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Abstract. The purpose of this paper is to discuss an existence theorem for a new class of

general nonlinear ordered parametric variational inequalities and prove sensitivity analysis

of the solution for this class of parametric variational inequalities in ordered Banach space.

The obtained results seem to be general in nature.

1. Introduction

As everyone knows, sensitivity analysis for a class of general nonlinear
variational inequalities(inclusions) have wide applications to many fields in-
cluding, for example, mathematics, physics, optimization and control, non-
linear programming, and economics et al.. In 1999, M. A. Noor and K. I.
Noor have studied sensitivity analysis for strongly nonlinear quasi-variational
inclusions[24]. From 2000, Agarwal, Cho and Huang have discussed sensitivity
analysis for strongly nonlinear quasi-variations in Hilbert spaces by using the
resolvent operator technique[2], furthermore, Bi, Han and Fang[3], Lan, Cho
and Verma[11]-[12], Dong, Lee and Hang[9], Jin[10], Verma[27], and Li[17]
have show the existence of solutions and sensitivity analysis for a class of
nonlinear variational inclusions involving generalized nonlinear mappings in
Banach spaces, respectively.
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On the other hand, in 1972, the number of solutions of nonlinear equations
has been introduced and studied by Amann[1], and in recent years, the nonlin-
ear mapping fixed point theory and application have been intensively studied
in ordered Banach space(see [6], [7], [8]). Very recently, Li has studied the
approximation solution for general nonlinear ordered variational inequalities
and ordered equations in ordered Banach space[18]-[20]. For details, we refer
the reader to [1-27] and the references therein.

Inspired and motivated by recent research work in this field, in this paper,
an existence theorem for a new class of general nonlinear ordered parametric
mixed variational inequalities is studied, and sensitivity analysis of the solution
for this class of parametric variational inequalities is proved in ordered Banach
space. In this field, the results in the instrument are obtained.

1.1. General Nonlinear Parametric Ordered Variational Inequality.

Definition 1.1. ([18]) Let X be a real Banach space with a norm ‖ · ‖, θ be
a zero element in the X. A nonempty closed convex subsets P of X is said to
be a cone if,

(i) for any x ∈ P and any λ > 0, holds λx ∈ P;
(ii) if x ∈ P and −x ∈ P, then x = θ.

Definition 1.2. ([18]) Let the P be a cone of X. P is said to be a normal
cone if and only if there exists a constant N > 0 such that for θ ≤ x ≤ y,
holds ‖x‖ ≤ N‖y‖, where the N is called normal constant of P.

Lemma 1.3. ([18]) Let the P is a cone in X, for arbitrary x, y ∈ X, x ≤ y if
and only if x− y ∈ P, then the relation ≤ in X is a partial ordered relation in
X, where, the Banach space X with a ordered relation ≤ defined by a normal
cone P is called a ordered Banach space.

Let X be a real ordered Banach space with a norm ‖ · ‖, and θ be a zero
in the X. Let P be a normal cone of X, and ≤ be a partial ordered relation
defined by the cone P. Let Ω be a nonempty open subset of X in which
the parametric λ takes values. Let A, g, f : X × Ω → X be single-valued
nonlinear ordered compression mappings and rangeg(·, λ)

⋂
domA(·, λ) 6= ∅

for any λ ∈ Ω. we consider the following problem:
Find x = x(λ) : Ω→ X such that

A(g(x, λ), λ) + f(x, λ) ≥ θ. (1.1)

The problem (1.1) is called a new class of general nonlinear ordered parametric
variational inequalities(a new class of general nonlinear ordered parametric
equations, as changed ≥ to =) in ordered Banach space.
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Remark 1.4. When mapping f(x, λ) = θ, then the problem (1.1) reduces to
the problem (2.1) in [18].

1.2. Preliminaries.
Let us recall some concepts and results.

Definition 1.5. ([26]) Let X be an ordered Banach space, and the P be a cone
of X. The ≤ is a partial ordered relation defined by the cone P, for x, y ∈ X, if
holds x ≤ y(or y ≤ x), then the x and the y is said to be comparison between
each other(denoted by x ∝ y for x ≤ y and y ≤ x).

Lemma 1.6. ([26]) Let X be an ordered Banach space, and the P be a cone
of X. The ≤ is a partial ordered relation defined by the cone P, for arbitrary
x, y ∈ X, lub{x, y} and glb{x, y} express the least upper bound of the set {x, y}
and the greatest lower bound of the set {x, y} on the partial ordered relation
≤, respectively, Suppose lub{x, y} and glb{x, y} exist, some binary operators
can be defined as following:

(1) x ∨ y = lub{x, y};
(2) x ∧ y = glb{x, y};
(3) x⊕ y = (x− y) ∨ (y − x).

