Nonlinear Functional Analysis and Applications

Vol. 28, No. 3 (2023), pp. 813-830

ISSN: 1229-1595(print), 2466-0973(online) “
cHF A

https://doi.org/10.22771 /nfaa.2023.28.03.15
http://nfaa.kyungnam.ac.kr/journal-nfaa
Copyright © 2023 Kyungnam University Press

KUPTress

IMPROVEMENT AND GENERALIZATION OF
POLYNOMIAL INEQUALITY DUE TO RIVLIN

Nirmal Kumar Singha', Reingachan N2, Maisnam Triveni Devi?
and Barchand Chanam?*

!Department of Mathematics, National Institute of Technology Manipur,
Imphal, 795004, India
e-mail: nirmalsingha99@gmail.com

2Department of Mathematics, National Institute of Technology Manipur,
Imphal, 795004, India
e-mail: reingal4@gmail.com

3Department of Mathematics, National Institute of Technology Manipur,
Imphal, 795004, India
e-mail: trivenimaisnam@gmail.com

4Department of Mathematics, National Institute of Technology Manipur,
Imphal, 795004, India
e-mail: barchand_2004@yahoo.co.in

Abstract. Let p(z) be a polynomial of degree n having no zero in |z| < 1. In this paper, by
involving some coefficients of the polynomial, we prove an inequality that not only improves
as well as generalizes the well-known result proved by Rivlin but also has some interesting

consequences.

1. INTRODUCTION

Let p(z) be a polynomial of degree n and let M(p,r) = | ax |p(z)|. Then
=T

zl=
the following inequalities concerning the maximum modulus of a polynomial
on a circle in terms of the maximum modulus of the polynomial on the unit
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circle, are known

M(p,R) < R"M(p,1), R >1 (1.1)
and

M(p,r) = r"M(p,1), r < 1. (1.2)
Inequalities (1.1) and (1.2) are sharp and equality holds for p(z) = Az", A # 0
being a complex number. Inequality (1.1) is a simple deduction from maximum
modulus principle [12, 16]. Inequality (1.2) is due to Zarantonello and Varga
[19].

If we restrict ourselves to the class of polynomials not vanishing in |z| < 1,

inequality analogous to (1.2) was obtained by Rivlin [17].

Theorem 1.1. Let p(z) be a polynomial of degree n having no zero in |z| < 1.
Then forr <1,
147

M(p,r) > M), (13)
(=)

Inequality (1.3) is sharp and equality holds for the polynomial p(z) = (%’&)n,
where |a| = |5].

Next, Govil [7, Theorem 1] generalized Theorem 1.1 by proving

Theorem 1.2. Let p(z) be a polynomial of degree n having no zero in |z| < 1.
Then for 0 <r < R<1,

1+
M >
= (1

>nM(p, R). (1.4)

The result is best possible and equality holds for the polynomial p(z) = (éiﬁ)n

Another generalization of Theorem 1.1 for polynomial not vanishing inside
the domain |z| < k, k > 1, was proved by Aziz [1].

Theorem 1.3. Let p(z) be a polynomial of degree n having no zero in |z| < k,
k>1. Then for0 <r <1,

M) 2 (FE8) 2y, ) (15)

The result is best possible and equality holds for the polynomial p(z) = (z+k)™.

For the case k <1 Aziz [1] further proved.

Theorem 1.4. Let p(z) be a polynomial of degree n having no zero in |z| < k,
k<1. Thenfor()grgk:Q,

M(p.r) > (11’;) M(p.R). (1.6)
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The result is best possible and equality holds for the polynomial p(z) = (z+k)".
Qazi [14], obtained a generalization of Theorem 1.2 by taking a more general

n
class of polynomials p(z) = ag + Z ay 2.
v=p

n
Theorem 1.5. If p(z) = ap + Z ayz’, 1 < pu <mn, is a polynomial of degree

v=p
n having no zero in |z| < 1. Then for 0 <r < R <1,

]_ 1%
M(p,r) > ( rr

1+ R+

)”MmR) (1.7)

Inequality (1.7) is best possible and equality holds for p(z) = (z* + k“)%, where
n is a multiple of p.

