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Abstract. In this article, we investigate an approximate quadratic Lie #-derivation of a
quadratic functional equation

flaz +by) + abf(z —y) = (a + b)(af(z) + bf(y)),
where ab # 0, a,b € N, associated with the identity f([z,y]) = [f(z),%*] + [z%, f(y)] on a

p-complete convex modular *-algebra x, by using As-condition via convex modular p.

1. INTRODUCTION

Let us recall that the problem of stability of functional equations has been
inspired by a question of Ulam concerning the stability of homomorphisms
on groups. In 1940, Ulam [31] at the Mathematics Club of the University
of Wisconsin has presented the question concerning the stability of group
homomorphisms: when a solution of an equation of group homomorphism,
differing slightly from a given one, must be near to the exact solution of the
given equation. Hyers [12] has solved the problem of Ulam for the case of
additive mappings in 1941. The result was generalized by Aoki [1] in 1950, by

OReceived January 27, 2023. Revised May 21, 2023. Accepted June 9, 2023.

02020 Mathematics Subject Classification: 39B72, 16W25.

9Keywords: Generalized Hyers—Ulam stability, p-complete convex modular *-algebras,
quadratic Lie x-derivations.

9Corresponding author: Hark-Mahn Kim(hmkim@cnu.ac.kr) .



888 I-S. Chang and H-M. Kim

Rassias [28] in 1978, by Rassias [26] in 1992, and by Gavruta [9] in 1994. Over
the last few decades, many mathematicians have investigated the stability
problems of several different types of functional equations between various
linear spaces together with functionals [3, 5, 7, 8, 13, 14, 20, 29, 33]. In
particular, Rassias [27] investigated the Hyers—Ulam stability of the Euler—
Lagrange quadratic equation

flaz +by) + f(bz — ay) = (a® + b*)(f(2) + [ (v)), (1.1)
which is a generalized form of the classical quadratic equation
fle+y)+ flz—y)=2f(z) +2f(y) (1.2)

between vector spaces. Concerning stability problems of functional equations,
the stability theorems of various functional equations in modular spaces have
been intensively established by many authors (see, e.g., [10, 15, 23, 24, 25]).

In the present paper, we first investigate generalized Hyers—Ulam stability
of the following modified Euler-Lagrange quadratic functional equation

flaz +by) + abf(z —y) = (a+b)(af(z) + bf(y)), (1.3)

associated with quadratic Lie x-derivations, where a, b are any nonzero fixed
natural numbers in N, without using both Fatou property and As-condition,
and then alternatively present generalized Hyers—Ulam stability of the equa-
tion (1.3) associated with quadratic Lie -derivations using necessarily Ag-
condition but not using the Fatou property in p-complete convex modular
x-algebras.

2. DEFINITIONS AND PRELIMINARIES

First of all, the concept of modular spaces has been introduced by Nakano
[22], and then by Musielak and Orlicz [21]. Now, we recall some basic def-
initions and remarks of modular spaces with modular functions, which are
primitive notions corresponding to norm or metric, as in the followings [16,
19, 25, 30, 32].

Definition 2.1. Let x be a linear space and C be a set of complex numbers.

(a) A function p : x — [0,+00] is called a modular, (convex modular,
resp.) if for arbitrary x,y € ¥,

(1) p(x) =0 if and only if z =0,

(2) plaz) = p(zx) for every scalar a with |a| =1,

(3) plaz + By) < p(x) + p(y), (plax + By) < ap(z) + Bp(y), resp.)
for every scalars «, 8, where a + 8 = 1 and «a, 8 > 0, acting on
the real linear space ¥,

(b) alternatively, if (3) is replaced by
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(3) plax + By) < |alp(x) + |B|p(y) for any scalars o, 3 € C with
la] + || = 1, acting on the complex linear space x, then we say
that p is a convex modular on the complex linear space x [17, 18].

Now, we observe that a modular p defines a corresponding modular space,
that is, the linear space x, given by

Xp={zex:p(Ax) =0 as A —0}.

It is well known that for a convex modular p on x, p(tx) is an increasing
function in ¢ > 0 for each fixed x € x, that is, p(az) < p(Sz) whenever
0 < |a] < |8]. Moreover, we see that p(azx) < ap(z) for all z € x and for all
a with 0 < o < 1, and that p(ax) < |a|p(z) for all z € x and all @ € C with
la] < 1.

