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Abstract. In this paper, we consider two types of fractional boundary value problems, one
of them is an implicit type and the other will be an integro-differential type with nonlocal
integral multi-point boundary conditions in the frame of generalized Hilfer fractional deriva-
tives. The existence and uniqueness results are acquired by applying Krasnoselskii’s and
Banach’s fixed point theorems. Some various numerical examples are provided to illustrate
and validate our results. Moreover, we get some results in the literature as a special case of

our current results.

1. INTRODUCTION

In recent few decades, fractional differential equations (FDEs) have been the
point of interest of many studies by many investigators. This is because the
theory of FDEs is much significant due to their nonlocal property is suitable
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to describe memory phenomena in many applied more accurately comparing
to classical order differential equations. Therefore, the FDEs styles become
more workable and pragmatic comparing to the integer-order samples. FDEs
appear in lots of engineering and chemistry, physics, biology, signal and im-
age processing, economics, control theory, biophysics, aerodynamics, blood
flow phenomena and so on, see the monographs as [2, 3, 6, 8]. There are
several definitions of fractional calculus (FC), like Riemann-Liouville’s (RL)
definition and Caputo’s definition, and there are other less-famous definitions
like Erdelyi-Kober’s and Hadamard’s definitions and so on. In [7], Hilfer was
given generalization of fractional derivatives (FDs) of RL and Caputo, which
so-called the Hilfer FD of order p; and a type g2 € [0,1]. When we give
02 = 0 and ps = 1 respectively in the formula of Hilfer FD can get RL’s and
Caputo’s FDs. Such a derivative inset between the RL and Caputo FDs. For
more details on this FD above-mentioned can be found in [1, 2]. In Ref [5],
the authors introduced the FD with another function in the frame of Hilfer
FD, which called ¢-Hilfer(or ¢-Hilfer) FD. For some recent results on existence
and stability theorems of ¢-Hilfer type IVPs, see [9, 10, 12, 14, 16, 18] and for
BVPs see [11, 13, 15, 17, 19, 20, 21]. Here we also refer to some recent works
[23, 25, 26, 27, 29, 31| dealing with a similar analysis of various problems in
this regard.

Encouraged by the researches going on in this direction, in this article, we
study the existence and uniqueness theorems for ¢-Hilfer type implicit nonlocal
integral-multipoint BVPs (for short, implicit-type problem):

{ H©91’92?<2(U) f(v z( ) Doz (v)), wvel:=]a,b], (1.1)
) =0, [, d@))dt +h =Y 62 (6,), '
and ¢-Hilfer type mtegrodlfferentlal nonlocal integral-multipoint BVPs
(integrodifferential-type problem):
{ H’}Dgl’@?gz(v) f(v z( ), I8¢ z(v)), veJ:=]a,b], (1.2)
) =0, [ @(0)dt + k= 5 62 (0,), '

where g®9-¢2 is the g—Hllfer FD of order (01,02), 1 < 01 < 2, and 0 <
02 < 1, 395 is the Riemann-Liouville fractional integral of order g3 > 0,
f:JxR? = Ris a continuous function, a < 0] < 0y < -+ < O,_o < b, a > 0,
and &.,0, e R, r=1,2,....m — 2.

We focus on the subject of non-local problems due to in many cases the
non-local condition in these kinds of problems reflects physical phenomena
more than classical initial (boundary) conditions. So, we address the existence
and uniqueness theorems of problems (1.1) and (1.2) by applying Banach’s
and Krasnoselskii’s fixed point theorems under the minimum assumptions.
The work done in this article is recent and riches the literature, especially
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the ¢-Hilfer type nonlinear problems. The FDEs (1.1) and (1.2) are new to
the literature on FDEs and include many problems, as a special case, for
¢(v) = v, the outcomes obtained in this paper incorporates the results of
Nuchpong et al. [23]. For ¢(v) = logv and ¢(v) = v?, our problems are re-
duced to Hilfer-Hadamard-type problems and Hilfer-Katugampola problems,
respectively. Moreover, if go = 0 and g2 = 1, then proposed problems re-
duce to generalized RL-type problems and generalized Caputo-type problems,
respectively.

