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Abstract. In this paper, we will introduce the notion of ¥-type and Jaggi type hybrid
contraction in a bipolar metric space and show the existence and uniqueness of fixed point
for such type of contractions. In the end, we will provide some corollaries and support our
theorems by examples.

1. INTRODUCTION

To obtain new fixed point theorems, the researchers have two options either
they generalize the metric space introduced by Fréchet [3] in 1906 or Banach
contraction principle introduced by Banach [1] in 1922. Since then, a number
of generalization ([2],[4],[5],[6],[9]) in Banach contraction principle are done
by weakening the Banach hypothesis like Meir-Keeler contraction [9], o — 9
contraction by Samet ([14],[15],[16]) et al. etc. In 1977, Jaggi [4] was the first
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who introduced rational contraction in a metric space to obtain fixed point
theorems.

Recently in 2019, Karapinar and Fulga [6] introduced Jaggi type hybrid
contraction in metric spaces. On the other hand, researchers also introduced
new generalized metric spaces like G-metric space by Mustafa and Sims [10]
in 2006 etc. In 2016, Mutlu and Giirdal [11] introduced bipolar metric space.
Then a number of fixed point theorems were proved in bipolar metric space
([71,[8],[12],[13]) by many authors till now.

In this paper also, we will prove fixed point theorems for y-type contraction
and Jaggi type hybrid contraction in bipolar metric spaces.

We need some basic notions and definitions from the literature to prove the
results as follows:

Let ¥ be the family of functions v : [0,00) — [0, 00) satisfying the following
conditions:
(1) % is non-decreasing.
(2) D02 ¢™(t) < oo for all ¢ > 0, where 9" is the nth iteration of .

These functions are known as (c¢)-comparison functions. It can be easily veri-
fied that if ¢» € W, then 9 (t) < t for any t > 0.

In 2016, Mutlu and Gurdal introduced the bipolar metric space as follows:

Definition 1.1. ([11]) Let X and Y be two nonempty sets and d : X x Y —
[0,00) be a map satisfying the following conditions:
(1) d(xz,y) =0 if and only if z =y for all (z,y) € X x Y;
(2) d(z,y) =d(y,z) for all z,y € X NY;
(3) d(z1,y2) < d(z1,y1) + d(x2,91) + d(z2,y2), for all 21,29 € X and
Yy, y2 €Y.
Then d is called a bipolar metric and (X, Y, d) is called a bipolar metric space.

If XNY = ¢ then space is called disjoint otherwise joint. The set X is
called left pole and the set Y is called right pole of (X,Y,d). The elements of
X, Y and X NY are called left, right and central elements, respectively.

Definition 1.2. ([11]) Let (X,Y,d) be a bipolar metric space. Then any
sequence {z,} C X is called left sequence and is said to be convergent to right
element say y if d(z,,y) — 0 as n — oco. Similiarly, a right sequence {y,} C Y
is said to be convergent to a left element say z if d(z,y,) — 0 as n — oc.

Definition 1.3. ([11]) Let (X,Y,d) be a bipolar metric space.
(1) A sequence {(zn,yn)} on X x Y is called a bisequence on (X,Y,d).
(2) If both the sequences {z,} and {y,} converge, then the bisequence
{(zn,yn)} is said to be convergent. If both the sequences {z,} and {y,}
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converge to the same point u € X NY then the bisequence {(xy,yn)}
is called biconvergent.

(3) A bisequence {(zn,yn)} on (X,Y,d) is said to be Cauchy bisequence,
if for each ¢ > 0 there exists a positive integer N € N such that
d(xn, Ym) < € for all n,m > N.

(4) A bipolar metric space is said to be complete, if every Cauchy bise-
quence is convergent in this space.

Definition 1.4. ([11]) Let (X1,Y7,d1) and (Xo, Ya,ds) be two bipolar metric
spaces and T : X1 UY; — X9 UY5 be a function:

(1) f TX; C Xy and TY; C Yo, then T is called covariant mapping and
is denoted by T : (X1,Y7,d1) = (Xo, Yo, ds).