∨,∧, and ⊕ is called OR,AND, and XOR operation, respectively. For arbi-
trary x, y, w ∈ X, then holds the following relations:

(1) if x ≤ y, then x ∨ y = y, x ∧ y = x;
(2) if x and the y can be compared, then θ ≤ x⊕ y;
(3) (x+ w) ∨ (y + w) exists and (x+ w) ∨ (y + w) = (x ∨ y) + w;
(4) (x ∧ y) = (x+ y)− (x ∨ y);
(5) if λ ≥ 0, then λ(x ∨ y) = λx ∨ λy;
(6) if λ ≤ 0, then λ(x ∧ y) = λx ∨ λy;
(7) if x 6= y, then the converse holds for (5) and (6);
(8) if for any x, y ∈ X, either x ∨ y, and x ∧ y exists, then X is a lattice;
(9) (x+ w) ∧ (y + w) exists and (x+ w) ∧ (y + w) = (x ∧ y) + w;

(10) (x ∧ y) = −(−x ∨ −y);
(11) (−x) ∧ (x) ≤ θ ≤ (−x) ∨ x.

Lemma 1.7. ([6]) If x ∝ y, then lub{x, y}, and glb{x, y} exist, x−y ∝ y−x,
and θ ≤ (x− y) ∨ (y − x).

Lemma 1.8. ([6]) If for any natural number n, x ∝ yn, and yn → y∗(n→∞),
then x ∝ y∗.
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Lemma 1.9. ([18]) Let X be an ordered Banach space, and the P be a cone of
X. The ≤ is a partial ordered relation defined by the cone P, if for x, y, z, w ∈
X, they can be compared each other, then holds the following relations:

(1) x⊕ y = y ⊕ x;
(2) x⊕ x = θ;
(3) θ ≤ x⊕ θ;
(4) let λ be a real, then (λx)⊕ (λy) = |λ|(x⊕ y);
(5) if x, y and w can be comparative each other, then (x⊕y) ≤ x⊕w+w⊕y;
(6) let (x+ y) ∨ (u+ v) exist, and if x ∝ u, v and y ∝ u, v, then

(x+ y)⊕ (u+ v) ≤ (x⊕ u+ y ⊕ v) ∧ (x⊕ v + y ⊕ u);

(7) if x, y, z, w can be compared with each other, then

(x ∧ y)⊕ (z ∧ w) ≤ ((x⊕ z) ∨ (y ⊕ w)) ∧ ((x⊕ w) ∨ (y ⊕ z));

(8) αx⊕ βx = |α− β|x+ (α⊕ β)x, if x ∝ θ.

Definition 1.10. ([18]) Let X be a real ordered Banach space, Ω be a
nonempty open subset of X in which the parametric λ takes values, A,B :
X × Ω→ X be two parametric mappings.

(1) A is said to be comparison with respect to the argument λ, if for any
λ ∈ Ω and each x(λ), y(λ) ∈ X, x(λ) ∝ y(λ) then A(y(λ), λ) ∝ A(y(λ), λ),
x(λ) ∝ A(x(λ), λ), and y(λ) ∝ A(y(λ), λ).

(2)A and B is said to be comparison with respect to the argument λ each
other, if for each x(λ) ∈ X, A(x(λ), λ) ∝ B(x(λ), λ)(denoted by A ∝ B).

Obviously, if A is comparison, then A ∝ I(where, I is an identity mapping
on the X).

Definition 1.11. ([18]) Let X be a real ordered Banach space, P be a normal
cone with normal constant N in the X, Ω be a nonempty open subset of X in
which the parametric λ takes values, A : X×Ω→ X be a parametric mapping.
A is said to be β-order compression with respect to the second argument λ, if
A is comparative with respect to the argument λ, and there exists a constant
0 < β < 1 such that for any λ ∈ Ω,

(A(x(λ), λ)⊕A(y(λ), λ)) ≤ β(x(λ)⊕ y(λ)),

holds.