The content of this article is organized as follows: Section 2, we present
some essential fractional calculus definitions and notions about ¢-Hilfer FD
that will be applied. The existence results and Ulam—Hyers type stability
for the problems (1.1) and (1.2) are checked in Section 3. Some illustrative
examples are included to illustrate our obtained results in Section 4. Finally,
conclusive remarks and suggested future directions are expressed in Section 5.

2. PRELIMINARIES

In this section, we setting notations and some introductory facts that will
be applied in the proofs of the subsequent results.

Let C(J,R) and L(J,R) are the Banach spaces of continuous functions and
Lebesgue integrable functions from J into R with the norms

2]l = sup{z] : v € J}

and

b
el = [l de,
a
respectively.
For ( =01 +202 — 0102, 1 <01 <2,and 0 < g3 < 1. Then 1 < ¢ < 2. Let
s € CY(J,R) be an increasing function with ¢’(v) # 0, for all v € J.

Definition 2.1. ([18]) Let o; > 0 and g € L'(J,R). The ¢-RL fractional
integral of order p; of a function ¢ is given by

! ’ ! 01—
F(Ql)/a ¢ (t)(s(v) — s ()2 g(t)dt,

where I'(-) denotes the Gamma function.

3 (o) =

Definition 2.2. ([32]) The ¢—Hilfer FD of order p; and parameter gy is de-
fined by

1 d
¢'(v) dv
wheren —1 <91 <n, 0< 02 <1, v>a.

HDe () = gez(n—e1)is ( >" 3(1792)(n791);<g(v)7
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Lemma 2.3. ([18, 32]) Let 01,1, § > 0. Then
(1) JosFmeg(v) = FAFSg(v),
~p _ T —
(2) 395 (s(v) = 5(a))" = 155 (s(v) = s(a)) 2t

We note also that g2 (¢(v) —¢(a))S~ = 0, where ¢ = g1 + 02(n — 01).

Lemma 2.4. ([32]) Let g € LY(J,R), 01 € (n—1,n] (n € N) and o2 € [0,1].
Then
~0O1; ; . (g(v)_g(a))CJC [n—K] 1 ~(1=02)(n—p1);
0155 |, §)01,02i5 —alv)— n 02)(n—01)i
(O mD ) () =g(0)=3 S peg gy o i (5 9)(a).

—k [n—k]
where gé” ](U) = <<’(1v)%> g(v).
Here we can suffice to refer to Banach’s fixed point theorem [13] and Kras-
noselskii’s fixed point theorem [13].
3. MAIN RESULTS

We first, prove an auxiliary lemma concerning a linear variant of the ¢—Hilfer
type BVP (1.1).

Lemma 3.1. Let ( = o1 + 202 — 0102 where 1 < 91 <2, and 0 < g2 < 1, and
e CU,R). If

_ ¢ m—2
o - SO N ) - <) #0, (3.1)
r=1
then the function z € C'(J,R) is a solution of the ¢— Hilfer BVP
g2 z(v) = p(v), v €], (3.2)
b m—2
+(a) = 0, / SOt + =Y E2(0,), (3.3)
a r=1
if and only if
v) —¢(a))é! [T
() = 3 sg(v) + S Sl [Z 6,30 56(0,)— (306 (1) <b>—ﬁ] .
r=1

(3.4)

Proof. Assume that z is a solution of (3.2) and (3.3). Operating fractional
integral 391 on (3.2). It follows from Lemma (2.4) that
— (-2 — ¢—1
o) = S0 @I (s(0) —s(a)
I(¢—1) I'(¢)

+3%49(v),
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since (1 — 02)(2 — 01) = 2 — ¢, where ¢p,c; € R. From (3.3), the condition
z(a) = 0 gives ¢g = 0. Hence

+ 395 (v). (3.5)

Also, the condition f; J(H)z(t)dt + h = 372 &,2(6,) brings us to

. T
Q

m—2
> &395(0,) — (3MTe(1)) (b) — h] : (3.6)
r=1

Substituting (3.6) in (3.5), we get the solution (3.4). The converse follows by
direct computation. O