Further, Jain [9] obtained a result which provides a generalization of The-
orem 1.5 as well as a generalization of Theorem 1.3 and Theorem 1.4 proved
by Aziz [1].

n
Theorem 1.6. If p(z) = ap + Z ayz’, 1 < pu<mn, is a polynomial of degree

v=p
n having no zero in |z| < k, k > 0. Then for 0 <r < R <k,
Y
M(p,?“) > <R“+k“) M(pv R)- (1-8)

Equality holds in (1.8) for p(z) = (2* + k:“)%, where n is a multiple of p.

As a generalization and refinement of Theorem 1.2, Govil and Nwaeze [§]
obtained the following result.

n

Theorem 1.7. If p(z) = Zayz” 18 a polynomial of degree n having no in
v=p

|z| <k, k>1. Then for0 <r < R <1,

(L+r)"
Mr) 2 o (R b= v h)

JM@MHmmCED](M)

Recently, Mir et al. [11] have considered a more general class of polynomials
n
p(z) = ap + Zal,z”, 1 < pu < n, not vanishing in |z| < k, £ > 1 and proved
v=p

an extension as well as sharpening of Rivlin’s inequality (1.3).



816 N. K. Singha, N. Reingachan, M. T. Devi and B. Chanam

Theorem 1.8. Let p(z) = ap + Z ayz’, 1 < p < n, be a polynomial of degree
n having no zero in |z| < k, kz 1 Then for 0 <r < R <1,

(14 rH)e
(1+ i) + {(RH+ kr)n — (ri + i)}

X{M<p,R>+mm(R“+k“>ﬁ}, 1.10)

rH 4+ kM

M(p,7) >

where m = min |p(z)].
|2|=k

The improvement and generalization of the inequalities concerning the max-
imum modulus of a polynomial on a circle is a widely studied topic, and for
more informations in this direction, we refer to the recently published papers
[2], [3], [4], [5], [10], [18], etc.

2. MAIN RESULT

In this paper, by involving certain coefficients of the polynomial, we prove
the following inequality which improves as well as generalizes the bound given
by Theorem 1.8. More precisely, we obtain:

Theorem 2.1. Let p(z) = ag + Z ayz’, 1 < p < n, be a polynomial of degree

n having no zero in |z| < k, k>0 Then for 0 <r < R < p, p <k and for
every non-negative real number A with 0 < A < 1,

Mp.r) > |M(p,R)+n /R o (2.1)
T nAm .
p,r) = P, e
la] 1,.u—1
X exp n/R S n S dx » dt
rooghth 4l 4 %7|a0'fj‘§m(ku+lxu + k21z)

Rﬂ+kﬂ
1

lap ’
[ Y 1 da Pt
r kP4t eXP\ T+l 41 HM i1 g p g 20 t
ohtlp fptly B Taole (kl Th+k21)

1+n

where m = min |p(z)].
|2|=k
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Putting A = 0 in inequality (2.1) of Theorem 2.1, we get a result recently
proved by Devi et al. [4].

n
Corollary 2.2. Let p(z) = ag + Za,,z”, 1 < p < n, be a polynomial of
v=p

degree n having no zero in |z| <k, k> 0. Then for0 <r < R<p, p<k,

n, (RF4kF
M(p,r) > {M(n R)+m;m (MJ} (2.2)
1

X

lap _ ’
R u—1 t ah 4L bkt tgr de S d
fT‘ t“‘-i—k’“e'xp ’I’Lfr 1 1, plapl 1 2 &L
ghtlppt +E|Tg\(k#+ Th4-k21x)

14+n

where m = min |p(z)].
|z|=k

Putting p = 1 in Corollary 2.2, we have the following interesting result
recently proved by Chanam [2].

n
Corollary 2.3. Let p(z) = ag + Zal,z”, 1 < u < n, be a polynomial of
v=p

degree n having no zero in |z| < k, k> 1. Then for0 <r < R <1,

n RF+ kH
M , > M ’R 71 - 2.3
o) = (ot (5 22
1
x lap! 741 1 ’
R gn—1 t T Tagr H
1+n fr Wexp{nfr xu+1+ku+1+%%(klﬁrlm”—&-k%x)dx di

where m = min |p(2)].
|z|=k

Remark 2.4. By inequality (3.27) for p = 1 of Lemma 3.9, it is evident that
the right hand side of (2.3) dominates over that of (1.10) and thus Corollary
2.3 gives better bound than that of Theorem 1.8.