(2) If TX; C Yy and TY; C Xo, then T is called contravariant mapping
and is denoted by T : (X1,Y7,dy) = (X2, Ys, d2).

Definition 1.5. ([11]) Let (X1, Y1,d;) and (X2, Y2, ds2) be two bipolar metric
spaces.

(1) A map T : (X1,Y1,d1) = (Xo,Y2,d2) is called left continuous at
a point zg € X if for every ¢ > 0 there exists a § > 0 such that
da(Txo, Ty) < € whenever dy(zg,y) < 0.

(2) A map T : (X1,Y1,d1) = (Xo,Ys,ds) is called right continuous at
a point yg € Y if for every € > 0 there exists a § > 0 such that
do(Tz, Tyy) < € whenever dy(x,yg) < 6.

(3) A map T is called continuous if it is left continuous at each zy € X
and right continuous at each yp € Y.

(4) A contravariant map T": (X1,Y1,d;) & (Xo, Y2, d2) is continuous if and
only if T is continuous as covariant map 7" : (X1, Y1,d1) = (Xo, Ya,d2).

2. MAIN RESULTS

Here, we will prove our main results by introducing the notions of general-
ized contractive mappings in bipolar metric spaces.

Definition 2.1. Let (X,Y,d) be a bipolar metric space and T : (X,Y) =
(X,Y) be a covariant mapping. Then T is said to be i-contractive covariant
mapping if there exists ¢ € ¥ such that

d(Tz,Ty) < ¢(d(z,y)) (2.1)
for all (z,y) € X x Y.
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Definition 2.2. Let (X,Y,d) be a bipolar metric space and T : (X,Y) &
(X,Y) be a contravariant mapping. Then 7 is said to be 1-contractive con-
travariant mapping if there exists ¢ € ¥ such that

d(Ty,Tx) < ¢(d(z,y)) (2.2)

for all (z,y) € X x Y.

Theorem 2.3. Let (X,Y,d) be a complete bipolar metric space and T :
(X,Y) = (X,Y) be a contractive covariant mapping satisfying equation (2.1).
Then T has a unique fized point.

Proof. Let zg € X and yo € Y. Construct two sequences {z,} € X and
{yn} € Y such that z,, = Tzp,—1 and y, = Tyn—1. Then {(zn,yn)} is a
bisequence in X x Y.

Now putting = x,, and y = y,, in equation (2.1), we obtain that

d($n+1a yn+1) = d(T-Tna Tyn) < ¢(d(l‘n—1a yn—l))-

By induction, we say that

A(Tni1,ynt1) < P (d(w0, 90))- (2.3)
Again, putting z = x,—1 and y = y, in equation (2.1), we obtain that
d(Tn, Ynt1) = d(Trp—1, Tyn) < P(d(Tn-1,Yn))-

By induction, we have

d(@n, Ynt1) < " (d(z0, 1)) (2.4)

Since > > 9" (a) < oo for each a > 0, for every € > 0, we can find N € N
such that

> UM (d(wo, ) < 5 and " (d(xo, o)) <

n>N

(2.5)

DN

Now, for n,m € N with m > n > N, applying the condition (3) of Definition
1.1, we get

d(azn, ym) < d(l’n, yn—l—l) + d(xn-i-h yn-i—l) + d(xn-i-h yn+2)
+---+ d(xmfla ymfl) + d(:pmfl» ym)

m—2

= Z d(Tk, Yrs1) + Z d(Tht1, Yrt1)-

=n k::n

[y

ol



1-type contractions and Jaggi type hybrid contractions in bipolar metric spaces 707

Now, using equation (2.3) and (2.4), we get

m—1 m—2
A(wn,ym) <Y WFd(wo,y1) + > ¥ d(xo, o),
k=n k=n
m—1 m—2
< Z ¢kd($0, yl) + Z ¢k+1d($0, y0)7
k=N k=n
< Y wd(o,y) + Y " (o, o). (2.6)
n>N n>N