Now, according to Lemma 3.1, we define the operator T : C'(J,R) — C(J,R)
by

—¢(a))St (2
(T2)(v) =325F.(v)+ (s(v) 5(‘1)) (Z &3@1"&(97«)—JQHMSZ(b)—ﬁ) ’
r=1
(3.7)
where §, € C(J,R) with §.(v) := f(v, 2(v),§:(v)).
It should be observed that the implicit-type problem (1.1) has a solution if
and only if T has fixed points. Hence, for convenience purpose, we are setting

two constants:

) —s(@)e (b)) = (@) [ (s(6,) — <(a)?
S TS I8 [;M( T(o1 + 1) )
(c(b) — <(a))ert?
T e+ 2) ] (3.8
and

o 0) — (@) 2L (6O) — (@) | (s(b) — (a))ert!
M= [2 ol (Tt )t ey ]
(3.9)

_ (s(b)=s(a))er
Clearly, A = A* + Fortl)
In the following, we demonstrate the results of the existence and uniqueness

of (1.1) by employing the Banach’s and Krasnoselskii’s fixed point theorems.

3.1. Implicit-type problem (1.1). Some essential assumptions are presented
as follows:
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(H1): There exists x € (0,1) such that
’f(’U,Zl, Zf) - f(Uszvz;)’ <K (‘Zl - 22‘ + ‘Zik - z;‘) )

for any 21,27, 22,25 € Rand v € J.
(Hs): Let f € C(J x R?2,R) and © € C(J,RT) such that

1f(v,2,2%)] < O(v), Y(v,2,2%) €] xR

Theorem 3.2. Assume that (Hy) holds. If

K

A< (3.10)

then the implicit-type problem (1.1) has a unique solution on J.

Proof. We convert (1.1) into a fixed point problem, that is, z = Tz, as T is
defined by (3.7). Note that the fixed points of T are solutions of (1.1). We
shall show that T has a unique fixed point by using Banach theorem [13].
Indeed, we set sup,¢;|f(v,0,0)] =N < oo and choose

. A+ (s(b) = s(a)s 7 | &
= [ '

K

First, we show that TA. C A., where A. = {z € C(J,R) : ||z|| < ¢}. By using
(H1), we obtain

5= (v)] £ (v, 2(v),§=(v)
(v, 2(v), 8=(v)) = f(v,0,0)[ +[f(v,0,0)]

klz(v)] + Kk |F (V)| + N,

I
~— ~—

IN A

which gives

8- < 77— ()| + T—.

1
For any z € A., we get

v) —¢(a))s !
(T2)()] < sup 721 [ ()] + sup = (@)
ve] vel |Q|

m—2
x (Z |6 3O 132(6,)] + 30 . (b)] + W)
r=1




+

+

< () o (o) o

(s(b) — c(a))* !
: f . sz> (6,) + <3@1;<1i> (9»)
(s(b) —s(a))?
2
GG mgﬂclﬁfsA((ﬁf_if?m<1K +io ))
0 —n "
, (50) — s(arte ( .| > (O =s@F

[
(e el @ (30 2 ) @+ )
b
Q1T (o1 +2) o &
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m—2
% Z I <(’J’Ql§§
r=1
N
< Ozl ([ &
I'(o1+1) -k 11—k
(
11—k 1—k

K N
< A A _ -1
< et A ) — s(@) [

<e.

.

This means that TA, € A., that is, TA. C A..
Next, For each z,z* € R and v € J, we have

|(T2)(v) = (Tz")(v)]

< gouis |SZ(U) B (U)‘ + (C(U) - §(a))§—1

Q
m—2

" (Z &30 |82 (0r) — Far (O0)] + T9TH [T (0) — 82*(@’) -
r=1

From (H;), one has

[§=(v) = e (V)]

IA I
X
~
—~ -
E,
*
—~
<
+
BN
c
83
/\
\_/
|
=
83
—~
<
=

which implies
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Consequently,
|(Tz)(v) — (Tz%)(v)]
k 0158 * (g(b) — g(a))C—l
< T (3 =2 () + g

K

m—2
K o N
x <Z el 2 (925 2 = ) (B)+ T
r=1

( jQ1+1;§

|2 = 2"]) (b)>

ko (s(0) = (@) | (s(b) —c(a))S 'R (s(0r) —s(a))®
STk | T+ Q| E;K”( I'(o1 +1) )
(s(b) = s(a))erte .
+ g 1=+

K
< —A|lz=2*
< A2,

which leads us to ||Tz — Tz*|| < %-A |z — z*||. By (3.10), we realize that T
is a contraction. Then, a unique solution exists on J to (1.1) by virtue of the
Banach’s fixed point theorem [13], and this completes the proof. g

Second, we will use the Krasnoselskii’s fixed point theorem [13] to prove the
existence result for the implicit-type problem (1.1).