Definition 1.12. ([18]) Let X be a real ordered Banach space, P be a normal
cone with normal constant N in the X, Ω be a nonempty open subset of X
in which the parametric λ takes values, A,B : X ×Ω→ X be two parametric
mappings, I be an identity mapping on the X ×X.
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(i) A mapping A is said to be restricted-accretive mapping with respect
to the argument λ, if A is comparative, and there exist two constants 0 <
α1, α2 ≤ 1 such that for any λ ∈ Ω and arbitrary x(λ), y(λ) ∈ X, holds

(A(x(λ), λ) + I(x(λ), λ))⊕ (A(y(λ), λ) + I(y(λ), λ))

≤ α1(A(x(λ), λ)⊕A(y(λ), λ)) + α2(x(λ)⊕ y(λ));

(ii) A mapping A : X×Ω→ X is said to be B-restricted-accretive mapping
with respect to the argument λ, if A, B and A ∧ B : X × Ω → A(x(λ), λ) ∧
B(x(λ), λ) ∈ X all are comparative and they are comparison with respect to
the argument λ each other, and there exist two constants 0 < α1, α2 ≤ 1 such
that for any λ ∈ Ω and arbitrary x(λ), y(λ) ∈ X, holds

(A(x(λ), λ)∧B(x(λ), λ)+I(x(λ), λ))⊕ (A(y(λ), λ)∧B(y(λ), λ)+I(y(λ), λ))

≤ α1((A(x(λ), λ)∧B(x(λ), λ))⊕(A(y(λ), λ)∧B(y(λ), λ)))+α2(x(λ)⊕y(λ)),

where the I(x(λ), λ) = x(λ) : X ×X → X is an identity mapping.

Lemma 1.13. Let X be an ordered Banach space, P be a normal cone with
normal constant N in the X, A : X → X be a comparative, then for any
x, y ∈ X

(1) ‖θ ⊕ θ‖ = ‖θ‖ = 0,
(2) ‖x ∨ y‖ ≤ ‖x‖ ∨ ‖y‖ ≤ ‖x‖+ ‖y‖,
(3) ‖x⊕ y‖ ≤ ‖x− y‖ ≤ N‖x⊕ y‖,
(4) if x ∝ y, then ‖x⊕ y‖ = ‖x− y‖,
(5) lim

x→x0
‖A(x)−A(x0)‖ = 0, if and only if lim

x→x0
A(x)⊕A(x0) = θ.

Proof. The results (1), (2) and (4) are obvious. (3) is follows that from Def-
inition 1.2, the definition(3) in Lemma 1.6, x − y ≤ (x ⊕ y) and (2). (5) is
follows that from (4). �

2. Existence For General Nonlinear Ordered Parametric
Variational Inequality (1.1)

In this section, we will show the existence of solution and the convergence
of the approximation sequences for the problem (1.1).

Theorem 2.1. Let X be a real ordered Banach space, P be a normal cone
with normal constant N in the X, ≤ be an ordered relation defined by the
cone P, Ω be a nonempty open subset of X in which the parametric λ takes
values, A, g, f , A+ f , B and (A+ f) ∧B : X ×Ω→ X be some comparison
parametric mappings each other, and A,B be βi-ordered compression(i = 1, 2),
f be δ-ordered compression, and g be γ-ordered compression with respect to
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the argument λ, respectively. If A+f is a B-restricted-accretive mapping with
respect to the argument λ for two constants α1, α2, and for any ρ > 0,

ρ[(β1γ + δ) ∨ β2] <
1− α2N

α1N
(2.1)

holds, then the general nonlinear ordered variational inequality (1.1) there ex-
ists a solution x∗.

Proof. Let X be a real ordered Banach space, P be a normal cone with normal
constant N in the X, ≤ be an ordered relation defined by the cone P, Ω be a
nonempty open subset of X in which the parametric λ takes values. For any
given λ ∈ Ω and x1 = x1(λ), x2 = x2(λ) ∈ X, for ρ > 0, let x1(λ) ∝ x2(λ),
then

F (xi(λ), λ) = ρ[A(g(xi(λ), λ), λ) + f(xi(λ), λ)] ∧B(xi(λ), λ)

+I(xi(λ), λ), (2.2)

where i = 1, 2. It follows from the conditions, A, g, f , A + f , B and (A +
f) ∧B : X × Ω→ X are some comparison parametric mappings with respect
to the second argument λ each other, and x1(λ) ∝ x2(λ) that F (x1(λ), λ) ∝
F (x2(λ), λ). By the restricted-accretive and the β-ordered compression of A,
the γ-ordered compression of g with respect to the argument λ, respectively,
and Lemma 1.9(6), (7), we have

θ ≤ F (x1, λ)⊕ F (x2, λ)

≤ [ρ(A(g(x1(λ), λ), λ) + f(x1(λ), λ)) ∧B(x1(λ), λ) + I(x1(λ), λ)]

⊕[ρ(A(g(x2(λ), λ), λ) + f(x2(λ), λ)) ∧B(x2(λ), λ) + I(x2(λ), λ)]

