un—J£foJ¢])V_loJ¢unH. (3.19)
By applying (3.17) and (3.18), we obtain
lim ||yn, — xn|| = 0. (3.20)
n—oo
Since {x,} is bounded and F is a reflexive Banach space, there exists a
subsequence {z,,,} of {z,}, such that x,, — z. Using (3.15), there exists a

subsequence {uy,, } of {u,} which converges weakly to z. Also, from (3.18),
there exists a subsequence {wy,,, } of {w,} which converges to z. Hence, using

. N
(3.11) and F(S,) = F(S;), we obtain that z € (| F(S,). Also, from [18] and

r=1
(3.19) we obtain that z € F(J}) o J) ' o Jy) = F(JY o J}'"" 0 J), which
implies from Remark 2.18 and Remark 2.21 that

N N
ze(F(J5) =) F<Res§’)VT o Uf¢>,

r=1 r=1

that is, z € Q.
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Now, we show that {z,} converges strongly to z € 2. Note that,
i sup(i, — 2 Vg(w) ~ Vg(2)) = limn (o, — 2 Vg(u) - V(=)
= (2" — 2, Vg(u) — Vg(2)).
Applying Lemma 2.21, we obtain
(% = 2,Vg(u) = Vg(2)) <0,
and hence

limsup(z,, — 2z, Vg(u) — Vg(2)) = (z* — 2,Vg(u) — Vg(z)) <0.  (3.21)

n—oo

From (3.1), (3.3), (3.4) and Lemma 2.14

Dy(2", xnt1) < Dg(2", Vg™ (BuVg(an) + 1 Vg(yn) + anVg(u)))
= V(% BV g(xn) + V9 (yn) + anVg(u))
= V(% BV g(xn) + 1mVg(yn) + anVg(u)
— an(Vg(u)Vy(2))) + an(eni1 = 2, Vg(u) = Vg(2))
= ﬁan(z, Ty) + rVan(Za Yn) + an(Tny1, 2, Vg(u) — Vg(2))
< ﬁan(van) + fyan(z, Wy) + ap(Tny1, 2, Vg(u) — Vg(2))
< BnDg(z,2n) + (1 = 0n)Dg(2, 2n) + 6nDy(z, 2n-1))
+ an(n1,2, Vg(u) — Vg(2))
< (1= oan —Vbn)Dy(2,2n) + anbpDy(2, xn—1)
+ an{®ni1,2, Vg(u) — Vg(2)). (3.22)
Now, by (3.22) and Lemma 2.23, we prove that x,, — z.
Case 2: Suppose that {Dy(z,z,)} is not monotone decreasing sequence.
Then, there exists a subsequence {Dg(z, xy,,)} of {Dy(z,z,)} such that
Dy(z,xn,,) < dg(z,2n,,+1)

for all m € N. Set I';, of Lemma 2.24, as I';, = Dy(2,2,) and 7 : N = N is a
mapping for all n > ng (for some ng large enough), defined by

7(n) :=max{k e N: k <n,I'y <Tpi1}.
Then 7 is a nondecreasing sequence such that 7(n) — oo as n — oo. Thus
0 <T@ <Tr@yr1, V= ne.
This implies
Dy(2,27(n)) < Dg(2, T7(ny41)s n = no.

Since {Dy(2, Z7(n))} is bounded, h_)m Dy(z,27(y)) exists.
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Following the same arguments as in Case 1, we have the following estimates

[t ) = (o | = 0
. (ii)rgoo |[wr () = Ur(myl| = 03
Hm ([yr(n) — We@yl] = 0;
;{%*aﬂn)’ Srwr ) .
B0 {27 ny1 = 2oyl = 0
\lTi(rTrll)S_thI:ﬂwT(n)H —2,Vg(u) = Vg(z)) <0.