Theorem 3.3. Assume that (Hy) and (Hs) hold. If

K

A <1, (3.11)

11—k

where A* is defined by (3.9), then the implicit-type problem (1.1) has at least
one solution on J.

Proof. Consider the ball A, = {z € C(J,R) : ||2|| < o} where o > 0 with

—(a)
9]

and sup,cy |©(v)| = ||©], where A is defined by (3.8). Then we build the
operators Ty, Ty on A, by

(Ty2)(v) = TO5F, (v), veT

o> o)+ C©

|hl, (3.12)

V) — o(a ¢— m—2
(ng)(v) _ (s(v) S;( ) L (Z £,390°5,(6,) — leJrl;gsz(b) _ ﬁ) .
r=1
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For any z,z* € A,, we get
[(T12)(v) + (T2z%)(v)]

< sup {39“g I§2(v)| +
vel]

(s(v) = ()
jl

m—2
g [Z 161395 [ (6))] 4+ 3015 [ (5)] + [
=1

}

(s6) = s(@)®  (s(b) = s(a))S~! 2 ~ ()
S[ Moty T @ Xl < o + 1) )
(s(6) — s(a))2* (s(6) — s(@)
/T (o +2) }”@‘” ) 3
= Ao+ SOy
<o.

This proves that T1z + Tez* € A,. It is easy to find, by using (3.11) that Ty
is a contraction map.
T, is continuous, due to F.(-) = f(-, 2(-),F-(-)) € C(- x R%,R). Also, T is
uniformly bounded on A, because we have from (Hsz) that
(S(b) = s(a))®
Tiz|| < ——2—0].
T2l < S o)
In addition, we prove the compactness of Ty as follows.
Let vy, vy € J such that v1 < vy. Then

|(T12)(v2) — (T12)(v1)]

= T(an) / < ()](s(v2) = ()27 = ((s(v1) = 5(£)2 13- (¢))dt
+/ T (s(v) — ()2 F ()t
< F(é!le)v’%) [2(c(v2) = s(v1))?* + [(s(v2) = s(a))® = (s(v1) — <(a))*'].-

The last inequality with vy — vy — 0, gives
|(T12)(v2) — (T12)(v1)| = 0, forl |vg —vi| =0, z € A,.

Then, T; is relatively compact on A,. An application of the Arzel-Ascoli
theorem, T is compact on A,. Hence, all the assumptions of Krasnoselskii’s
fixed point theorem are satisfied. So, we infer that (1.1) has at least one
solution on J. O



546 M. N. Alkord, S. L. Shaikh, S. S. Redhwan and M. S. Abdo

3.2. Integrodifferential-type problem (1.2).
Theorem 3.4. Assume that (Hy) holds. If
k1A < 1, (3.13)

where A is defined by (3.8) and k1 = 1+%, then the integrodifferential-

type problem (1.2) has a unique solution on J.

Proof. We convert (1.2) into a fixed point problem,that is, z = T*z such that
T : C(J,R) — C(J,R) defined by

(T*2)(v)

— ~@1,<f(t7 Z(t),ng;CZ(t>)(’U) + (C(’U) _S(a))c—l

m—2
X (Z & TS f(t, 2(t), T%F 2(t))(0,) — I T f(t,z(t),jgi”;gz(t))(b)h) .

r=1

(3.14)

Note that the fixed points of T* are solutions of (1.2). We will show that T*
has a unique fixed point by using Banach theorem [13]. Indeed, we select
-1|h
8> AN + (5(b) — s(a))* ]5\7
1— HIﬁA

where N is as in Theorem 3.2. First, we show that T*Sg C Sg, where Sg =
{z € C(J,R) : ||z|| < B}. By using (H7), we obtain

[f(v,2(v), 3% 2(v))] < [f(v,2(v), 3% 2(v)) = f(v,0,0)| + [f(v,0,0)|
< klz(v)|+K|I%2(v)|+ N

< k|2 <1+w> +N.