Using equation (2.5) in (2.6), we get

€ €
Similarly, one can prove easily for n,m € N with n > m > N that
d(xn, ym) < €. (2.8)

From equations (2.7) and (2.8), we can say that {(zn,yn)} is a Cauchy bise-
quence. Since (X, Y, d) is a complete bipolar metric space, {(xy, y,)} is conver-
gent and thus biconverges to a point v € X NY and Tx,, = xpy1 v € XNY
guarantees that {z,41} has unique limit.

Now, by using equation (2.1) and 9 (t) < t, we get

d(xpy1, Tv) < P(d(zn,v)) < d(zp,v). (2.9)
Taking limit n — oo in equation (2.9), we have
d(v,Tv) <0.

This implies that d(v, Tv) = 0, that is, Tv = v. Hence v is the fixed point.
Next, we have to prove the uniqueness of the fixed point. Let us suppose,
if possible that u is also the fixed point of 7" and u # v. Then, equation (2.1)
implies that
d(u,v) = d(Tu, Tv) < P(d(u,v)) < d(u,v),

which is a contradiction. Hence we have uv = v. O

Theorem 2.4. Let (X,Y,d) be a complete bipolar metric space and T :
(X,Y) 2 (X,Y) be a contractive contravariant mapping satisfying equation
(2.2). Then T has a unique fized point.

Proof. Let xyp € X. We define a bisequence {(zn,yn)} as xny1 = Ty, and
Yn = Tz, for all n € N.
Now putting x = x,, and y = y,—1 in equation (2.2), we obtain that

d(.%'n, yn) = d(Tyn—h Txn) < w(d(xna yn—l))~
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By induction, we obtain

Again, putting z = x,41 and y = y, in equation (2.2), we obtain that
d(Tn41,Yn) = d(Tyn, Txy) < (d(Tn, Yn)).
By induction, we have
d(zny1,yn) < " (d(20,0))- (2.11)

Since Y o7, " (a) < oo for each a > 0, for every € > 0, we can find N € N
such that

> ™(d(wo,90)) < = and " (d(zo,0)) <

2.12
2 ( )
n>N

N ™

Now, for n,m € N with m > n > N, applying the condition (3) of Definition
1.1, we get
d(IEn, ym) < d(xn; yn> + d(xn—i-l, yn) + d<$n+17 yn—l—l)
+- 4+ d(l‘my ym—l) + d(xma ym)

m m—1
= Z d(xk, yr) + Z d(Tp41, Y&)-
k=n k=n

Now, using equation (2.10) and (2.11), we get

m m—1

A(Tn,ym) < D WFd(xo,yo) + Y ¢ d(wo, yo)
k=n k=n
m m—1

< > (e, yo) + Y (0, o)
k=N k=n

< ) td(wo,mo) + Y " d(xo, yo)-

n>N n>N

Using equation (2.12), we get

d((L‘n, ym) < . + < =€ (2'13)
2 2
Similarly, we can prove easily for n,m € N with n > m > N that
d(xn, ym) < €. (2.14)

From equations (2.13) and (2.14), we can say that {(xn,yn)} is a Cauchy
bisequence. Since (X,Y,d) is a complete bipolar metric space, {(zn,yn)} is
convergent and thus biconverges to a point v € X NY, so Ty, = Tp11 — v
and Tz, =y, = v € X NY guarantees that {z,4+1} has unique limit.
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Now, by using equation (2.2) and ¢(t) < t, we get

d(xp41,Tv) = d(Tyn, Tv) < P(d(v,yn)) < d(v, yn). (2.15)
Taking limit n — oo in equation (2.15), we have
d(v,Tv) <0.

