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Abstract. The object of this study is to introduce a new subclass of univalent analytic
functions on the open unit disk. This subclass is created by utilizing univalent analytic
functions with negative coefficients. We first explore the specific properties that functions in
this subclass must possess before examining their coefficient characterization. By applying
this approach, we observe several fascinating features, including coefficient approximations,
growth and distortion theorems, extreme points and a demonstration of the radius of star-

likeness and convexity for functions belonging to this subclass.

1. INTRODUCTION AND DEFINITION

Let A denote the class of all analytic function of the form
(o)
f(z) =z + Zanz", an € C
n=2

defined on the open unit disk D = {z € C: |z| < 1} on the complex plane
C. Let S denote the subclass of A consisting of functions that are univalent
in D. Further, let S*(u) and C(u) be the classes of functions respectively
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starlike of order p and convex of order p, for 0 < p < 1. In particular,
the classes S*(0) = S* and C(0) = C are the familiar classes of starlike and
convex functions in D, respectively.

Let T be the subclass of .S, consisting of functions of the form
o0
f(z) =2z — Zanz", anp > 0. (1.1)
n=2

Defined on the open unit disk D. A function f € T is called a function with
negative coefficients. The class T" was introduced and studied by Silverman
[6]. In [6] Silverman investigated, the subclasses of T' denoted by S7 (1), and
Cr(p), for 0 < p < 1 that are respectively starlike of order p and convex of
order L.

Let X (a, 3,7) be the subclass of A consisting of functions f(z) which satisfy

the inequality:
2f'(2) = f(2)

< B,
azf'(z) + (1 —=7)f(2)
where 0 < a<1,0< <1 and 0 <~ <1 for all z € D. This class of
functions was studied by Darus [3].

In this present paper, we introduce new class M («, 3,7, k) of functions as
the following, mimic to the Aqlan et al. [2] and also in [1],[4],[5].

Definition 1.1. For 0 < a <1, 0< < 1,0<y<1land k > 0, we let
M (e, 8,7, k) consist of functions f € T satisfying the condition

NEOEE 2f(2) — £(2)
a (asz<z> g v)f(2)> S P

Our first result, is the coefficient estimate for functions f € M («,5,v,k),
and the others include, the growth and distortion theorem, further we obtain
the extreme points. Finally we determined the radius of starlikeness and
convexity, for the function belonging to the class M («, 8,7, k). First of all, let
us look at the coefficient estimates.

—1|+8 (12

2. COEFFICIENT ESTIMATES

In this section, we shall obtain the coefficient estimates for the function f
belongs to the class M («, 8,7, k)). Our first result is the following:

Theorem 2.1. A function f given by (1.1)) is in the class M («, 3,7, k) if and
only if

o)
ZTnan < 7, (21)
n=2
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where

™ = |Q+k—=0)A+an—7)+ (k+1)(1—n)| (2.2)
such that 0 < a<1,0<<1,0<y<1andk> 0.
Proof. We have f € M(a, 3,7, k) if and only if the condition is satisfied.

Let
) -
azf'(z) + (1 —7) f(2)’

upon the fact that,
Re(w) > k|lw — 1|+ p ifandonlyif (k+1) |w—-1|<1-4.

Now
Y (1—n)apz"
(k+1) |lw—1| = (k+1) n=2 —1<1-8,
I+a—7v)z—=> (an+1—7)apz"
n=2

is equivalent to

i (1 —n)a,z"!
(k+1) n=2 ~1<1-8.
I+a—7)=> (an+1—79)apz"1!

n=2

After reduction to a common denominator, we have

§ (l+an—vy+1-n)a,z" ' —(1+a—7)
(k+1)|=2 = <1-8. (23)
l+a—7)—> (an+1—7v)apz!