For any z € Sg, we get

(s(v) = s(a))"
]

[(T*2)(v)] < Tg{ JEEf(E, 2(1), 38 2(1)) (v)] +

m—2
X (Z & TS (2, 2(2), 3% (1)) (0]
r=1

+ 30 £(t, 2(1), 3950 2(1) (0)] + 7)) }
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< g0 () (1+ COD) ) g

T(os +1)

() g0 (i (14 SO = sl
5 oo )
# et (el (14 SO ) <b>+|ﬁ|}

(s0) ~ s@)® | (s0) = s(@) [§ @)

—{ D+ 9 [Z‘@ "

L) Ql+2@1+1”
x <n\|z|l (1 + (g(ﬁ)(g <(a)® ) +N) G ~ <la) I
b

+1)

-1
< A(kk18+N) + (<(b) |QT a)) Id

This means that T*Sz € Sg, that is, T*Sg C S;.
Next, for each z,2* € C(J,R) and v € J, we have

(T*z)(v) = (T*z")(v)]

— (a1t
< 30, 2(6),20552(0)) - £, +(0),9055 2 (1) () + L= )

Q

m—2
" {Z 161 395 | £ (81, 2(6,), 3% 2(6,)) — F(Br, 2*(6,), 3% (6,)|
r=1

+ TN f(t, 2(1), 39 2(1)) — f(t, 25(1), 3% ()] (b)
w{<<> a)? , (s(b) = <(@)!

I'(o1+1) €]
. ($(6:) —s(a) | (s(b) = s(a))2 T .
; 4| T+l | T(at2) ]}Hz_z |

= kKA ||z — 24,

which leads us to | T*z — T*z*|| < kk1A ||z — 2*|| . By (3.13), T is a contraction.
Then, a unique solution exists on J for (1.2) by virtue of the Banach’s fixed
point theorem [13], and this completes the proof. O
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Second, we will use the Krasnoselskii’s fixed point theorem [13] to prove the
existence result for the integrodifferential-type problem (1.1).
Theorem 3.5. Assume that (Hy) and (Hz) hold. If
rriA* < 1, (3.15)
where A* is defined by (3.9), then the integrodifferential-type problem (1.2) has
at least one solution on J.
Proof. Consider the ball Sip = {z € C(J,R) : ||z]| < II} where IT > 0 with
h
12 A 6]+ (6) - () [g.

Then we build the operators T}, T3 on Si1 by
(T2)(v) = TCf (8, 2(1), 3% 2(1))(v), vel

and

— 9O £, 2(1), 395 2(4))(6) — ).
For any z, z* € Sy, we get
[(T72)(v) + (T32%)(v)]
<sup{ T |f(L,2(t), 3% ()] (v)

v) —¢(a))¢! (% .
(T32)(v) = (s(v) é( ) (Zf JOSf(t, 2(t), 3% 2(1)) (6y)

veJ
0) — <(a ¢—1 m—2 . )
+<q>‘§>> [}jmawwuwxwmswwwmu&>
+ 3‘““! Ft, 25 (1), 39525 (1))| (b) + [Al] }
{ - (s(b) —s(a))<!
(o1 + 1 €|
— (@) (s(b) —s(a))r !
X [Z & 1+1) T T+ 2) }H@H
(<(b) —C(a))C '
+ Q Id
= A O] + (s(b) — s(a))*! g‘

<II

This proves that T7z + T52* € Sp. It is easy to find that T3 is a contraction
by using (3.15).



Generalized Hilfer operator with fractional integral-multipoint systems 549

T% is continuous, due to f(-,2(-),J%*z(-)) € C(- x R%,R). Also, T} is
uniformly bounded on Sy because we have from (Hz) that

b) —<(a))®

T < & .
izl < SR e
The compactness of Tq holds.