Remark 2.5. Putting p =1 and R = k = 1 in Theorem 1.8, we have under
the same hypotheses, the following improvement of the famous result due to
Rivlin [17].

Corollary 2.6. If p(z) is a polynomial of degree n having no zero in |z| < 1.

Then for 0 <r <1,
M(p,r) > <1;T>H{M(p,l)+nmln<1ir>}, (2.4)
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where m = min|p(z)|.
|z|=1

Inequality (2.4) is sharp and equality holds for the polynomial p(z) = (O‘Jrﬂz> ,

where |a| = |5].

Remark 2.7. If weput A=0, p=p=1and R =k =1 in Lemma 3.9, then
we have, in particular, for 0 < r <1,

2lal, 4 2)?
L+r —(1+2|a1| )% . 1+t ; :

2
|a0|r—|—r

where m = m1n|p( )|
|z|=1

Further, if we put pt =p =1 and R =k =1 in Corollary 2.2, we have:

Corollary 2.8. If p(z Zau Y is a polynomial of degree n having no zero

inlz| <1, thenf0r0<r§1

M(p,r) > {M(p, 1)+ mnln (T i 1)}

<1+ 2|a1|r+7‘>

laol

n
2

X o _— (2.6)
2 14200 442) 2
(1 + 2y +r2) ! (2 ftee)” leal” )
where m = min |p(z)|.
|z|=1
Again, by inequality (2.5) of Remark 2.7, the quantity
2 Jai| 2
(14 2+ r?)”
a1l 4 g2) 2
2 |1 1 (12 fatee)
<1+ ‘a1|r+r2> +nf! L dt
appearing in the right hand side of (2.6) is greater than or equal to (1”) and

hence Corollary 2.8 further improves Corollary 2.6, which in turn, improves
Theorem 1.1 due to Rivlin [17].

Remark 2.9. In the same way as the previous two joint conclusions in Re-
marks 2.5 and 2.7, we are further clear that Corollary 2.2 is an improvement
as well as generalization of Theorem 1.2.
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Remark 2.10. Theorem 1.8 has a limitation in the sense that for &k in (0, 1),
we do not have analogous bound of inequality (1.10) for 0 < r < R < k. It
is easily seen that this has been supplemented by our result. Moreover, for
k > 1, the limit of r and R extends from (0, 1] to (0, k].

Remark 2.11. If weput A=p=p=1and R=k =1 in Lemma 3.9, then
we have, in particular, for 0 < r <1,

2 a1 2
N (12l gy
( ) 1 n /'< laol=m >du(zn

147 (1+ la\Tl\ 7“—!—7"2) 14+t

0|3

n
2

where m = min|p(z)|.
l2|=1

Ifweput \=p=pu=1and R=Fk =1 in Theorem 2.1, we have:

Corollary 2.12. Ifp(z Z ayz” is a polynomial of degree n having no zero

inlz| <1, thenf0r0<'r§1

V(1 2l e)?
M(p,r) = | M(p,1)+m n g [ BT it
<1+ 2 |a1] ’I“+’f'2> T 1+t

n lao|—

n
2

(14 2plor +12)

n |ao|

; (2.8)

n lagl—
1+t

n +2 lag] 442 3
(1+% |a1_|m7"+r2)2+nfr1< ) dt

aol

where m = min [p(z)|.
|z|=1
Again, by inequality (2.7) of Remark 2.11, the quantity

<1+ '“'r+r>

n lag|—m

+2 lag | t+t2)

(H%ﬂrﬂz) e

lao|— 1+t dt

appearing in the right hand side of (2.8) is greater than or equal to (1+T) and
hence Corollary 2.12 further improves Corollary 2.6 and Corollary 2.8, which
in turn, improves Theorem 1.1 due to Rivlin [17].
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3. LEMMAS

To prove the theorem, the following lemmas are required.