This implies that d(v,Tv) = 0, that is, Tv = v. Hence v is the fixed point of
T. Next, we have to prove the uniqueness. Let us suppose, if possible that u
is also the fixed point of T" and u # v. Then, equation (2.2) implies that

d(u,v) = d(Tu, Tv) < p(d(u,v)) < d(u,v),

which is a contradiction. Hence, we haves u = v. Il

Definition 2.5. Let (X,Y,d) be a bipolar metric space and T : (X,Y) &
(X,Y) be a contravariant mapping. Then T is said to be generalized -
contractive contravariant mapping if there exists ¢ € ¥ such that

d(Ty, Tz) < p(M(z,y)), (2.16)

where

d(z,Tz)+ d(Ty,y) }

M(z,y) = max {d(x, y),d(z,Tz),d(Ty,y), 5

for all (z,y) € X x Y.

Theorem 2.6. Let (X,Y,d) be a complete bipolar metric space and T :
(X,Y) = (X,Y) be a generalized 1p-contractive contravariant mapping sat-
isfying equation (2.16). Then T has a unique fixed point.

Proof. Let xyp € X. Construct a bisequence {(zn,yn)} as xny1 = Ty, and
Yn = Txy, for all n € N,
Now putting = x,, and y = y,_1 in equation (2.16), we obtain that

A, yn) = d(Tyn—1, Twn) <YM (2n; Yn-1)), (2.17)

where

M(xnaynfl)
d(@n, Txn) +d(TYn—1, Yn—
:max{d(ZEn’yn*1)7d(xnaTxn)ad(Tynflaynfl)a ( ) 2( Yn-1,Y 1)}

dl‘n, n +dl‘n, n—
—max { d(wn, yn-1), d(n, yn), (2, Y1), (&, Yn) 2( Y 1>}

<max{d(Tn, Yn—1),d(Tn, yn)} (2.18)
Suppose that d(n, Yn—1) < d(zn,yn). Then equation (2.18) becomes

M(.%'n, yn—l) < d(.%'n, yn)-
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Putting this in equation (2.17), we get

d(xnvyn) < w(d(xnvyn)) < d(xmyn)v

which is a contradiction. So, d(zn,yn—1) > d(xn,yn) and equation (2.18)
becomes

M(wmyn—l) < d(xnyyn—l)- (2.19)
Using equation (2.19) in (2.17), we obtain that
d(l’n, yn> < d(xna yn—l)'

By induction, we obtain

d(zn, yn) < " (d(x0,Y0))- (2.20)
Similarly, putting * = z,4+1 and y = y,, in equation (2.16), we obtain that
d($n+la yn) = d(Tyna TIEn) < w(M(xnv yn))7 (221)

where

d(zn, T2n) +d(TYn, Yn
M(aj”’ y”) = max {d(ﬁnv yn)7 d(l‘n, Tmn)v d(Tyn, yn)7 ( )2 ( ) }

dl‘nvyn +d(z, » Yn
= maX{d(xnayn),d(wn7yn)7d(xn+17yn)a ( ) 2 ( = )}

< max{d(Tn+1,Yn), d(Tn,Yn)}- (2.22)

Suppose that d(n,Yn) < d(Tn+1,Yyn). Then equation (2.22) becomes
M(zy,yn) < d(n+1,Yn), Then equation (2.21) becomes

d(afn—f—l,yn) < w(d(wn—i-l,yn)) < d(xn-i—la yn)a

which is a contradiction. So, d(zp+1,yn) < d(xn,yn) and equation (2.22)
becomes

M (zn,yn) < d(zpn, yn). (2.23)
Using equation (2.23) in (2.21), we obtain that
d(Tnt1,Yn) < d(Tn, Yn). (2.24)
By induction, we obtain
d(Znt1,yn) < I/JnJrl(d(mOa Yo))- (2.25)
Since, Y7, ¢™(a) < oo for each a > 0, for every € > 0, we can find N € N
such that
€ €
> ¥™(d(wo, y0)) < 5 and " (d(x0,0)) < 5 (2.26)

n>N
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Now, for n,m € N with m > n > N, applying the condition (3) of Definition
1.1, we get