n=2

The above inequality reduces to

oo
Y I4+an—v+1—-nla,— (1+a—7)
(k+1) =2

<1-8. (24)

o0
l+a—y—> (an+1-=7)a,

n=2

Then

o0
(k+1) Z\l+an—7+l—n\an—(1+a—7)
n=2
o0

<(l+a-7)(1-8—-1=p)> (an+1-7)an

n=2
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Thus

oo
(k+1 Z|1—|—an—’y+1—n|+ (1-p Zan+1— an,
n=2 n=2
<lt+a-7A-B+1T+a-7)(1+k),
which yields to (2.1)).
Conversely, suppose that holds and we have to show holds. Here
the inequality is equivalent to . So it suffices to show that,

o0
S (I+an—y+1-n)a,z" 1 —(1+a—7)
n=2 — (2.5)
I4a—v—> (an+1—7)ayz"!
n=2

o0
S l4an—y+1-nla,—(1+a—7)

< n=2
—= o0
l+a—v—> (an+1—7)a,
n=2
Since,
%) o0
lta—y=> (an+1-7)anz" | [1+a—]=|> (an+1-17)a.z"""|,
n=2 n=2

we have

o0 o0
1—|—oz—’y—2(om+1—’y)anz”*1 21+a—’y—2(an+l—7)an,

n=2 n=2
where |z| < 1. And hence we obtain ({2.5)). O
Theorem 2.2. Let the function f given by (1.1) be in the class M (o, 8,7 , k).
Then
an < L, n=234,.., (2.6)
Tn

where T, is given by (2.2)). Equality holds for the functions given by,
flz) =z—
n

Proof. Since f € M(«, 3,v,k), Theorem 2.1 holds.

Now
%
E Tnlp < T,
n=2

T 2"

(2.7)
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we have,
T1
an < —
Tn

Clearly the function given by (2.7)) satisfies and therefore f given by (12.7] .
is in M(«, 8,7, k) for this functlon the result is clearly sharp.

3. GROWTH AND DISTORTION THEOREMS FOR THE SUBCLASS M («, 3,7, k)

In this section, growth and distortion theorem will be considered and the
covering property for function in the class M («, 3,7, k) will also be given.

Theorem 3.1. Let the function f given by (1.1]) be in the class M («, 8,7, k).
Then for 0 < |z| =1 < 1, we have

r - E7“2§|f(z)|§7“—1— ETQ, (3.1)
T2 T2

where 11 and o can be found by (2.2)). Equality holds for the function,

7’1Z2

f(z)=2z- p (z = +r, +ir).

Proof. We only prove the right hand side inequality in (3.1)), since the other
inequality can be justified using similar arguments.
Since f € M(«, 3,7,k) by Theorem 2.1, we have,

00
E Tn Ap < T1.
n=2

Now

) e
T2 § an = § T2 Gnp
n=2 n=2

o
< Z TnQn
n=2
< 7.
And therefore
> T
>, <= (3.2)
T2
n=2
Since
o0
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we have,

f2) =

o
z— Zanz"
n=2
o
2| + 1217 ) an 2"
n=2

o0
< r + 72 Zan.
n=2

By aid of inequality (3.2)), yields the right hand side inequality of (3.1). O

IA

Theorem 3.2. If the function f given by (1.1) is in the class M («, 3,7, k)
for 0 < |z| =r <1, then we have

27‘1?" 27‘17’

1— <|f(z)] <1+

T2 T
where 71 and 1o can be found by (2.2). Equality holds for the function f given
by

(3.3)

7'122

f() =2~

2

Proof. Since f € M(«, 3,7,k) by Theorem 2.1, we have

00
g TnQp < T1.
n=2

Now,
o (@)
T Znan < 2ZTnan
n=2 n=2
< 27.
Hence
> 2T
> na, < = (3.4)
T2
n=2
Since
oo
fl(z)=1- Z napz""1,
n=2
we have

o o0
1— |z Znan 12" < 1f'(2)| <1+ |7] Znan |22,
n=2

n=2
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where, |z| < 1. By using the inequality (3.4]), we get Theorem 3.2 this com-
pletes the proof. O

Theorem 3.3. If the function f given by (1.1) is in the class M («, 3,7, k)
then f is starlike of order &, where

