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Abstract. The main object of this paper is to introduce the sequence spaces [V, A fyplo
(A" E), [V, N £,p1 (AT, E), [V A, f,plee(AT, E), Sx(A™, E) and Sy, (A", E) where E is a
Banach space which arise from the notion of generalized de la Vellee Poussin means and
the concept of modulus function, examine them and give various properties and inclusion

relations on these spaces.

1. INTRODUCTION

Let w denote the set of all sequences (real or complex); I, ¢ and ¢y be
respectively the Banach spaces of all bounded, convergent and null sequences
with the usual norm ||x|| = sup |z|, where k € N = 1,2, ..., the set of positive

k

integers. Let A = (\,,) be a non-decreasing sequence of positive numbers
tending to infinity such that A\,11 < Ay, + 1, A1 = 1. The generalized de la
Vallee Poussin means of a sequence x is defined as:

1
tn(x) = . Z xp, where I, =[n—\,+1,n], for neN.
kely
A sequence z = (zy,) is said to be (V, A)-summable to a number [ [7] if ¢, (z) —
lasn — oco. If A\, = n, then (V, \)-summability and strong (V, \)-summability
are reduced to (C,1)-summability and [C, 1]-summability.

Kizmaz [5] defined the difference sequence spaces,
X(A) ={x=(zx) : Az € X},
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where X = [ ,c and ¢gp and Ax = (xp — 2k41). Then Et and Colak [2]
generalized the above sequence spaces as:
X(A") ={x=(xg) : A"z € X},
for X =l ,c and cg where r € N and A2 = (z3), Az = (z —2py1), A2 =
k
(A"zp — A"wpqq), and ATz = 3 < : ) Thotpr-
n=0

Later on the difference sequence spaces have been studied by Malkowsky

and Parashar [11], Et and Basarir [1] and others.

The concept of paranorm is related to linear metric spaces. It is a gen-
eralization of that of absolute value. Let X be a linear space. A function
p:x — R is called a paranorm, if

(p-1) p(0) > 0

(p-2) p(z) > VzelX,

(p-3) p(— ) (z), VrelX,

(p4) plx+y) <plx)+ply), Ve yecX (triangle inequality),

(p-b) if (An) is a sequence of scalars with A\, — A (n — o0) and (z,) is a

sequence of vectors with p(z, —z) — 0 (n — 00), then p(x A\ —2) —
0 (n — 00),(continuity of multiplication of vectors).

A paranorm p for which p(xz) = 0 implies 2 = 0 is called total. It is well
known that the metric of any linear metric space is given by same total para-
norm ([13], Theorem 10.4.2).

Following Wilansky [13] and Maddox [10], a modulus function f is a function
from [0, c0) to [0, oo) such that

(i) f(x) =0 if and only if x =0,
(H% flz+y) < fle) + fy) Yo,y >0,
) f

(iii) f is increasing,
(iv) f if continuous from right at = = 0.

Maddox [9] introduced and studied the sets:

n

" o1 . .
[¢]o = {x Cw: hranﬁ kz |Zk4m| =0 uniformly in m},
=1

(]={x€w: x—lee[¢] forsomein [ € C}
of sequences that are strongly almost convergent to zero and strongly almost
convergent.

The following inequality will be used throughout this paper. Let p = (px)
be a sequence of positive real numbers with 0 < p; < sup,pr = H and let
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D = max{2, 271}, For a;, by € C the set of complex numbers. We have
(see, [8]) that

\ak—i—bk]p’“ SD{’ak’pk-f—’bk‘pk}. (1.1)

2. SOME NEW SEQUENCE SPACES DEFINED BY MODULUS FUNCTION

_In this section, we prove some results involving the sequence spaces
[V7 )\7 fup]O(ATv E)7 [Vu A: f7p]1(Ar7 E)7 [V7 /\7 f:p]OO(Ar7 E)

Definition 2.1. Let E be a Banach space. We define w(F) to be the vector
space of all E-valued sequences that is w(E) = {z € w(E) : z € E}. Let f
be a modulus function and p = (pi) be any sequence of strictly positive real
numbers. We define the following sequence sets:

[V7)\af7p]1(Ar7E)

Z [fIIA" 2k — U|]P* = 0 for some I,

1
= {CL‘ cw(k): lim)\—
" kel

uniformly in m}

[Va )‘a f?p]O(Arv E)

1
= :L'Gw(E):lim/\

Z [fIIA" 2kt |[]P* = 0 uniformly in m
" keI,

[V, £, ploo(A, E)

1
=z €w(E):sup— g A"z ||]PF < 00
mn An kel

Ifxe [V, A, f,p]1 (A", E) then we write xj — Z[V,)\, f,p)1 (AT, E) and [ will
be called A\g- difference limit of x with respect to the modulus f.

Throughout the paper Z will denote any of the notation 0, 1, oo. In
case f(x) = z, pp = 1 for all k € N, we shall write [V, ],(A", E) and
[V, A\, flo(A", E) instead of [V, A, f,p].(A", E).