The following lemma is due to Pukhta [13].

Lemma 3.1. If p(z) = ap + Z ayz’, 1 < pu < n, is a polynomial of degree n

having no zero in |z| < k, k 2 1 then

max i (9] < 1 {maxlp()] - min )} 6)

The next result is due to Rahman and Stankiewicz [15, Theorem 2’ p. 180].

n
Lemma 3.2. Let p,(z H — z,2) be a polynomial of degree n not vanish-
V=
ing in |z| <1 and let p;b(O = p;;(()) = ...=pL(0) =0. If ®(2) = {pn(2)}* =
n
Z bk’ezk, where e =1 or — 1, then
k=0
b <7, (+1Sk<2A+1)

and

n n
b < —— [—1), |b ] < == [+ 1).
‘ 2l+2,1‘ = 2(l + 1)2 (n+ )7 ‘ 20+2, 1‘ = 2(l + 1)2(n+ + )
The following lemma is due to Gardner et al. [6].

Lemma 3.3. If p(z Z ayz¥ is a polynomial of degree n having no zero in

|z| <k, k>0, then
Ip(2)| = m for |z <k, (3-2)

where m = |H\1HZ Ip(2)].

n
Lemma 3.4. If p(z) = ap + Z ayz’, 1 < u <mn, is a polynomial of degree n

v=p
having no zero in |z| < k, k> 1, and if m = |II‘liIZ |p(2)|, then for every real or

complex number X\ with |\| < 1,

3
P laglk (3.3)

n lag| — Am
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Proof. Without loss of generality, we can assume ag > 0 for otherwise, we can

consider the polynomial P(z) = e~%"9%yp(z), which clearly also has no zero in

|z| < k and M(P,R) = M(p, R). Since p(z) # 0 for |z| < k, hence, by Lemma

3.3, [p(z)] > m for |z| < k, m = |miri Ip(z)]. Now, for every real or complex
2=

number A such that |A| < 1, [p(z)| > m > |Alm, V z in |z| < k. Therefore, by
Rouche’s Theorem, the polynomial p(z) — Am # 0 in |z| < k, and hence the
polynomial Q(z) = p(kz) — Am # 0 for |z| < 1. Applying Lemma 3.2 to the
Q(z)

ag—Am’

polynomial which clearly satisfies the hypothesis of Lemma 3.2, we get

|ap |k < E,
ag—AIm ~ p
which is equivalent to
m
P laulk?
nag— AXm
This completes the proof of Lemma 3.4. O

Lemma 3.5. If p(z) = ap + Z ayz’, 1 < u <mn, is a polynomial of degree n

v=p
having no zero in |z| < k, k > 1, then the function

L4 G llpett

lay]
14 kptl 4 B2 (fntl 4 f20)
s a non-increasing function of x > 0.
Proof. The proof follows simply by using first derivative test. O

The next lemma is due to Qazi [14].

n
Lemma 3.6. If p(z) = ap + Z apz’, 1 < u <mn, is a polynomial of degree n

v=p
having no zero in |z| < k, k > 1, then

. 1+ ﬁMku+1
max |p (z)| <n n Jaol max |p(z)| (3.5)
|2|=1 14 kutl 4 %%(WH + k2w J2l=1
and
plaul g (3.6)

n |aol
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Lemma 3.7. If p(z) = ap + Z ayz’, 1 < u <mn, is a polynomial of degree n

having no zero in |z| < k, k > 0, then for 0 <r < R < p, p <k and for every
real number A with 0 <\ < 1,

M(p,R) < {M(p,r) — Am}r (3.7)