≤ ρα1[((A(g(x1, λ), λ) + f(x1(λ), λ)) ∧B(x1(λ), λ))

⊕((A(g(x2, λ), λ) + f(x2(λ), λ)) ∧B(x2(λ), λ))] + α2(x1(λ)⊕ x2(λ))

≤ ρα1[((A(g(x1(λ), λ), λ) + f(x1(λ), λ))⊕ (A(g(x2(λ), λ), λ)

+f(x2(λ), λ))) ∨ (B(x1(λ), λ)⊕B(x2(λ), λ))] + α2(x1(λ)⊕ x2(λ))

≤ ρα1[((A(g(x1(λ), λ), λ)⊕A(g(x2(λ), λ), λ)) + (f(x1(λ), λ)

⊕f(x2(λ), λ))) ∨ (B(x1(λ), λ)⊕B(x2(λ), λ))] + α2(x1(λ)⊕ x2(λ))

≤ (ρα1[(β1γ + δ) ∨ β2] + α2)(x1(λ)⊕ x2(λ)) (2.3)

by Lemma 1.6 and Definition 1.2, we obtain

‖F (x1(λ), λ)− F (x2(λ), λ)‖ ≤ hN‖x1(λ)− x2(λ)‖, (2.4)

where h = ρα1[(β1γ + δ) ∨ β2] + α2. It follows from the condition (2.1) that
0 < hN < 1, we know that the F (x(λ), λ) has a fixed point x∗ ∈ X and the
x∗ is a solution of the generalized nonlinear ordered parametric equation

[A(g(x(λ), λ)) + f(x(λ), λ)] ∧B(x(λ), λ) = θ,
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for any parametric λ ∈ Ω, and θ ∈ X. By the Lemma 3.2 in [18], then
the generalized nonlinear ordered parametric variational inequality (1.1) there
exist a solution x∗. This completes the proof. �

3. Sensitivity Analysis For General Nonlinear Ordered
Parametric Variational Inequality (1.1)

In this section, we will show the Sensitivity analysis for general nonlinear
ordered parametric variational inequality (1.1).

Theorem 3.1. Let X be a real ordered Banach space, P be a normal cone
with normal constant N in the X, ≤ be an ordered relation defined by the
cone P, Ω be a nonempty open subset of X in which the parametric λ takes
values, A(·, λ), B(·, λ), g(·, λ), and f(·, λ) : X × Ω → X be the parametric
mappings continuous with respect to the argument λ̄ ∈ Ω, A, g, f , A+f , B and
(A+f)∧B be comparison each other, and A,B be βi-ordered compression(i =
1, 2), f be δ-ordered compression, and g be γ-ordered compression with respect
to the argument λ, respectively. If A + f is a B-restricted-accretive mapping
with two constants α1, α2, and for any ρ > 0,

ρ[(β1γ + δ) ∨ β2] <
1− α2

α1
(3.1)

holds, then the solution x(λ) of parametric problem (1.1) is continuous in Ω.

Proof. For any given λ, λ̄ ∈ Ω, let x(λ) and x((̄λ)) be two solutions of para-
metric problem (1.1), then for any ρ > 0, we have

x(λ) = F (x(λ), λ)

= ρ[A(g(x(λ), λ), λ) + f(x(λ), λ)] ∧B(x(λ), λ) + I(x(λ), λ),

x(λ̄) = F (x(λ̄, λ̄)

= ρ[A(g(x(λ̄), λ̄), λ̄) + f(x(λ̄), λ̄)] ∧B(x(λ̄), λ̄) + I(x(λ̄), λ̄).(3.2)

By the condition that A, g, f , A+ f , B and (A+ f)∧B are comparison with
respect to the argument λ each other, respectively and Lemma 1.9, we have

θ ≤ x(λ)⊕ x(λ̄) ≤ F (x(λ), λ)⊕ F (x(λ̄), λ̄)

≤ F (x(λ), λ)⊕ θ ⊕ F (x(λ̄), λ̄)

≤ [F (x(λ), λ)⊕ F (x(λ̄), λ)]⊕ [F (x(λ̄), λ)⊕ F (x(λ̄), λ̄)]. (3.3)

Further, since A+f is a B-restricted-accretive mapping with constants α1, α2,
f is a δ-ordered compression , g is a γ-ordered compression, A is a β1-ordered
compression and B is a β2-ordered compression with respect to the argument
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λ, respectively, so that by the Theorem 2.1, we have

F (x(λ), λ)⊕ F (x(λ̄), λ)