Remark 2.2. (a) In general, we note that p( >, ajz;) < Y0 | aip(z;) for all
riexanda; >0 (i =1,--- ,n)if0<> " 0 :=a<1]I16].

(b) Consequently, we lead to p( >i 4 asz;) < Sy |os|p(x;) for all z; € x
and all ¢; e Cif 0 < X7 | || ;= < 1.

Definition 2.3. Let x, be a modular space and let {,} be a sequence in x,,.
Then,

a) 1Zn 1s p-convergent to x € x, and write x,, = x 1 T, —x) — 0 as

is p ) d . P 'fp 0
n — +00.
Znj 18 called p-Cauchy in x, if p(z, — ) — 0 as n, m — +o0.

b i lled p-Cauchy in x, if p 0

¢ subset of x, 1s called p-complete if any p-Cauchy sequence 1s
A sub K of x, i lled p 1 if p-Cauch i
p-convergent to an element in K.

Now, we say that x, is called a convex modular algebra if the fundamental
space X is an algebra with convex modular p subject to p(ab) < p(a)p(b) for
all a,b € X. A subset K of a convex modular algebra x, is called p-complete
if any p-Cauchy sequence in K is p-convergent to an element in K.

It is said that the modular p has the Fatou property if
p(z) < lim inf p(z,),
n—oo

whenever the sequence {x,} is p-convergent to z. For a given natural number
n > 1, a modular function p is said to satisfy the A, -condition if there exists
a constant k, > 0 such that p(nz) < k,p(z) for all vectors x € x,. Then, it
is noted that if a convex modular p satisfies the As-condition, then ko > 2 for
nontrivial convex modular p [16], and p also satisfies the A,-condition for any
natural number n > 2 because there exists a natural number [ € N such that

% <1, and thus p(nz) = p(%2'z) < kpp(x) for all z € X, where Ky, := % kb,
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Remark 2.4. A convex modular function p satisfies the As-condition if and
only if the modular p satisfies the A,,-condition.

Now, it is said that x, is called a convex modular x-algebra if the basic
space x is a *x-algebra with convex modular p subject to p(ab) < p(a)p(b) and
p(c*) = p(c) for all a, b, ¢ € x,. A subset K of a convex modular x-algebra x,, is
called p-complete if and only if any p-Cauchy sequence in K is p-convergent to
an element in K. It is said that a linear mapping f is called a Lie *-derivation
if

F(lo9) = [f(=), ) + [ F)] and F(z) = f(2)"
for all vectors z,y, z, where [z,y] = xy — yx. In a similar way, they say that
a quadratic mapping f is quadratic homogeneous if f(Ax) = A\2f(x) for all
vectors x and all scalars A, and in addition a quadratic homogeneous mapping
f is called a quadratic Lie %-derivation if

f(fz,y)) = [f(2), 0% + [2%, fy)] and f(z) = f(2)*
for all vectors z,y,z € x, [17, 18].

Throughout the paper, x, will denote a p-complete convex modular *-
algebra with nontrivial convex modular p unless we give any specific reference.

3. APPROXIMATE QUADRATIC LIE *-DERIVATIONS

First of all, we remark that the equation (1.3) is equivalent to the orig-
inal quadratic functional equation (1.2), and so every solution of equation
(1.3) is a quadratic mapping [4]. For notational convenience, we set T,, =

{ew eC:0<0< i—g} for a given ng € N, and we denote the quadratic dif-

ference operator QE}‘ and quadratic Lie *-derivation QD; associated with
quadratic equation (1.3) as follows, respectively:

QE])?(.T, y) == f(hax + \by) + N2abf(z — y)
= A (a +b)af(z) +bf(y),
for all z,y in x, and A € T,,,, which act as perturbing terms for given approx-
imate quadratic Lie *-derivations f : x, — X,. In the following, we present a
generalized Hyers—Ulam stability of the equation (1.3) via direct method as-

sociated with approximate quadratic Lie *-derivations in p-complete modular
x-algebras without using both Fatou property and As-condition.