From (3.23) and T'7(y < Ty 41, We get
Dg(zv xT(n)+1) < (1 = Qr(n) — VT(n)QT(n))Dg(Zv ‘TT(TL))
+ fVT(n)eT(n)Dg (27 m7'(71)71)
+ a‘l‘(n)<’x7(n)+1 - % Vg(u) - Vg(z)>
< (1 - aT(n))Dg(Z7 m7'(n)+1)
+ a‘l‘(n)<’x7(n)+1 - % Vg(u) - Vg(z)>
Hence, we obtain
Dg(za x’r(n)) < Dg('z7 xT(n)—l—l) < <|xr(n)+l - % VQ(u) - VQ(Z)>¢ (324)
which yields from (3.23) that

h(r% Dy(2,27(n)) = 0.

Hence
T(}ll)goo Dg(Z, xr(n)—H) =0
and therefore
lim I'.,,= lim I, =0, 3.25
7(n)—oo (n) 7(n)—oo (n)+1 ( )

for all n > ng, we have that I';(,) < T'7(n)41, if n # 7(n) (that is, 7(n) < n),
because 'y < Ty for 7(n) < h < n. This yields for all n > ng

0 < Ty max{l's), Drny11} = Trgnys1-
Therefore, ILm I',, = 0 which also implies that le Dg(z,xT(n)) = (0. Hence

Ty — 2 = Pdu, as n — oo. O

By setting N = 1, in Theorem 3.2, we obtain the following results.
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Corollary 3.3. Let C' be a nonempty closed convex subset of a reflexive Ba-
nach space E with its dual E* and g : E — R be a strongly coercive Le-
gendre function which is bounded, uniformly Frechet differentiable and totally
conver on bounded subsets of E. Let U, : E — E* be a BISM mapping,
Vi : E — 28 be a mazimal monotone mapping and S, : C — CB(C)
be a multi-valued Bregman relatively nonerpansive mapping. Suppose that

N

Q2= N F(S) N (U, +Ve)"H0) # 0. Define a sequence {x,}2, generated
r=1

arbitrarily by chosen xg,x1 € E and any fixred u € E:

up = Vg*(Vg(zn) + 0n(Vg(rn-1) — Vg(zn)),
wy, = Resgsv o Ugun,

N
Yn = VQ*((Sn,Ovy(wn) + Z 5n,rvg(zn,7‘))a Znyr € Srw’m
r=1

Tn+l = Vg*(anvg(u) + 5nv.g($n) + 'any(yn))a

Assume that Lemma 3.1 and assumptions (A1)-(A4) holds. Then {x,} con-
verges strongly to z = P3(u), where P§ is the Bregman projection of E onto
Q.

When S, is a single-valued Bregman relatively nonexpansive mapping we
obtain the following result:

Corollary 3.4. Let C' be a nonempty closed convex subset of a reflerive Ba-
nach space E with its dual E* and g : E — R be a strongly coercive Legendre
function which is bounded, uniformly Frechet differentiable and totally convex
on bounded subsets of E. For each 1 < r < N, let U, : E — E* be a finite
family of BISM mappings, V, : E — 2F" be a finite family of mazimal mono-
tone mappings and S, : C — C be a Bregman relatively nonexpansive map-

ping. Suppose that 2 = f]\]{ (F(S;) N (Ur 4+ V;)71(0)) # 0. Define a sequence
{zn}22, generated arbitrrc;;ly by chosen xg,r1 € E and any fired u € E:

up = Vg* (Vg(an) +0.(Vg(zn-1) = Vg(an)),

wy = Vg (JY 0 TN o0 Jhu),

= V4 (5r0 V() + 3 50, Vg(Srn),

Eni1 = Vg (an V() + BaV9(@n) + 10 V(yn)).

Assume that Lemma 3.1 and assumptions (A1)-(A4) holds. Then {x,} con-
verges strongly to z = P3(u), where P3 is the Bregman projection of E onto
Q.