R HH + 143 |au‘ k,u-i—lt,u—l
X exp {n/ n lagl—Am dt} + Am,
O e e vl (AR R )

where m = min |p(z)].
|2|=k

n
Proof. Since the polynomial p(z) = ag + Z ayz’, 1 < u < n, has no zero in
v=p
|z| < k, k > 0, for every real or complex number « with |a| < 1, by Rouche’s
Theorem, for 0 < t < k, the polynomial P(z) = p(tz) + am has no zero in
2] < %, & >1, where m = ‘rr|urll€ Ip(2)].
z|l=

By using inequality (3.5) of Lemma 3.6 to P(z) = p(tz) + am, we have

1+ H la. [t* (E),LLJrl
maX\P( ) <n AV “ZOJ‘;?MI tk TTh {max p(tz)—l—am\}
2= 1_}_(?)#4‘ + |a0—‘:-am| ((?)'M"_ +(f) ,u) lz1=1

where

m = fﬁliri |P(2)] = ,n?fi Ip(tz)| = lrr‘nn Ip(2)],

which gives

lay|  gptl

1+ 5 n lag+am| t
tr‘n|a}§ P (2)] < n R T b p(tz) + am|
- L+ thtT + |a0io¢m| ( t + tT) -
(3.8)
Let zp on |z| =1 be such that
max |p(tz) + am| = |p(tzo) + am)|.

|z[=1
Now, we choose the argument of a suitably such that

[p(tz0)] — |afm

max p(2)| = alm. (3.9)

Ip(tz0) + am]|

IN
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Combining (3.8) and (3.9), we have

t’u‘—i-ﬁ lay| k,u-&-l#t—l

max|p ()] < n 1 1 nLQOJrICt:WT‘ 1 2
2=t et Rt Doty (R 4 k2ht)
X {Tnax Ip(2)| — |a|m} . (3.10)
z|=t
By Lemma 3.3, for |z| < k
Ip(z)| = m.
In particular,
p(0)] = m,
which implies
lag| > m. (3.11)
For any real or complex number « with |a| < 1, inequality (3.11) gives
lag| > |a|mn. (3.12)
Now, using inequality (3.12)
lap +am| > |lag| — |e|m|
= Jag| — |a|m. (3.13)

By Lemma 3.5, f(z) is a non-increasing function of z, and hence
f(lao + am]) < f(lao| — |ar|m). (3.14)
Using inequality (3.14) in (3.10), we have

m w_ layl pt1pp—1
tH + n \ao\—|a|mk t

max|p'(z)] < n
|z|=t i+l 4 el 4 B |a] (ku—i—ltu + ]{I2“t)

n lag|—|alm

«{maxlp(e)] -~ falm | (3.15)
Since the argument of « is fixed in the above inequality, |«| behaves like a
non-negative real number A with 0 < A < 1 and we set |a] = A, then (3.15)
becomes

/ oy b |a_u\ rtlpn—1
max [p (z)| < n  lool la”f {max Ip(2)] — )\m} .
|z|=t tpt1 + fpt1 + %m (k»u-‘rltu + k2,ut) |z|=t

(3.16)
Now, for 0 <r < R<p, p<kand0<0 < 2m, we have

. . R ’ .
Ip(RE) — p(re?)| < / b (1)) dt,
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which implies
. . R ’ .
Ip(Re®)| < [p(re®)| + / ip (1) dt

from which it follows that

ma ()] < max[p(2)| + / ]y (2) . (3.17)

Let |m|ax Ip(z)| be denoted by M(p,r). Then using (3.16) in the above
zl=r
inequality, we get

tH 4+ 123 |a0||a#l\mk,u+1t,u,—l

Rt 2t (o f2ut)
x {M(p,t) — Am) dt. (3.18)

If we denote the right hand side of (3.18) by ¢(R). Then

R
M(p,R) < M(p,T)Jrn/
ro el

Ru+lt lay] k:”'HR“_l

! lag]—Am
R) = M(p, R) — Am}.
@ (&) n{R“Jrl + kptl 4 MI ||a“| (kh+1RM + k20 R) } {M(p, R) m}
(3.19)
Also by (3.18), we have
M(p, R) < ¢(R). (3.20)