Indeed, we define sup (; ., z,)esxsyxsy |f(t: 21, 22)| = Iy and let v1,v9 € J
such that v; < vg. Then

|(T12)(v2) — (Ti2)(v1)]
1

< o) /avl g’(t)[(§(U2)—§(t))91*1_((g(Ul)—g(t))Qlfl]f(t, Z(t),j'%;gZ(t))dt
+/ : () ((s(v2) — s ()L (¢, 2(t), T 2(t))dt
< F(erlf_i_l) [2(s(v2) — c(v1))2 + |(s(v2) — s(a))?* — (s(v1) —s(a))?]].

Since v9 — v; — 0, we obtain
|(T72)(v2) — (T72)(v1)| — 0, for any z € Spy.

Therefore, T7 is equicontinuous. Consequently, T7 is relatively compact on Spy.
An implementation of the Arzela-Ascoli theorem, T7 is compact on Spp. So,
all the assumptions of Krasnoselskii’s fixed point theorem are fulfilled. Thus,
we infer that (1.2) has at least one solution on J. O

Remark 3.6. In Theorem 3.2, we can reciprocity the roles of the operators
T7 and T3 to get other result along with following condition:

_ K (s(b) —(a))®
Ti:= 11—k T(o1+1)

<1. (3.16)

Remark 3.7. In Theorem 3.4, we can reciprocity the roles of the operators
T} and T3 to get other results along with following condition:

Ty = Iiﬁlw < 1. (3.17)

Corollary 3.8. Assume that (H1), (H2) and condition (3.16) hold. Then the
implicit-type problem (1.1) has at least one solution on J.

Corollary 3.9. Assume that (H1), (H2) and condition (3.17) hold. Then the
integrodifferential-type problem (1.2) has at least one solution on J.
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4. UH STABILITY ANALYSIS
In this section, we discuss the UH and GUH stability of the problem (1.2).

Definition 4.1. The problem (1.2) is UH stable if there exists a constant
T; > 0 such that for each ¢ > 0 and every solution Z € C(J,R) of the
inequalities

| D22 Z(v) — f(v,Z2(v),T3%°Z(v))| < e, for all v € J, (4.1)
there exists a solution z € C(J,R) of the problem (1.2) that satisfies
|z(v) —Z(v)| < YTye. (4.2)

Remark 4.2. z € C(J,R) satisfies the inequality (4.1) if and only if there
exists a function I1 € C(J,R) with

(1) [H(v)| <&, ve,
(2) forallvel,

oD Z(v) = f(v,Z(v), T#*Z(v)) + [T(v)] .
Lemma 4.3. If z € C(J,R) is a solution to inequality (4.1), then z satisfies
the following inequality
|z(0) — O] <eA,

where

_ m—2
@E = jgl’ggz(v) + (§(U)_§(a))C : <Z gTjgl’ggz(‘gr)_jglJrl;gSZ(b)_ﬁ)
r=1

Q
and
_ () =s(@) | (s(w) —s(a))! ()
8 = ['(o1+1) - Q {Zfr 91+1)
_(s(b) =c(a))r+r ﬁ}
['(o1+2) e’

Proof. In view of Remark 4.2, we have

{ DO (V) = f(v 2(v), 3% (v ))+!H( )l

=0, f t)dt+h=>"""&2(0,)
Then, by Lemma 3.1, we get
z(v) = 0,4 I II(v)
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which implies

- T(a+1) Q
. m—2£ (g(b) —§<a))91 B <§(b> _ g(a))91+1 B ﬁ
r=1 ' I'(o1 +1) I (01 +2) 15
() =s@)2 (@) =<@) [, () = @)
- € I'(o1+1) + Q {Zfr T (o1 + 1)
(s(b) —<(a))e+r A
- T(+2) 5}>
< eA.
O

Theorem 4.4. Assume that (Hy)-(Hsz) hold. Under the Lemma 4.3, the fol-
lowing equation

g2 z(v) = f(v, 2(v),T%*2(v)), v e ], (4.3)
is UH stable as well as GUH provided that kki A < 1.

Proof. Let z € C(J,R) be a function satisfies (4.1), and z € C(J,R) be unique
solution of the following problem

H@m 92?92(1)) f(v z(v), J93?§z(v)), veld,

) =0, [P/ (t)z(t)dt + b= Y2 62(6)),
z(v) z()UEJ

Then, by Lemma 3.1, we get

z(v) =0,
It follows from Theorem 3.4, that
lz=Zl = sup|z(v) — Oz] < sup [2(v) — O:[ + sup [©. — O]
vE] v' el v'el

< eA+kriAlz—Z].