By setting U = 0, we obtain the following result:
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Corollary 3.5. Let C' be a nonempty closed convex subset of a reflexive Ba-
nach space E with its dual E* and g : E — R be a strongly coercive Legendre
function which is bounded, uniformly Frechet differentiable and totally convex
on bounded subsets of E. For each1 <r < N, let U, : E — E* be a finite fam-
ily of BISM mappings, V, : E — 2" be a finite family of mazimal monotone
mappings and S, : C — CB(C) be a multi-valued Bregman relatively non-
N
ezxpansive mapping. Suppose that 2 = () (F(Sy) N (V;)71(0)) # 0. Define

r=1
a sequence {xp}o° | generated arbitrarily by chosen xo,x1 € E and any fizved
uek:

up, = Vg (Vg(zn) + 0n(Vg(zn-1) — Vg(n))),

wn = Vg (I 0I5 00 Jom)
N

Yn = Vg*(5n,0Vg(wn) + Z 5n,7’vg(zn,7"))7 Znyr € S’rwrm
r=1

Tp1 = Vg (anVg(u) + 8. Vg(zn) + 71 Vg(yn)).

Assume that Lemma 3.1 and assumptions (A1)-(A4) holds. Then {x,} con-
verges strongly to z = P3(u), where PS is the Bregman projection of E onto
Q.

Hence J;; = Resgy,,r =1,2,---N and ¢ > 0.

4. APPLICATION

Variational Inequality Problem: Let E be a reflexive Banach space and
E* be its dual, let U : E — E* be a BISM mapping and C' be a nonempty,
closed and convex subset of dom U. The variational inequality problem (VIP)
is to find z € C such that

(x —2,Uz) >0, VYoxeC. (4.1)

We denote by VI(C, A) the solution set of VIP (4.1). Recall that the indication
function of C' is given by

o) 0, if zeC,
ic(z) =
¢ oo, if x¢C.

It is known that i is a proper, lower semicontinuous and convex function and
its subdifferential di¢ is maximal monotone. Furthermore, from [1], we know
that

i) = { )0 ¥ <O
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where N¢ is the normal curve of C' given by
Ne(z)={z*€ E*: (y—x,2) <0, Vy € C}.
Thus, we can define the resolvent associated with di¢ for ¢ > 0 by
Resf,; . (v) = (Vg + $dic) ' o Vg(x), Vr € E.
Hence, we have for any x € F and y € C,
z = Res}y, (z) & Vg(z) € Vg(z) + ¢dic(2)
& Vg(z) € Vg(2) + 6No(2)
© Vyg(z) — Vg(2) € ¢Ne(2)
) —

o ;< — 2, Vg(z) - Vg(2)) <0Vy e C
& (y—2,Vg(z) —Vg(2)) <0y e C
& z = Pl(x),

where PZ, is the Bregman projection from E onto C. Thus, it follows that ([25],
Proposition 8) that F(Res}y, , o UJ) = F(PZ o UJ) = VIP(U,C). Therefore,
by setting V' = 0ic,,r = 1,2,--- N in Theorem 3.2, we obtain the following
result:

up = Vg*(Vg(zn) + Hn(v!J(ﬁnfl) = Vg(zn))),
wn:Vg*(JNOJN_1 -0 ;un)

Yn = Vg*(5n ng(wn) + Z On rvg(zn r)) Znyr € Srwn>

r=1

Tn1 = Vg (anVg(u) + BV g(xn) + 1V 9(yn)),
where Jj = Resgsaic o Uz o Uz.

Acknowledgments: The first author acknowledge with thanks the bursary
and financial support from Department of Science and Technology and Na-
tional Research Foundation, Republic of South Africa, Centre of Excellence in
Mathematical and Statistical Sciences (DST-NRF COE-MaSS) Doctoral Bur-
sary. Opinions expressed and conclusions arrived are those of the authors and
are not necessarily to be attributed to the CoE-MaSS.