Theorem 3.1. Suppose that a mapping f : x, = x, with f(0) =0 satisfies
p(QE} (z,y) + f(2") = f(2)") < ¢1(x,, 2), (3.1)
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and ¢1, P X2 — [0,400) are mappings such that

Z #1((a+ b)Yz, (a+b)y, (a+b)z)
(a + b)20+1)

_ ¢a((a+b)"z, (a+b)"y)
i (a+b)™

(z,y, 2 < 400, (3.2)

=0

for all x,y € x, and X € Ty,. If for each = € x, the mapping t — f(tx) from
R to x, is continuous, then there exists a unique quadratic Lie x-derivation
F1 2 xp — Xp, defined as

a+b)"z
Fi(z) = p— lim W

il

which satisfies the equation (1.3) and the approximation
p(f(x) = Fi(z)) < ®(z,2,0) (3.3)
near f for all x € x,.
Proof. Interchanging (z,y, z) with (x,z,0) in (3.1), we obtain
P(QE},2)) = p(f((a+b)2) — (@ +b2f(@)) < dr(w,2,0),  (34)
which yields

p(16a) = LD < L pl1((a+ 0)0) — (a4 021 )

1
< mﬁbl(ﬂ%%o)
-1

for all z € x,. Since Z < 1, it follows from (3.4) and the property

(a+b) 2(J+1)

of convex modular p that

m 1 "
p<(a+b2mf((a+b) 7) - mf((aer) x)) (3.5)
m—n—1
= p( Z (_i_b)Ql(nJrH-l) <f((a + b)n+i+lx) —(a+ b)Zf((a + b)n+z$)))
— (a
m—n—1
= : WM@Zﬁ((a +0)" 'z, (a + b)" "'z, 0)
o
= Wﬂﬁ((a—i—b) (a-|-b) T 0)
j=n \@



892 I-S. Chang and H-M. Kim

for all € x, and for any integers m,n with m > n > 0. Since the right hand
f((a+b)"z)

(a+b)2n
Xp, and thus it converges for all z € x,. Therefore, one may define a mapping
F1:xp — Xxp as

side of (3.5) tends to zero as n — oo, the sequence { } is p-Cauchy in

. f(a+b)"z) )
Fi(x):=p— lim ———5%—= <= lim
1( ) p n—00 (a + b)2n n—00 p

f((a+b)"z)
~ Fi(x)) =0,
< (a+ b)?" 1(#)
which leads to a unique quadratic mapping satisfying the approximation (3.3),
as desired, using the direct method ([2, 7, 11]).
In fact, if we put (z,y, 2) := ((a+b)"z, (a+b)"y,0) in (3.1), and then divide
the resulting inequality by (a + b)?", one obtains

(QE}((a +b)"z, (a + b)“y>) p(QE}((a+b)"z, (a +b)"y))
(a+b)*" (a+b)*"
< #1((a+b)"z, (a+ b)"y,0)
- (a+b)2n ’

which tends to zero as n — +oo for all z,y € x, and all A € T,,. Thus,

. . 2 2
choosing a natural number L with MLH’” < 1 we figure out

o7 QBN (2.9)

A n " N . .
=p<iQEﬁme—‘w%«a+b)x4a+b)w Cﬂ%«a+b)xia+b)w>

L-(a+b) L-(a+0b)™
1 a+b)"(hax + \b
SLPGNNM+A®)—f«4kiimﬁ+ w»
2, a+b)"(x—
_|_|>\|pr<F1($—y)_f(( (J;sz()% y))>
IA2(a + b)a f((a+b)"x)
Gl Ry

A2 (a+b)b
+!I(a )p

: (Fﬂ)—f%jrgi@) 1 (ﬂ@@a+®%;m+bww)

r’ (a + b)2

for all 2,y € x, and all positive integers n by Remark 2.2. Taking the limit
as n — oo in the last inequality, we arrive at the desired functional identity

p(LQE}, (z,y)) = 0, and so

QEz (z,y) =0 (3.6)
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for all z,y € x, and all A € T,,,. Hence F} satisfies the equation (1.3) and so
it is quadratic. It follows from (3.6) that

QEp (z,2) =0 <= Fi((a+b)Azx) = (a+b)*N\Fi(z)

for all z € x, and all A € Ty, which yields Fy(Az) = A\?Fi(z) for all z € ¥,
and all unit scalars A € Ty. From the assumption that for each € x, the
mapping ¢t — f(tz) from R to x, is continuous, it follows that Fy (tz) = t*Fy ()
for all z € x, and all ¢ € R by the same argument as in the paper [28]. Thus,
for any nonzero A € C