Combining (3.19) with (3.20), we conclude that
Rt 40 n |a0||au)‘\m kHH e

Ru+1+ku+1+ 3 |a#| (ku+1Ru+k2uR

n Jag[—Am

¢ (R) - n{ ) b {(R) = xm} <o,

(3.21)
Multiplying both sides of (3.21) by

R# 4 1 _lapl 1 pp—1
exp{ - n/ n Jaol—m dR},

Ri1 4 ] 4 £ 'f*" (kPH1RK + k20 R)

we get

2 [te(R) ~ xm)

Ru+u lay /{J’H_lR“_l

lag|—Am

X ex n X
p{ / R+l feptl 4 u| ||au| (ku+lRu + k20 R
ao

)dR}] <0.

(3.22)
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It is concluded from (3.22) that the function

(R) = {¢(R) — Am}
R* + p_laul k“‘HRM—l

{ / n Jag|—Am
X exp n

Ritl o ot 2l (gt R 4 20 )
is a non-increasing function of R in (0, p], p < k. Hence for 0 < r < R < p,

p <k,

dR

P(r) > Y(R). (3.23)
Since p(R) > M (p, R) and ¢(r) = M (p,r), it follows from (3.23) that
o #I llau\ it lpn—1

t}
petd o o R (el 20t

M) = M Byesp{-nf

4 ulaolrlu\ Ertlp—1

R
+)\[1—exp{—n/ o] dth,
R e O A ES vl G ol ald

which is equivalent to

M(p,R) < {M(p,r) — Am}

R o aul  ppripp—1
n Jag[=Am
X exp {n/ o] dt} + Am.
e e o R vl AR )

This completes the proof of Lemma 3.7. O

Lemma 3.8. If p(z) = ap + Z ayz’, 1 < p < n, is a polynomial of degree n

having no zero in |z| < k, k > 0 then for 0 <r < R < p, p <k and for every
real number X with 0 < \ < 1,

lag] 1pu—1 n
exp{—n/R i dt}><k"+r“>“
roetl o ot e (et 2ng) S T \RE A RY

‘ (3.24)

Proof Since p(z) # 0in |z| < k, k > 0, the polynomial P(z) = p(tz) # 0 in
|z| < t, t > 1 where 0 < ¢t < k. Hence, applying inequality (3.3) of Lemma

3.4 to P(z), we get
| |t k : < (3.25)
laol = Am \t ) — '
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where

m = miny [P(2)| = min [p(t=)| = i p(:)].

jol= jol= =

Now (3.25) becomes

|ap |k n
S )
|aol —Am ~ p
which is equivalent to
" M lay] p+1pp—1 _
=+ n |ag|— )\mk t < th—1 ' (3.26)
prtl k) 2l (g 2ng) Tt R
ao
Integrating both sides of (3.26) with respect to ¢ from r to R where
0<r<R<p, p<k, wehave
wo el g p1gp—1 _
/R t+|a0|“ kHT </R 1
r thtl + fert1 + H| ||au| (ku—l—ltu + ]{?Q'Mt) r 4+ ki’
which is equivalent to
R HH + 143 |au‘ k,LH—lt,u 1 R pu—1
_n/ n lao|=A > —n/ t .
potetl g ety el 'f“' (krtiee 4 k20e) — e BEERE
Hence we have
la| +1pu—1
R t o+ B
exp{ —n dt
R R AT CAAR RN 20
R -1
H
> exp _n/ o dt
ptr A EE
EH 4t m
~ \kt+Rr)
which completes the proof of Lemma 3.8. O
Lemma 3.9. If p(z) = ap + Z ayz’, 1 < u <mn, is a polynomial of degree n

having no zero in |z| < k, k > 0 then for 0 <r < R < p, p <k and for every
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real number X\ with 0 < \ < 1,

REAKMN\w (1P 4\ u 3.27)
pN + re pM + re ’
_ lay +1,p—1
R 7y B A NTEs R %\aolfl—ﬂ,‘\m(kyﬂxu + k)

Proof. Since 0 < r <t < R < p, p < k, on applying inequality (3.24) of
Lemma 3.8, for » <t with R = t, we have

n |au‘ pu+1,.u—1
AT t o 4 B iy
< i )H > exp n/ n laol—dm dx » dt,

kit + i Pl el e (g f2)

which is equivalent to

n(kH + tH)u !

