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Abstract. The aim of this paper is to study certain subclass gg (A o, t, 8,p,b) of analytic
and bi-univalent functions which are defined by using symmetric g-derivative operator. We
estimate the second and third coefficients of the Taylor-Maclaurin series expansions belonging
to the subclass and upper bounds for Feketo-Szegd inequality. Furthermore, some relevant
connections of certain special cases of the main results with those in several earlier works

are also pointed out.

1. INTRODUCTION AND DEFINITIONS

Let A denote the class of functions f(z) of the form:
f(2) :z—i—Zanz”, (1.1)
n=2

which are analytic in the open unit disk U= {z: z € C and |z| < 1}. Also let
S denote the class of functions in A which are univalent in the unit disk U.

For analytic functions f and g with f(0) = ¢g(0), f is said to be subordinate
to g if there exists an analytic function w on U such that w(0) =0, jw(z)| < 1
and f(z) = g(w(z)) for z € U. The subordination will be denoted by

f=<g or f(z)<g(z) inU.
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Note that f < g if and only if f(0) = ¢(0) and f(U) C ¢g(U) when g is univalent
in U.

The well-known Koebe one-quarter theorem [10] ensures that the image of
U under every univalent function f € A contains a disk of radius 1/4. Hence
every function f € S has an inverse f~! satisfying f~1(f(2)) = z(z € U) and

FHfw)=w  (Jwl <ro(f)sro(f) = 1/4),

gw) = fFHw) = w—aow?+ (203 — a3)w® — (5a3 — basaz +ay)w +- - . (1.2)

A function f € A is said to be bi-univalent in U if both f and f~' are
univalent in U. Let 3 denote the class of bi-uninalent functions in U given by
(1.1). For a brief history and interesting examples of the class X, see [24].

In 1967, Lewin [17] investigated the class ¥ of bi-univalent functions and
showed that |as| < 1.51. Subsequently, Netanyahu [21] showed that max ey, |as]
= 4/3 and Suffridge [26] has given an example of f € ¥ for which |as| = 4/3.
Later, Brannan and Clunie [6] conjectured that |as| < v/2 for f € X. A brief
summery of functions in the family ¥ can be found in the study of Srivastava
et al. [24], which is a basic research on the bi-univalent function family
(also, see the references cited therein). In a number of sequels to [24], bounds
for the first two coefficients |az| and |as| of different subclasses of bi-univalent
functions were given, for example, see [1, 2, 11, 12, 18, 23, 25]. But the coef-
ficient estimate problem for each of |a,| (n € N\ {1,2};N = {1,2,3,---}) is
still an open problem. In recent years, Srivastava et al.’s pioneering research
on the subject [24] has successfully revitalized the study of bi-univalent func-
tions to have produced numerous bi-univalent function papers. There are also
several papers dealing with bi-univalent functions defined by subordination,
for example, see [3, 4, 7].

Chebyshev polynomials have become increasingly important in numerical
analysis, from both theoretical and practical points of view. The Chebyshev
polynomials of the first and second kinds are well known (see [9, 19, 20, 22]).
Recently, Kizilateg et al. [16] defined (p, b)-Chebyshev polynomials of the first
and second kinds and derived explicit formulas, generating functions and some
interesting properties of these polynomials.

For any integer n > 2 and 0 < b < p < 1, the (p, b)-Chebyshev polynomials
of the second kind is defined by the following recurrence relation:

U?’L(ta S, D, b) = (pn + bn)tUn—l(t7 S, D, b) + (pb>nilsUn—2(t7 S, D, b) <13)
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with the initial values Uy(t, s,p,b) = 1, Ui(t, s,p,b) = (p+ b)t and s is a real
variable. Also, it follows readily from (1.3) that

Us(t, s,p,b) = t*(p + b)(p? + b?) + pbs, (1.4)
Us(t,s,p,b) = t*(p + b)(p* + b%) (p* + b°) + pbst(p* + b°) + (pb)*st(p +b), - - - .

By assuming various values of ¢, s, p and b, we get some interesting polyno-
mials as follows (see [8, 16]):

(i) When t =1t/2, s =s, p=p and b = q, the (p,b)-Chebyshev polynomi-
als of the second kind becomes (p, ¢)-Fibonacci polynomials.

(il) Whent =t,s = —1, p = 1 and b = ¢, the (p, b)-Chebyshev polynomials
of the second kind becomes ¢-Chebyshev polynomials of the second
kind.

(iii) When t =t¢, s =1, p =1 and b = 1, the (p, b)-Chebyshev polynomials
of the second kind becomes Pell polynomials.

(iv) When t =1/2, s =2y, p=1 and b = 1, the (p, b)-Chebyshev polyno-
mials of the second kind becomes Jacobi polynomials.

The generating function of the (p, b)-Chebyshev polynomials of the second
kind is as follows:
1

G
pb(2) 1 — tpzny, — thzmy, — spbz2n,

= ) Unlt,s,p.b)"  (z€U), (1.5)
n=0

where the Fibonacci operator 7, was introduced by Mason and Handscomb
20], by npf(z) = f(bz). Similarly, we define another operator n,;f(z) =
f(pb2).