Theorem 2.2. Let the sequence (py) be bounded. Then the sequence spaces
[V7 >\a f7 p]z(AT, E) are linear.
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Proof. We shall prove it for [V, A, f,p]o(A”, E). The others can be proved in
the same manner. Let z,y € [V, X, f,p|.(A",E) and 3, u € C. Then there
exists positive numbers Mg and M, such that |3| < Mg and |u| < N,. Since
f is sub additive and A" is linear we have

1
)\7 Z [f”Ar(Bxk+m + Nyk+mmpk

" kel,
1 I ]' T
< = D UAIA Bl + 5 S UIA (g pm
" kel, " kel,
1 , 1 ,
< D(Mp)"' 5= Y [FI1A @k [P + D= (N D A e[ = 0,

" kelp n kel,

as n — 0o, uniformly in m. This proves that [V, A, f,p]:(A™, E) is a linear
space. O

Theorem 2.3. Let f be a modulus function, then
VA £, lo(AT, B) C VA, £,phi (A7, E) C [V A, fplo(A, E).

Proofi The first inclusion is obvious. We establish the second inclusion. Let
zel[V,A f, pl1 (A", E). By definition of f we have for all m € N,

= SN gl = 5 T UIAT @i — L+ U
" kel, " kel,
< D D UIAT @y — 17 +D > Ll
" kel, " keI,
There exists a posmve integer K such that ||/|| < K;. Hence we have
~ Z [FIA™ zppm |7
" kely,
D D H
< DA @ = U+ = > (KL (D)
keln kel,
Since z € [V, \, f,p]1(A7, E) we have & € [V, \, f,ploo(A”, E) and this com-
pletes the proof. O

Theorem 2.4. [V, \, f,plo(A”, E) is a paranormed (need not be total para-
norm) with

gat@) =sw [ = STIAIA Caml |

m,n n keln
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where M = max{1, supy, px}-.

Proof. From Theorem 2.3, for each = € [V, ), f,plo(A”, E), ga(z) exists.
Clearly, ga(x) = ga(—z). Furthermore ga(z) = 0 1mphes A”xk = 0 im-
plies z = 0. Since f(z) = 0, we get ga(z) = 0 for x = 0. Since & < 1 and
M > 1, using the Minkowski’s inequality and definition of f, for each n we
have

1

ga(@+y) =sup | = > [f (1A Zk1m + A yrgm)]P
A
m,n n k‘eln

gl

< sup 72 A" zkrml)) + f A Yrgm) (]
m,n kEIn

L
M

T p
<sup |+ Z (1A g )P
’ kel
1

s (5 SOIF (Al

mn " kel
< ga(z) +ga(y).

Hence ga(x) is sub additive. Finally, to check the continuity of multiplication,
let us take any complex number 5. By definition of f we have

M

ga(B) =sup | 5= SO (1A (Bracm) )]

A\ T ke,
H
< K3"ga(w),
where K3 is a positive integer such that || < K. Now, let 5 — 0 for any
fixed = with ga(z) # 0. By definition of f for |3| < 1, we have
= S UIA B P < @2.1)
" kel

for n > ny(e).
Also, for all n with 1 < n < ng and for all m, taking § small enough, since
f is continuous we have
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1 T
o D UIA Brigm 17 <= (2.2)
kel,
(1.1) and (2.1) together imply that ga(8z) — 0 as 5 — 0. O

Theorem 2.5. Ifr > 1, then the inclusion
VoA fl2(A71 E) € [V, fp)2(A7, ),
1s strict. In general
VA flz(ALE) C [V N fplz(AT E), Vi=1,2,...,r—1
and the inclusion s strict.
Proof. We give the proof for z = co only. For Z =0 and Z = 1, the proof is
similar. Let x € [V, A, f]oo (A", E)). Then, we have

sup = S 1S (A7 i) < o0,

m,n \n kel,

By definition of f, we have

sup 3 [F (1A k)]

N e T,
1 _ 1 _
< sup S I (IA )] +sup = S I UIA™ gl
m,n n ke]n m,n n kEIn
< 0.

Thus, X A
V. flz(A"H E) C [V, A, f,plz(A, E).
Proceeding in this way one can show that
[Va)\af]Z(AZ>E) - [V7)\afap]Z(AT?E)7 Vi= 1727"'7T -1

Let E = C and A\, = n for each n € N. Then the sequence x = (k"), belongs
to [V, A, f]z(A", E) but does not belong to [V, A, f]z(A™" L, E) for f(z) = .
(If 2 = (k") then ATz, = (=1)"r! and A" 1oy, = (=1)" iy (k: + @) for
all k € N).

The proof of the following result is a routine work.

Theorem 2.6. [V, \, f,pli(A" ', E) C [V, A, f,plo(A", E).