REFERENCES

[1] H.A. Abass, C. Izuchukwu, O.T. Mewomo and Q.L. Dong, Strong convergence of an
inertial forward-backward splitting method for accretive operators in real Banach spaces,
Fixed Point Theory, 21(2) (2020), 397-412.

[2] H.A. Abass, A.A. Mebawondu, O.K. Narain and J.K. Kim, Outer approzimation method
for zeros of sum of monotone operators and fized point problems in Banach spaces,
Nonlinear Funct. Anal. Appl., 26(3) (2021), 451-474.



3]

(6]

[7]

18]
[19]

[20]

Monotone variational inclusion and fixed point problems 519

H.A. Abass, G.C. Ugwunnadi, O.K. Narain and V. Darvish, Inertial Extragradient
Method for Solving Variational Inequality and Fized Point Problems of a Bregman Demi-
generalized Mapping in a Reflexive Banach Spaces, Numer. Funct. Anal. Optim., 42(8)
(2022), 933-960.

R.P. Agarwal, D. ORegan and D.R. Sahu, Fized Point Theory for Lipschitzian-type
Mappings with Applications, Topological Fixed Point Theory and Its Applications, 6,
Springer, New York (2009).

F. Akutsah, O.K. Narain, H.A. Abass and A.A. Mebawondu, Shrinking approxzimation
method for solution of split monotone variational inclusion and fixed point problems in
Banach spaces, Int. J. Nonlinear Anal. Appl., 12(2) (2021), 825-842.

W. Ali, A. Turab and J.J. Nieto, On the novel existence results of solutions for a class
of fractional boundary value problems on the cyclohexane graph, J. Ineq. Appl., 5(19)
(2022), https://doi.org/10.1186/s13660-021-02742-4.

F. Alvarez and H. Attouch, An Inertial proximal method for mazximal monotone op-
erators via discretization of a nonlinear oscillator with damping, Set-Valued Anal., 9
(2001), 3-11.

H.H. Bauschke and J.M. Borwein, Legendre functions and method of random Bregman
functions, J. Convex Anal., 4 (1997), 27-67.

H.H. Bauschke, J.M. Borwein and P.L. Combettes, Essentially smoothness, essentially
strict convezity and Legendre functions in Banach spaces, Commun. Contemp. Math.,
3 (2001), 615-647.

L.M. Bregman, The relaxation method for finding the common point of convex sets and
its application to solution of problems in convex programming, U.S.S.R, Comput. Math.
Phys., 7 (1967), 200-217.

D. Butnariu and A.N. Iusem, Totally convex functions for fixed points computation and
infinite dimensional optimization, Kluwer Academic Publishers, Dordrecht, 2000.

D. Butnairu and E. Resmerita, Bregman distances, totally convexr functions and a
method for solving operator equations in Banach spaces, Abstr. Appl. Anal., 2006
(2006), 1-39, Art. ID 84919.

G. Cacciapaglia and F. Sannino, Fvidence for complex fixed points in pandemic data,
Front. Appl. Math. Stat., 7 (2021), https://doi.org/10.3389/fams.2021.659580.

G. Cai, Q.L. Dong and Y. Peng, Strong convergence theorems for inertial Tseng’s ex-
tragradient method for solving variational inequality and fized point problems, Optim.
Lett., 15 (2021), 1457-1474.

G.H. Chen and R.T. Rockafellar, Convergence rates in forward-backward splitting, SIAM
J. Optim., 7 (1997), 421444.

P.L. Combettes and V.R. Wajs, Signal recovery by proximal forward-backward splitting,
Multiscale Model. Simul., 4 (2005), 11681200.

C. Izuchukwu, G.N. Ogwo, A.A. Mebawondu and O.T. Mewomo, On finite family of
monotone variational inclusion problems in reflexive Banach spaces, U. P. B. Sci. Bull.
series A, 82(2) (2020).