A g-analog of the class of starlike functions was first introduced in [13] by
means of the g-difference operator D, f(z) acting on functions f € A given
by (1.1) and 0 < ¢ < 1, the g-derivative of a function f(z) is defined by (see

14, 15))
O (1.6

(
where, D, f(0) = f'(0) and D2 f(z) = Dy(Dyf(2)). From (1.6), we have

D,f(z) =1+ Z[n]qanznfl,
n=2
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where [n], = %. If ¢ = 17, [n]; = n. For a function h(z) = 2", we observe
that

lim (Dy(h(2))) = lLm ([n]gz" 1) =nz""1 = 1'(2),

g—1-1 g—1-1
where I’ is the ordinary derivative.
With the aid of above definition, Brahim and Sidomou [5] introduced the

symmetric g-derivative ZN)q f which is defined as follows:
flaz) = flq 'z
. ISz,
Dyf(z) = =1 (1.7)
f'(0) (z=0).

~

From (1.7), we deduce that YNqu” = [n] qz"*1 and a power series of ZN)q fis

qu(Z) =1 + Z [n]qanznila
n=2

~ ~

when f has the form (1.1) and the symbol [n], denotes the number [n], =
q;:qq:ln‘ It is easy to check that the following properties hold:

We note that
Dyf(2) = D fla ' 2).
Indeed, it follows From (1.2) and (1.7) that

~ w) — Ly
B, glw) = Q(Q(q) qg(lq)w )

~ ~

2

=1—[2],a0w + [3]q(2a% — az)w? — [4]q(5a§’ — 5agag + ag)w® + - - -

Definition 1.1. Let 0 <A <1,0<b<p<1,a€C\{0}and L <t <1. A
function f € ¥ is said to be in the subclass S&(A, a, t, s, p,b), if the following
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conditions are satisfied:

1 zZN)qf(z)
ol aon: 070

—1] <Gpp(2) (2€U)

and

1 wYNDqg(w)
ol T = e+ agtw)

—1| <Gpp(w) (wel),

where g = f~1 and G, is given by (1.5).

The object of the present paper is to study the Chebyshev polynomial ex-
pansions to provide estimates for the Taylor-Maclaurin coefficients |as| and

lag| for functions in the above-defined subclass S&(A, a,t,s,p,b). Also, we

investigate the Feketo-Szego inequalities for the class S%()\, a,t,s,p,b).

2. COEFFICIENT ESTIMATES FOR THE SUBCLASS S%(X, o, t,5,p,b)

In order to establish our results, we shall need the following lemma.

Lemma 2.1. ([10]) Let P be the class of all analytic functions h in U of the
form:

o0
h(z) =1+ chz”,
n=1
which satisfy Re(h(z)) > 0 for allz € U. Then if h € P, then |cy| < 2 (n € N).

We begin by proving the following result.
Theorem 2.2. Let 0 <A <1,0<b<p<1l,a€C\{0} and 3 <t<1.If
the function f(z) given by (1.1) belongs to S&(A, a,t,s,p,b), then

la|(p+b)2 t/E

N ] 21
and
as| < (ptb)2\a\2t2 L D)ot (2.2)
([2], =) (3], = A)
where

25t 5,p,) =(p+)a(p+B) (N — (1 + [2, )7 + [3],)— ([2],~ V)20 + %)

+ (12, — A)?[(p + b)t — pbs]. (2.3)
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Proof. Let f € SL(A\,a,t,s,p,b) and g be the analytic function of f~1 to U.
Then there exist two functions ¢ and v, analytic in U with ¢(0) = ¢(0) = 0,
|6(2)] < 1 and |¢(w)| <1 (2,w € U) such that

1 2Dy f(2) -
1tg ((1 "N A 1) = Gpp(0(2)) (2 €U) (2.4)

and

«

g ((1 St 1) _Gpbw) wel).  (25)

Next, we define the function p,q € P by
1+ ¢(2)

_ =1 24 ...
p(Z) 1 _¢(2) + D1z 4+ P2zt +
and L ()
+ Y(w 9
= - = 1 DY
or equivalently,
p(z) -1 1 1 L2\ 2
_ _1 o 2.6
(;3(2,’) p(Z)—i-l 2p12+ 2 P2 2p1 27+ ( )
and (w)—1 1 | 1
q(w) —
P(w) = W = 5(]111) + B} (Q2 - 261%) w? 4 (2.7)
Using (2.6) and (2.7) together with (1.5), it follows that
Ui(t,s,p,b
Gpp(9(2)) =1 + hlb5p.b) 5 pb), .
Ui(t,s,p,b 1 Us(t,s,p,b
- <1( _ ) (p2 — 5P + RAGEIL) = >p%> P (28)
and
Uq(t,s,p,b
Gpp(P(w)) =1+ ! 2 : )(le
U t,S, ,b 1 U: t,S, )b
+ <1<2p>(Q2 Sl 2<4p>qg> Wt (29)
By equating the coefficients from (2.4), (2.5), (2.8) and (2.9), we have
1.~ Ui(t,s,p,b
L@, ~ Ny = D22, (2.10)