Fi(\z) = Fy <(a + b)‘i (a‘i’ b x) = (a +b)? (,;')2 F ((ai’ 3 ac)
— (a+b)? (&‘)2 <(a‘j\_’b))2F1(x) — A2 (x),

which concludes that F; is quadratic homogeneous over C.
On the other hand, since

n

1 1
- <1
2 Tar b by S

for all n € N, it follows from (3.4) and Remark 2.2 that

n

P(f(l‘) - Fl(I)) = P(Z (CL—H)l)Z(iJrl)((a + b)Qf((a + b)Z:L‘) o f((a + b)i—‘rlx))
i=0
f((a+b)"tta) B Fi((a+ b)x)>
(a+ b)) (a +b)2
<3 (@ a0
i=0
1 a+b)" (a+bx
" (a+b)2’0<f(( ia)+ b§2n+ ) —Fl((a+b):r)),

without applying the Fatou property of p for all € ), and all n € N, from
which we obtain the approximation (3.3) near f by taking n — +oo in the
last inequality.
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In the last part, we claim that Fj is a quadratic Lie %-derivation. In view
of the inequality in (3.1) and the second condition in (3.2), we arrive at

p(iQDm (z,y)) = p(lQDF1 (z,y)— QDZF‘(‘@TL’;S, y) QDZ-(C(L;_—:))Z;;‘Ef’ y))
< 2o(Fi(e) - L0l
# (I - e )
+ lep([f((c(b;f gfg Sa (2),5%]) + @E;Tbﬁ;y)

for all x,y € x,, which tends to zero as n tends to +oo. Therefore, F is a
quadratic Lie derivation. In addition, we get the following inequality

(5 (e - mer)) < go(men - HEET)
L (Mt )"y

3P\ (@ o)
L f((a+0)"2")  f(la+b)"2)"
+30( @+  (atb™ )

1 o _ flatb)"z")
gp(Fl(Z )_ (a+b)2” )

for all vector z € x,. Taking n — +o00, one concludes F} is a quadratic Lie
x-derivation. Therefore, the mapping F} is a unique quadratic Lie *-derivation
near f satisfying the approximation (3.3) in the p-complete convex modular

x-algebra x,. g

As a corollary, we obtain a stability result under strictly quadratical con-
tractive conditions over control functions of perturbing terms QE}‘ and QDy.

Corollary 3.2. Suppose there exist two functions ¢p : X% — [0, 4+00) and
¢2 : x5 — [0,400) and two constant l; with 0 < I; < 1(i = 1,2) for which a
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mapping f: xp — Xp with f(0) = 0 satisfies

P(QE} (a,y) + f(z°) = f(2)*) < di(,y, 2),
¢1(a +b)(2,y,2) < (a+b)*hdi(z,y,2),
p(QDy(z,y)) < d2(x,y),
b2(a+b)(z,y) < (a+ b)lapy(z,y)

for all z,y,z € x, and all X € T,,. If for each v € x, the mapping t —
f(tx) from R to x, is continuous, then there exists a unique quadratic Lie
x-derivation I : x, — X, which satisfies the equation (1.3) and

1
for all x € x,.

In the following, we are going to investigate alternatively generalized Hyers—
Ulam stability of the equation (1.3) associated with approximate quadratic Lie
x-derivations via direct method using necessarily As-condition but not using
the Fatou property in p-complete convex modular *-algebras.

Theorem 3.3. Let x, be a p-complete conver modular *-algebra with Ag-
condition. Suppose there exist two functions @1 : x% — [0, +00) and p9 : X% —
[0, +00) for which a mapping f : x, = X, satisfies

P(QE}(z,y) + f(2) = f(2)) < p1(z,y,2), (3.7)
= kY T
; (v b)j“”l((a+b)j) = V(z,y,2) <o,

Tim ks ((a+5) " (@,y)) =0

forallx,y,z € x, and all X\ € T,,,, where & is the smallest positive real number
such that p((a+b)z) < kp(z), (a+0b) < K derived from the Ay-condition, for
any x € Xp. If in addition for each x € x, the mapping t — f(tx) from
R to x, is continuous, then there exists a unique quadratic Lie *-derivation
F> : xp = X, satisfies the equation (1.3) and the approzimation

1

for all x € x,.