—thl (3.28)
(k;u + ru)u
nth~! ! R T
= o &P ) L o ol . S dz o dt.
t vkt 4 Rp n \ao\fkm(kqu at +k ,ux)

Integrating both sides of (3.28) with respect to ¢ from r to R, we have

n R n_1 1
()n/ (KF 4+ tH)yw " thdt (3.29)
Kkt +ri)e Jr
_ lau +1,.u—1
>n/R v exp n/t :EM_'—%mku = dx % dt
=), kHfte e NI e %la(J[l_lt)‘\m<ku+lxp + k)

AsO<r<t<R<p p<k pt+r*<rt+Ek'for p=1,23...,n, we have

n R n n R -
(k>n/ (t' + kH)w tﬂldtgwl/ (th + kH)n =1t
rt + kR Jr p“—}—r“ur

1 n n
= g (i)
pH+r

(3.30)

Combining (3.29) and (3.30), we obtain the required result. O
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4. PROOF OF THE THEOREM

Proof of Theorem 2.1. For 0 < t < k, % > 1. Here, p(z) has no zero in |z| < k,

k k

the polynomial P(z) = p(tz) has no zero in |z| < ¥, where § > 1. Hence,

applying Lemma 3.1 to the polynomial P(z), we get
n
max |P' ()] < ——— { max|P(z)| — min |P(z)| ¢,
o | (2) 1+<§)“{| <IP()|  min P }
which implies
)] < Lo p(t2)] — i [p(02)
max |p < —~<{ma tz —mlnptz
|z|=t (Kt +t4) | 2= 1 |2|="%

Hence we have

i
max |p'(2)] < —

o) < gy (Bl - i)} (0)

|2|=k

Now for0<r<t< R<p, p<kand0<860<27m, we have

Ip(REY) — p(re®)| < / 1p (1)) dt,
which implies
Ip(Re®)| < [p(re®)| + / 1P (1) dt.

Using (4.1) leads to

e < e+ { [ B Lo - i o) .

which implies on considering maximum over 6 that
Bt ntt—1
M(p,R) < M(pﬂ“)‘i‘/r (S M (p, t)dt— mm in [p(z \/ k“—kt“ t. (4.2)
Since r < t, by applying Lemma 3.7 with R = ¢, we have

‘au|

t g u‘ | kbt n—1
ag|—Am
Xexp s n dr p +Im.
P /rx“+1+k“+1+z| \‘a_ul (krH1gr + k20g)
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Using (4.3) to (4.2), we obtain
M (p, R)

R -1
§M(p,r)+n{M(p,r)—)\m}/ (k‘ﬁﬂ—i—t#)

dr p +Am| dt

R m o lay] pt1,.0—1
z +n\a0|—)\mk x
X |exp<n
r

e Y TS QN T TGS BT o T

n lag|—Am
[y 7
o (BEEETY (4.4)
i TH 4 K
y

Inequality (4.4) is equivalent to

R t,u—l
M(p,r) > {M(p, R) +nAm/r T (4.5)
|a| 1.u—1
X expin : v %|a0|f)‘mk#+ ! dx p dt
P n+1 p+1 p__layl ptl o 20
rooahtl 4 kptl 4 n‘a()'i)\m(k: xh + k)

Ty V1
—(A— 1)ﬁmln <R+>]
o rH 4 kH

1

VTR VAN 71 Wy NYRE PV

R tp—1 R n lag|—Am
1+n erpin U dx pdt
+ fr ke on €TP fr ot o1 4 1 |a0|\afl\m(k#+1xu+k2#x)

and hence the proof of Theorem 2.1 is completed. O

Acknowledgments: We are grateful to the referee for his/her useful sugges-
tions.
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