d(Tn, ym) < d(Tn,Yn) + d(@Tnt1,Yn) + d(Tns1; Yni1)
+---+ d(l’m, ym—l) + d((L‘m, ym)

m m—1
= Y d(wryr) + D d(@kin, u)-
k=n k=n

Now, using equation (2.20) and (2.25), we get

m m—1
A(@n,ym) <Y WFd(wo,y0) + Y vFHd(wo, yo)
k=n k=n

m m—1
< Y dd(wo,yo) + Y wF T d(o0, y0)
k=N

k=n
< ) td(wo,mo) + Y " (o, yo)-

n>N n>N
Using equation (2.26), we get
€ €
d(xna ym) < ) + 9 =€ (2'27)
Similarly, we can prove easily for n,m € N with n > m > N that

d(Zp, ym) < €. (2.28)

From equations (2.27) and (2.28), we can say that {(zn,y,)} is a Cauchy
bisequence. Since (X,Y,d) is a complete bipolar metric space, {(zn,yn)} is
convergent and thus biconverges to a point v € X NY, so Ty, = Tp11 — v
and Tz, =y, — v € X NY guarantees that {z,;} has unique limit.

Now, by using equation (2.16) and ¥ (t) < t, we get

d(xpy1,Tv) = d(Tyn, Tv) < P(M(v,yn)) < M(v,yn), (2.29)
where
d(v,Tv) + d(TYn, Yn
M, ) = mas {d(v, ), d(v, T0), (T, y) LT LI
< max{d(v,yn), d(v,Tv), d(TYn, yn) } (2.30)
Using equation (2.30) in (2.29) and taking limit n — oo, we get

d(v,Tv) <0,

this implies that d(v, Tv) = 0, that is, Tv = v. So v is the fixed point of T.
Next, we have to prove the uniqueness. Let us suppose, if possible that u
is also the fixed point of T" and u # v. Then, equation (2.16) implies that

d(u,v) = d(Tu, Tv) < p(M(v,u)) < M(v,u),
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where
M(v,u) = max {d(v,u), d(v, Tv),d(Tu,u), d(U’TU)’Qd(TUaU) }’
< d(u,v).
This is a contradiction, so we have u = v. Hence T has a unique fixed point.

O

Definition 2.7. Let (X,Y,d) be a bipolar metric space and T : (X,Y) &
(X,Y) be a contravariant mapping. Then T is said to be Jaggi type hybrid
contravariant mapping if there exists ¢ € ¥ such that
d(Ty, Tx) < $(31 (z,)), (2.31)
for all distinct (z,y) € X x Y, where s > 0 and «; > 0 for ¢ = 1,2 such that
a1 +ag =1 and
1

al(%)s‘i‘aQ(d(-ﬁ’y»S , if s>0

(d(z, Tx))* (d(Ty, y))**, if s =0.
If x and y are different elements in X and Y, z,y ¢ Fp(X UY), where
Fr(XUY)={ze XUY :Tx = x}.

3 (x,y) =

Theorem 2.8. Let (X,Y,d) be a complete bipolar metric space and T :
(X,Y) =2 (X,Y) be a Jaggi type hybrid contravariant continuous mapping
satisfying equation (2.31). Then T has a fized point.

Proof. Let xyp € X. Construct a bisequence {(zn,yn)} as xn+1 = Ty, and
Yn = Txy, for all n € N,

We will prove the theorem in two cases (i) when s > 0, (ii) when s = 0.
Case (i): When s > 0. Now putting = = x,, and y = y,—1 in equation (2.31),
then we get

d(Tp, yn) = (d(Tyn-1,Try)) < ¢(33T($n,yn—1)), (2.32)
where
d(xp, Tzn)d(TYn—1, Yn—1)
d(Zpny Yn—1)