G. Kassay, S. Riech and S. Sabach, Iterative methods for solving systems of variational
inequalities in Reflexive Banach spaces, J. Nonlinear Convex Anal., 10 (2009), 471-485.
G.M. Korpelevich, The extragradient method for finding for finding saddle points and
other problems, Ekonomikai Matematicheskie Melody, 12 (1976), 747-756.

G. Lopez, V. Martin-Marquez, F. Wang and H.K. Xu, Forward-Backward splitting meth-
ods for accretive operators in Banach spaces, Abstr. Appl. Anal., (2012), Article ID
109236.



520
[21]

[22]

[23]

[24]

[25]
[26]
[27]

[28]

[29]

[30]

31]

32]

[33]

[34]
[35]

[36]

H. A. Abass, O. K. Narain and O. M. Onifade

P.E. Mainge, Viscosity approrimation process for quasi nonexrpansive mappings in
Hilbert space, Comput. Math. Appl., 59 (2010), 74-79.

F.U. Ogbuisi and C. Izuchukwu, Approxzimating a zero of sum of two monotone operators
which solves a fized point problem in reflerive Banach spaces, Numer. Funct. Anal.
Optim., 41(3) (2020), 322-343.

C.C. Okeke and C. Izuchukwu, Strong convergence theorem for split feasibility prob-
lems and variational inclusion problems in real Banach spaces, Rendiconti del circolo
Matematica di Palermo series 2, 70(1) (2021), 457-480.

S.K. Panda, A. Atangana and J.J. Nieto, New insights on movel coronavirus 2019-
nCoV/SARS-CoV-2 modelling in the aspect of fractional derivatives and fized points,
Math. Biosci. Eng., 18(6) (2021), 8683-8726.

B.T. Polyak, Some methods of speeding up the convergence of iterates methods, U.S.S.R
Comput. Math. Phys., 4 (5) (1964), 1-17.

S. Reich and S. Sabach, A strong convergence theorem for a proximal-type algorithm in
reflexive Banach spaces, J. Nonlinear Convex Anal., 10 (2009), 471-485.

S. Reich and S. Sabach, Two strong convergence theorems for a proximal method in
reflexive Banach spaces, Numer. Funct. Anal. Optim., 31 (2010), 24-44.

S. Reich and S. Sabach, Two strong convergence theorems for Bregman strongly nonez-
pansive operators in reflexive Banach spaces, Nonlinear Anal., Theory Methods Appl.,
Ser. A, 73 (2010), 122135.

Y. Tang, R. Promkam, P. Cholamjiak and P. Sunthrayuth, Convergence results of it-
erative algorithms for the sum of two monotone operators in reflexive Banach spaces,
Appl. Math., 67 (2022), 129-152.

P. Tianchai, The zeros of monotone operators for the variational inclusion problem in
Hilbert spaces, J. Ineq. Appl., 2021 (2021), https://doi.org/10.1186/s13660-021-02663-
2.

S. Timnak, E. Naraghirad and N. Hussain, Strong convergence of Halpern iteration for
products of finitely many resolvents of mazximal monotone operators in Banach spaces,
Filomat, 31(15) (2017), 4673-4693.

H.K. Xu, Iterative algorithms for monlinear operators, J. London Math. Soc., 66(1)
(2002), 240-256.

L. Wei and L. Duan, A new iterative algorithm for the sum of two different types of
finitely many accretive operators in Banach space and its connection with capillarity
equation, Fixed Point Theory Appl., 2015 (2015), https://doi.org/10.1186/s13663-015-
0269-6.

J. Yang and H. Liu, Strong convergence result for solving monotone variational inequal-
ities in Hilbert space, Numer. Algo., 80 (2019), 741-752.

C. Zalinescu, Conver Analysis in General Vector spaces, World Scientific Publishing Co.
Inc., River Edge NJ, 2002.

C. Zhang and Y. Wang, Prozimal algorithm for solving monotone variational inclusion,
Optimization, 67(8) (2018), 1197-1209.



	1. introduction
	2. Preliminaries
	3. Main results
	4. Application
	References