Theorem 2.7. Let f, fi1, fo be modulus functions. Then we have
1) VoA frpz(AT E) C [V, A, fo fi,p]z(AT, E).
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(i) [V, A f1,0]z(A7 E)OIV, A, f2,0)2(A7, E) C [V, fi+ fo.pl2(A7, B).
Proof. We shall only prove (i). Let € > 0 and choose § with 0 < § < 1 such
that f(t) < e for 0 <t <4. Write yx, = f1 (||A"Zg+m||) and consider

S ) = S U @)+ 3 )™
keln 1 2

where the first summation is over y, < ¢ and the second summation is over
yr > 0. Since, f is continuous, we have

D Wrrm)I < Ane (2.3)

1

and for y, > 0, we use the fact that yp < % <1+ %. By definition of f we
have for y, >0, f(yx) < 2f(1)%. Hence,

)\i Z [f (Yerrm)]P* < max {1, (2f(1)(571)H} )\i Z Yktm- (2.4)
D)

" kel,

From (2.2) and (2.3), we obtain [V, \, f, plo(A”, E) C [V, \, f, plo(A”, E).
The proof of (ii) follows from the following inequality:

[(fr + f2) (1A 24 DI < D [fr ([A 2k DI + D [f2 (| A" 2] -
O

The following result is a consequence of Theorem 2.7 (i).
Theorem 2.8. Let f be modulus function. Then
[‘A/7 )\7p]Z(AT7 E) C [V7 )‘7 f,p]Z(AT7 E)

The idea of statistical convergence was introduced by Fast [3] and studied
by various authors ([4], [6], [12]).

Definition 2.9. A sequence x = (z},) is said to be A;-statistically convergent
to a number [ if for every € > 0,

1
o Hk eI : |A"zkyrm — U] > €} =0, uniformly in m.
In this case we write S(A”, E)—limz =1 or z} — 1S(AT, E).If A\, =n and
[ =0 we shall write S(A", E) and S),(A", E) instead of Sy(A", E)
We establish a relation between the sets Sy (A", E) and [V, \, f,p]1 (A", E).

Theorem 2.10. The inclusion S\(A", E) C [V, \, f,pl1(A", E) holds if and
only if f is bounded.
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Proof. We shall assume that f is bounded and z € SA(AT,E). Then, there
exists a constant M such that f(x) < M for all z > 0. Let € > 0 be given. We
choose 1 and & > 0 such that M§ + f(n) < e. Since, z € S\(A”, E), there are
l € C and n > ng(n, v) € N such that i Hk €I, : |A"xkrm — U] >0} <0,
for all n > ng and for all m. Therefore,

1
= S S T — 1P

" kel,

1

v DR (PN
n kel
|Arxk:+m7”2n

1
+ i Z FUA g — 1P
keln
‘Ar$k+m—l|<77

1
< M= [{k € In |8 @ — Ul =} + £(1)

< M+ f(n)
<e,

for all n > ng and m. Hence, z € [V, A, f,p|1 (A", E).
Conversely, we assume that f is unbounded. Then there exists a positive

sequence (t) of positive numbers with f(t;) = k2, for k = 1,2,... . If we
choose )
]t if i = k*,
fn) = { 0, otherwise,

then we have

\/)\n—l
An

for all n and m, and so z € Sy(A™,E) but = ¢ [V, X, f,p1(A", E) for E =
C. O

1
k€ In | A kg — Ul 2 €}] <

REFERENCES

[1] M. Et and M. Basarir, On some new generalized difference sequence spaces, Periodica
Mathematica Hungarica, 35(3) (1997), 169-175.

[2] Et. M and R. Colak, On some generalised difference sequence spaces, Soochow J. Math.,
21 (1995), 377-386.

[3] H. Fast, Sur la convergence statistique, Colloq. Math., 2 (1951), 241-244.

[4] J.A. Fridy, On statistical convergence, Analysis, 5 (1985), 301-313.

[5] H. Kizmaz, On certain sequence spaces, Canad. Math. Bull., 24 (1981), 169-176.



Some new sequence spaces defined by modulus function 277

[6] E. Kolk, The statistical convergence in Banach spaces, Acta. Comment. Univ. Tartru,
928 (1991), 41-52.
[7] L. Leindler, Uber die la Vallee-Pousinsche Summierbarkeit Allgemeiner Orthogonol-
reihen, Acta. Math. Math. Acad. Sci. Hunger, 16 (1965), 375-387.
[8] I.J. Maddox, Elements of Functionls Analysis, Cambridge University Press (1970).
[9] I.J. Maddox, On strong almost convergence, Math. Proc. Camb. Phil. Soc., 85 (1979),
345-350.
[10] I.J. Maddox, Sequence spaces defined by a modulus, Math. Proc. Camb. Phil. Soc., 100
(1986), 161-166.
[11] E. Malkowsky and S.D. Parashar, Matriz transformatios in spaces of bounded and con-
vergent difference sequence spaces of order m, Analysis, 17 (1997), 87-97.
[12] Mursaleen, \-statistical convergence, Math. Slovaca, 50 (2000), 111-115.
[13] A. Wilansky, ” Functional Analysis”, Blasdell Publishing Company, New York (1964).