≤ (ρ(A(g(x(λ), λ), λ) + f(x(λ), λ)) ∧B(x(λ), λ) + I(x(λ), λ))

⊕(ρ(A(g(x(λ̄), λ), λ) + f(x(λ̄), λ)) ∧B(x(λ̄), λ) + I(x(λ̄), λ))

≤ [α1(ρ((A(g(x(λ), λ), λ) + f(x(λ), λ)) ∧B(x(λ), λ))

⊕ρ(A(g(x(λ̄), λ), λ) + f(x(λ̄), λ)) ∧B(x(λ̄), λ)) + α2(x(λ)⊕ x(λ̄))]

≤ h(x(λ)⊕ x(λ̄)), (3.4)

where h = ρα1[(β1γ + δ) ∨ β2] + α2 < 1 for the condition 3.1, and

F (x(λ̄), λ)⊕ F (x(λ̄), λ̄)

≤ (ρ(A(g(x(λ̄), λ), λ) + f(x(λ̄), λ)) ∧B(x(λ̄), λ) + I(x(λ̄), λ))

⊕(ρ(A(g(x(λ̄), λ̄), λ̄) + f(x(λ̄), λ̄)) ∧B(x(λ̄), λ̄) + I(x(λ̄), λ̄))

≤ (ρ(A(g(x(λ̄), λ), λ) + f(x(λ̄), λ)) ∧B(x(λ̄), λ))

⊕(ρ(A(g(x(λ̄), λ̄), λ̄) + f(x(λ̄), λ̄)) ∧B(x(λ̄), λ̄)) + θ

≤ (ρ(A(g(x(λ̄), λ), λ) + f(x(λ̄), λ)) ∧B(x(λ̄), λ))

⊕(ρ(A(g(x(λ̄), λ̄), λ̄) + f(x(λ̄), λ̄)) ∧B(x(λ̄), λ̄))

≤ (ρ(A(g(x(λ̄), λ), λ)⊕A(g(x(λ̄), λ̄), λ̄))

+ρ(f(x(λ̄), λ̄)⊕ f(x(λ̄), λ))) ∨ (B(x(λ̄), λ̄)⊕B(x(λ̄), λ))

≤ ρ[(A(g(x(λ̄), λ), λ)⊕A(g(x(λ̄), λ̄), λ))⊕ (A(g(x(λ̄), λ̄), λ)

⊕A(g(x(λ̄), λ̄), λ̄)) + (f(x(λ̄), λ̄)⊕ f(x(λ̄), λ))]

∨(B(x(λ̄), λ̄)⊕B(x(λ̄), λ)). (3.5)

Combining (3.3), (3.4) and (3.5), and by using the Lemma 1.9(8), we can get

(1− h)(x(λ)⊕ x(λ̄))

≤ ρ[(A(g(x(λ̄), λ), λ)⊕A(g(x(λ̄), λ̄), λ))⊕ (A(g(x(λ̄), λ̄), λ)

⊕A(g(x(λ̄), λ̄), λ̄))+(f(x(λ̄), λ̄)⊕f(x(λ̄), λ))] ∨ (B(x(λ̄), λ̄)⊕B(x(λ̄), λ)).

Therefore,

(x(λ)⊕ x(λ̄)) ≤ 1

1− h
[ρ((A(g(x(λ̄), λ), λ)⊕A(g(x(λ̄), λ̄), λ))

⊕(A(g(x(λ̄), λ̄), λ)⊕A(g(x(λ̄), λ̄), λ̄)) + (f(x(λ̄), λ̄)⊕ f(x(λ̄), λ)))

∨(B(x(λ̄), λ̄)⊕B(x(λ̄), λ))]. (3.6)
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Since A(·, λ), B(·, λ), g(·, λ), and f(·, λ) : X × Ω → X are the parametric
mappings continuous with respect to the argument λ̄ ∈ Ω, so that

lim
λ→λ̄
‖g(x(λ̄), λ)− g(x(λ̄), λ̄)‖ = 0,

lim
λ→λ̄
‖f(x(λ̄), λ)− f(x(λ̄), λ)‖ = 0,

lim
λ→λ̄
‖B(x(λ̄), λ)−B(x(λ̄), λ)‖ = 0,

lim
λ→λ̄
‖A(·, λ)−A(·, λ̄)‖ = 0.

By the Lemma (1.13)(5), we have

lim
λ→λ̄

x(λ)⊕ x(λ̄) = θ,

and

lim
λ→λ̄
‖x(λ)− x(λ̄)‖ = 0, (3.7)

which implies the solution x(λ) of problem (1.1) is continuous at λ = λ̄. This
completes the proof. �
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