5=1— L7
—T1 + T2
where 11 and 1o can be found by (2.2)). The result is sharp with
2
T1 2
flz) =z -
T2
Proof. 1t is sufficient to show that (2.1) implies
o0
Zan(n—5) < 1-4. (3.5)
n=2
That is,
n—20 n
< = > 2. 3.6
1-6 — 7'’ "= ( )
The above inequality is equivalent to
—1
§<1-— nin-1) =(n), where, n > 2.
—T1+ Tn

And ¥(n) > ¥(2), (3.6) holds true forany 0 < a <1, 0< <1, 0<y<1
and k£ > 0. This completes the proof of Theorem 3.3. ]

4. EXTREME POINTS OF THE CLASS M(«, 3,7 ,k)

The extreme points of the class M(«, 8,7, k) is given by the following the-
orem.

Theorem 4.1. Let f1(z) = z and

T 2"

fn(2) =2 — : n=23/4,..,

Tn
where T, is given by (2.2)).

Then f € M(«, 8,7,k) if and only if it can be represented in the form
F(2) = yntal2), (4.1)
n=1

(o)
where y, > 0 and > y, = 1.

n=1
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Proof. Suppose f can be expressed as in (4.1). Our goal is to show that
f e M(a,B,7,k). By (4.1) we have

> 1 2"
1
10 =3 m{s- 2}

n=1 Tn

Then
f(z):z—Zanz”:z—Zin.
n=2 n=2 Tn
So that
an = I yn, n > 2.
Tn

Now, we have

[eS)
Zyn: 1 - S 1.
n=2

Setting

n

1
E Yn— X l:§ Yn=1—y1 < 1.
T, T1
n=2 n=2
It follows from Theorem 2.1 that the function f € M(a, 8,7, k).

Conversely, it suffices to show that

_ T1Yn
n = .
Tn

Now we have f € M(«, 3,7,k) then by previous Theorem 2.2

-
an < -, n>2.
Tn
That is,
a
Tn Qn <1,
T1
but y, < 1.
Setting,
Tn G
Yp = —2, n > 2.
T1

Which yields to the desired result. This completes the proof. O
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Corollary 4.2. The extreme point of the class M («, 8,7, k) are the function
fl(z) =z,

and

fn(z) =2 — : n=234,..,

where T, is given by (2.2)).

Finally, in this paper we consider the radius of starlikeness and convexity.

5. RADIUS OF STARLIKENESS AND CONVEXITY

The radius of starlikeness and convexity for the class M («, 3,7, k) is given
by the following theorems.

Theorem 5.1. If the function f given by (1.1) is in the class M («, 3,7, k),
then f is starlike of order 6 (0 <6 < 1), in the disk |z| < R, where

1

Tn (1 =06\ ] "1
=inf | — =2,3,4,... 1
R m [ <n_5>} ) n 737 Y 9y (5 )

71

and T, is given by (2.2)).

Proof. Here (5.1)) implies
mnn==0)z"" < 7 (1-94).
It suffices to show that

S
1) 1‘ =10

for |z] < R, we have

!/
72) 1= 3 a2
n=2
By aid of , we have
S LN El
Zf/ n§2 ™
7 -1 < " <1-6. (5.3)

OO7'|z
1
1= =

n=2
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Hence (/5.3 holds true if

N VL NE S RE
< [1-S"25 la-
P PPN

and it follows that

n (1—10
1 \n—290

as required. O

Theorem 5.2. If the function f given by (1.1) is in the class M(«a, 3,7, k),
then f is convez of order A (0 < X\ < 1), in the disk |z| < w, where

1
1—A n—1
w = inf Tn (2224 , n=2234,..,
71 \n(n—2A)
and T, is given by (2.2).

Proof. By using the same technique in the proof of Theorem 5.1, we can show
that

2
Zf, (2) <1-), for |z| < w,
f'(z)
with the aid of (2.6). Thus we have the assertion of Theorem 5.2. O

6. CONCLUSION

This article aims at finding a new subclass of analytic functions in the open
unit disk, that have been characterized using negative analytic function. Fur-
ther to study certain sufficient requirements for the functions belonging to
this class, one of the main requirements needed to satisfy coefficient charac-
terization. This approach, for example, can provide several many fascinating
features.
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