~ ~ 2 s
(BN ] = DD (4, 1) Sl D o )

Q|
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1.~ Ui(t,s,p,b
L@, - ey = 22D, (212
and
1 ~ ~
|02 = B + (B, - Ve - o)
Ul(t787p7 b) q% UQ(t757p7 b) 2
= —"° - = —q]. 2.1
5 @5 )+ e (2.13)
From (2.10) and (2.12), we find that
P1 = —q, (2.14)
2 > U(t,s,p,b)
5 ([2), = N)%a = =207 + ) (2.15)

If we add (2.11) to (2.13), then

) ~ ~
- ()\2 — (2], + DA+ [3]q> a3
Ul(t,S,p, b) UQ(t787p7b)_Ul(tas7p7b)
4

=5 (2tae)+
By using (2.15) in equality (2.16), we observe that

5 (i +4qi).  (2.16)

~

([2](1 - A)2(U'2(t> S, D, b) - Ul(tv S, D, b)) a2
OtU%(t,S,p, b) 2

% X = (2], + DA+ [3], —

Ui(t,s,p, b
= BB B ) (.17
Then, by applying (1.3), (1.4) and Lemma 2.1 to (2.17), we obtain the in-
equality (2.1).

Next, if we subtract (2.13) from (2.11), we have

2, ~ Ui(t,s,p,b
281, - Ntas - ) =22V, )
Us(t,s,p,b) — Ui(t,s,p,b
g Bl DOl D gp oy (215)
By applying (2.14), (2.15) and (2.18), it is evident that
a?U?(t,s,p,b alU(t,s,p,b
R R L LT I CRT)
8([2), = A)? 48], =)
Hence, by using (1.3) and Lemma 2.1 to (2.19), we get the inequality (2.2).
This completes the proof. O

By putting p = 1 in Theorem 2.2, we have the following corollary.
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Corollary 2.3. Let 0 <A <1,0<b<1,a€C\{0} and L <t <1. If the
function f(z) given by (1.1) belongs to g%(A,a,t,s, 1,b), then

- (1 +b)2 tv/E

NG
and 1+ b)2|a]?t2 1+ b)|alt
|a3|§( t)lal +(f )Ia|7
(12, — A2 ([3], =)
where

(R (t5,0) =(1+ B)£a(1 + BN — (1 + [2],)A+ 3],) = ([2], — V(1 + )]

~

+ (2], = A)?[(1 + b)t — bs]. (2.20)

Remark 2.4. Taking A = 0, « = b =1 and s = —1 in Corollary 2.3, we
obtain a recent result due to Altinkaya and Yalgin [3, Theorem 7.
Theorem 2.5. Let 0 < A< 1,0<b<p<1, acC\{0} and%<t<1,

and let p € R. If the function f(z) given by (1.1) belongs to S&(X, i, t, s, p,b),
then

R [ I 1 ((EN )|
, (18], = A) (18], = M (p + b)*|et?
las — a3 < (2.21)
p+b)3|al?|1 — p|t3 oS(t,s,p, b
B v el e
( (18], = M(p +b)*|elt

where S (t, s,p,b) is given by (2.3).
Proof. From (2.17) and (2.18), it yields

as — ua%
a Ui(t,s,p,b
= 1~( b )(pz —q2)
4([3], =)
+ (1 —[,L)CYZU?(t,S,p, b)(PQ+Q2)

~

dla UE(t,s,p,0)(N = (14 [2)A + [3]) — (12, = A)? U(t, s, p,D)]

a%@@n@{(mm+wl)m+(ﬂle)%r
4([3], - N) 4([3], - V)
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where

Ul(t,s,p,b) = Us(t,s,p,b) — Uy(t,s,p,b)

h(,u) — (1 — /.L)Oé Ulz(t"wsapa b) -

Ala UE(t,5,p,b)(A? — (1 + [E]q)A +8ly) — ([2l, =2 U, 5,p, b))

Then, by using Lemma 2.1, we conclude that

ol hlts.p.b) 0< Ih(u)| < —
3], - ) A3, - N
a5 — pa| < 1 (229
4‘04‘ Ul(t,S,p, b) |h(u)’7 ’h(:u)‘ 2 T~
A3, - )

So (2.21) can be easily obtained from (1.3) and (2.22). This evidently com-
pletes the proof. O
By taking p = 1 in Theorem 2.5, we get the following corollary.

Corollary 2.6. Let 0 <A<1,0<b<1, a€C\{0} and 5 <t <1, and let
p € R. If the function f(z) given by (1.1) belongs to Sk(\, a,t,s,1,b), then

C (14 B)alr I (X
N G (Bl, — N1+ b)2[al
las — pad] <
(1+ b)3|a|2|1 — ,u|t3 |§f\‘(t, s,b)|
ceo] o o= N
5 (B], — N1+ b)[alt

where (' (t,5,b) is given by (2.20).

Remark 2.7. Taking A=0, a =b=1 and s = —1 in Corollary 2.6, we get
a recent result due to Altinkaya and Yalgin [3, Theorem 9].
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