A(Zn, Yn)d(Tn, Yn—1) |5 s
S S

= [ (d(@n, yn))* + c2(d(n, yn-1))°]+. (2.33)
Suppose that, d(x,, Yn—1) < d(Tn,Yyn). Then equation (2.33) becomes
33(337“ Z/n—l) S d(xna y’H)

1
s

)* + aa(d(zn, yn—1))"]

3 (0, yn1) = Bigaa(

@ =
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Using this in equation (2.32), we get

d(zn, yn) < (37 (d(@n, yn))) < d(@n, yn),

which is a contradiction. So, d(xy, yn—1) > d(xn,yn), by induction, we get

d(l'm yn) < djn(d(an yO)) (2'34)

Similarly, putting * = z,4+1 and y = y, in equation (2.32), we obtain that

d(Tn+1,Yn) = (d(Tyn, Txy)) < ¢(3Z(wn,yn)),

where

0 =

d(xnv yn)

i d(xnayn)d(xn lyyn) s s
= [ (T ) o, )|

= [Oq(d(.%'n, yn))s + aQ(d(xn-I—h yn)>s] :

Suppose that, d(xy,, yn) < d(Tn+1,Yn). Then equation (2.35) becomes

37 n, gn) = [on )" + az(d(wn, ya)*|

W |-

w |

(2.35)

35 (@0, yn) < d(@ni1,yn)-
Therefore, we have
A(n11,Yyn) < O3 (@nsyn)) < d(Tns1,yn),
which is a contradiction. So, d(zn+1,Yyn) < d(Zn,yn), by induction, we get
AT i1, yn) < P (d(20,0))- (2.36)

Since > >, 9" (a) < oo for each a > 0, for every € > 0, we can find N € N
such that

and " (d(x0, o)) <

> w"(d(zo,90)) <

n>N

(2.37)

N
N

Now, for n,m € N with m > n > N, applying the condition (3) of Definition
1.1, we get

d(xm ym) < d(xm yn) + d(wn-i-la yn) + d(xn-l-ly yn-i-l)
+ o+ d(@m, Ym—1) + (T, Yim)

m m—1

= Z d(zk, yg) + Z d(Th11, Y)-

k=n k=n
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Now, using equation (2.34) and (2.36), we get

m m—1
d(wn, ym) < D Fd(wo,y0) + > ¥ d(xo, vo)
k=n k=n
m m—1
<D (o, yo) + Y ¥ d(wo, yo)
k=N k=n
<Y wd(wo,y0) + Y " (o, o).
n>N n>N
Using equation (2.37), we get
€ €
d(Xn, ym) < 3 + ;=€ (2.38)

Similarly, we can prove easily for n,m € N with n > m > N that
d(zp, ym) < €. (2.39)

From equations (2.38) and (2.39), we can say that {(z,,y,)} is a Cauchy
bisequence. Since (X,Y,d) is a complete bipolar metric space, {(zn,yn)} is
convergent and thus biconverges to a point v € X NY. As T is continuous so
Tp — v implies Tx,, = y, — Tv. So v is the fixed point of T.

Case (ii): When s = 0. Putting z = z,, and y = y,_1 in equation (2.31), we
get

d(zn, yn) = (A(Tyn-1,Txn)) < w(sép(% Yn—1))s (2.40)
where
@ vn1) = (d(@n, Trn) (d(Tyn—1,Yn-1))?
= (d(@n, yn))* (d(Tn, Yn—-1))**.

Using this in equation (3.40), we have

d(n; yn) < P20, yn))*H (d(@n, yn-1))*?) < (d(2n; Yn))™ (d( 20, Yn-1))*2

This implies that (d(zn, y,))' " < d(Zn, Yn—1))2.
Clearly,

d(ﬂjna yn) < d(xna ynfl)' (2'41)
Similarly, we can obtain

A(XTnt1,Yn) < A(Tpy Yn). (2.42)

Now by using the same tool as in the case s > 0, we can easily show that T’
has a fixed point. O
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Example 2.9. Let X = (—00,0], Y = [0,00) and d : (—00, 0] x[0,00) — [0, c0)
as d(z,y) = |r—y|. Then, clearly, (X,Y,d) is a complete bipolar metric space.
Define T': R — R as Tx = =*. Clearly, T is contravariant continuous map.