Thus
|z =z < Yye,
where A
Ti= —— )
F=az Kkl A >0

Now, by choosing ¢, (g) = Y ye such that ¢, (0) = 0, then the problem (4.3) is
GUH stability. O
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5. EXAMPLES

Example 5.1. Consider the implicit-type problem

4 1.9v v
@777§2 — (?U 1 l7 c 0’17
g9337 z(v) (eV+8) (1+|Z(U)|+)H©%’%;2UZ(U)‘) + 3, vel0,1] (5.1)
1
20) =0, [y ®zt)dt+ 3 =32(4) + E2(F)
Here o1 = 3,00 = 5.6 = 3, &= 8 0= fr. 0 = . (= 4 c(v) = 2/
and h = %
Set

o= e (s )+

(e"+8) \1+z+y

For each z, z*,y,y* € R, we have

|f(U,Z,y) - f(U,Z*,y*)’ =

eV 1 1
(e"+8) |1+z+y 1+z+y*

—v

< ¢ |2 =2+ |y — v
(@) (I +z+y) (142" +yY)
1
< gUz=="+ly =), forve[0,1].

Hence, (H;) holds with xk = é. Moreover, for each (v, z,7) € J x R?, we have

e~V 1 1

‘f(U7Z7y)| < (6U+8) (1+‘Z(U)|+|y(v)|) +§
e v 1
= (e¥ 4+ 8) * 2’

—v

Consequently, (Hs) holds with ©(v) = (637%) + 1.

Next, we can find that @ = —0.11756 # 0 and *-A = 0.779 < 1, the
Theorem 3.2 is fulfilled, then the implicit-type problem (5.1) has a unique
solution on [0,1]. Also, we can find {*-A* = 0.674 < 1, the Theorem 3.3
is fulfilled, then the implicit-type problem (5.1) has at least one solution on

[0, 1].Additionally, we can find T; = 0.104 < 1, hence the Corollary 3.8 hold.

Example 5.2. Consider the integrodifferential-type problem:

5 1., " s )
{ g932Yz(v) = (10711;) [1‘+|(z(2j|)‘ + sin (Jr z(v )} + %, velo1],
20)=0, [ ®)z(t)dt+ & = 22(2).

(5.2)
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Here & = %,01 :%,Ql = %, 02 = %, 03 = %,C: %andﬁ: 3—10Withg(v) = .
For each z, z*,y,y* € R, we have
[F(0,2,3352) = f(0,9,35y)|
1 || . (8. ly| (3.
= + sin (32’“z) — — sin (32’“ )
(1O+U)‘1+\z| T+ [y Y

|z — yl (3. . (3
= <1ol+v> [<1+|zr><iy+ gy * [ (9#02) —sin (5% y>\]

-

3. 3.
J2Vz — T2

1
< - _
= (101 v) [ lz =yl
For v € [0, 1], we have

J(0,2,3%2) = f(v,5,33 )| <

Hence, (H7) holds with xk = %. Moreover, for each (v, z,y) € J x R%, we have

el < gri L 'ij(l’))' +sin (zi%vz@))} n

+
< 2 +U
~(10+v) 27

v
2

Consequently, (Hz) holds with ©(v) = ﬁ + 3.
Next, we can find that Q = 0.213, kk1A = 0.379 < 1, kk1A* = 0.337 < 1
and Yo = 0.110 < 1. Therefore, by the applying of Theorems 3.3, 3.5, and

Corollary 3.9, the problem (5.2) has a solution which is unique.

6. CONCLUSIONS

In this work, we have proven the existence and uniqueness of solution for
nonlinear implicit-type FDEs and integrodifferential-type FDEs with nonlocal
integral-multipoint boundary conditions in the frame of ¢-Hilfer FD. The anal-
ysis of the main results is based on the employment of the fixed point theorems
of Banach and Krasnoselskii. The obtained results extend many fundamental
results existing in the current literature for other types of FDs. We made some
observations and special cases related to the function ¢ which generates many
other FDs.

Further, it will be of interest to investigate the current problem in this work
for the Mittag-Leffler power low [11] and for fractal fractional operators [10].
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