Taking ¢(z) = 2

d(Ty,Tz) =

‘ (2.43)

where x = —a for a > 0. For all (z,y) € X x Y.

d(z,Tz) + d(Ty, y) }
5 .
Since d(z,y) = |z —y| = |a + y|, M(z,y) > |a + y|. Clearly, equation (2.16)
holds. So, all the conditions of Theorem 2.6 are satisfied. Hence T has a
unique fixed point and it is clear that 0 is the fixed point of T

M(x,y) = max {d(:z:, y),d(x, Tx),d(Ty,y),

Example 2.10. Let X = (—00,0], Y = [0,00) and d : (—o0,0] x [0,00) —
[0,00) as d(z,y) = |z —y|. Then, clearly (X,Y,d) is a complete bipolar metric
space. Define T': R — R as Tz = <7, then we know that T' is a contravariant
continuous map.

_ |y _ =
N Dt
B ‘ s 7%
y a
= |+ = 2.44
vl e
Wherea:——afora>0forall( y) € X xY.
Taking ¢(2) = 4, s =1 and aq = ap = 1. Since
R d(z, Tz)d(Ty,y)\* s
T _ ) ’ S
Js (xay) - |:Oé1< d(.’B,y) ) —|—Oé2(d(l’,y)) i| )
N 1/1,d(x,Tx)d(Ty,y) 1
T _ (1 ’ Z
VAl = Sy ) gl
1
= o+,
i
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where B = i(%) > 0, equation (2.31) holds. Hence all the condi-

tions of Theorems 2.8 are holds. Thus T has a fixed point. Clearly, 0 is the
fixed point of T.

3. CONSEQUENCES
In this section, we shall discuss about the consequences of Theorem 2.8.

Corollary 3.1. Let (X,Y,d) be a bipolar metric space and T : (X,Y) &=
(X,Y) be a contravariant continuous mapping such that
d(z,Tx)d(Ty,y)\* :
d s 3.1
o) ) Healdw )] (3.1)

for all (x,y) € X XY with x # y and s > 0, a; > 0, i = 1,2 such that
a1 +az=1and 8 € (0,1). Then T has a fived point.

d(Ty,Tx) <6 {al <

Proof. Taking ¥(z) = 0z in Theorem 2.8, one can get the proof. g

Corollary 3.2. Let (X,Y,d) be a bipolar metric space and T : (X,Y) =
(X,Y) be a contravariant continuous mapping such that

0 r/d(x, Tx)d(Ty,y)\2 e
ATy, ) < s [(F g )+ ) (3.2)

for all (z,y) € X XY with x #y and 0 € (0,1). Then T has a fized point.
Proof. Taking ¥(z) =0z, a1 = g = % and s = 2 in Theorem 2.8. O

Corollary 3.3. Let (X,Y,d) be a bipolar metric space and T : (X,Y) =
(X,Y) be a contravariant continuous mapping such that

d(z, Tz)d(Ty, y)
d(Ty,Tx) < d 3.3
(T, T2) < o S22 =0 ) + B, v) (3.3)
for all (z,y) € X XY with x #y and o, B € (0,1). Then T has a fixed point.
Proof. Putting 6y = o, 09 = f and s = 1 in Corollary 3.1. U

Corollary 3.4. Let (X,Y,d) be a bipolar metric space and T : (X,Y) =
(X,Y) be a contravariant continuous mapping such that

d(Ty,Tx) < 0(d(z, Tx))*(d(Ty,y))' (3.4)
for all (z,y) € X xY with x # y and 0, € (0,1). Then T has a fized point.

Proof. Letting oy = o, = 1 — ;s = 0 and ¥(z) = 0z in Theorem 2.8, we
get the proof. O
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