Proof. First, we remark that since ) 72, (aKTgZ)J‘%(O’O’O) = ¥(0,0,0) < 400
and p(QE}(0,0)) < ¢1(0,0,0), we lead to ¢1(0,0,0) = 0, QE}(0,0) = 0 and
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so f(0) = 0. Thus, it follows from (3.4) that

(af—b))) = wl(é’i’g)) = (aib)‘“((z’fg))

for all = € x,. Thus, one obtains the following inequality by the convexity of
the modular p and As-condition

p(£@) ~ @+ 0 ()

(@ Dr@ — @ (o

7))
+(a—i—1b)2p((a+b>4f<(af- )> (a+b)6f(( ) ))
= mLﬁl(é’fg) T ib 29“( o 02)

for all € x,. Then using the inductive process for any n > 2, we prove the
following functional inequality

(- 01(2) < 53 G n(E) oo

for all z € x,. In fact, it is true for j = 1,2. Assume that the inequality (3.10)
holds true for n. Thus, using the convexity of the modular p, we deduce

p(0) — tat 0 ()
= (@t 7@ — w02

p(f@) = (a+ ) (

<

(a+b) (a+b)
" (a—li—b){(a+b)3f((af—b)) - (Hb)wsﬂm)})

K z,x,0 K k3 z,x,0
—(a+b)@1((a+b)>+(a+b)'#;(a+b)jwl<(a+b)j+1)

K , 2,0 1 = g306HD z, 2,0
:(a+b)(p1<(a+b)>+/@2j_l (a+b)j+1901((a+b)j+1)
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which proves (3.10) for n + 1. Now, replacing = by (a + )™z in (3.10), we
have

X

p((a+ b)W(W) —(a+ b>2<m+”>f(m))
< Hzmp(f<ﬁ) — (a+ b)%f(W))

Qm"

x x
= K2 Z (a+0b)J <a+b)j+m’(a+b)j+m’0)

n
H2m K3]

2 ;<a+b>a“’1<<a+b>j+m’<a+b>j+m’0)'<a+b>m

m

IN

K3(+m) € x
T K2 Z a + b)]—i—m S01((a + b)]+m (a + b)]-i—m ) 0)

m—+n 37
1 K7 T x

which converges to zero as m — +oo by the assumption (3.8). Thus, the
sequence {(a + b)2”f((a+b )} is p-Cauchy for all z € x, and so it is p-
convergent in Y, since the space X, is p-complete. Thus, we may define a
mapping £ : X, — Xp as

Falw) i= p = lim (a+0)" (- - )
= Jim p((a+ 0 () — Fale)) =0

for all z € x,.

Now, we prove the mapping F5 satisfies the equation (1.3). Setting (x,y, z) :=
(a + b)""(z,y,0) in (3.7), and then multiplying the resulting inequality by
(a+ b)%", we get

p((a+b)*"QE}((a+1b)"(2,y)) < #*"p1((a +b) " (z,y,0))

K?m
(pl((a + b)_n(x’ Y, 0))7

N CEDE
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which tends to zero as n — +oo for all z,y € x,. Thus, it follows that

(PR 0) < po(P0ar +3y) — (a-+)"'f (Mf Tt bAbyD
'Aiabp(&(:c— v) = a0 ()

# PR (o) — a1 (1)

# PEOED () @t vs (L)

+ 2@+ 5B} ((a + )" (w.0))

for all =,y € x, and all positive integers n, where L is the smallest natural
number with a? + 3ab + b? + 2 < L. Taking the limit as n — 400 in the last
inequality, we arrive at QE}2 (z,y) =0forall z,y € x, and all A € T,,,. Hence
F; satisfies the equation (1.3), and so it is quadratic homogeneous by the same
reasoning as in Theorem 3.1.

Furthermore, without using the Fatou property one can see the following
inequality

K 1 K
S e+ '?Z(Hb)a‘ol( 5 )

which yields the approximation (3.9) by taking n — 4o0.
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To prove that F5 is a quadratic Lie *-derivation, we observe by the inequality
(3.8) that

Q@Ds((a+0)"(z,y))
4

p(72Pr(2.)) = p(@Dr (1) — (0 + 0"

QDf((aﬂLb)_”(ﬂ?,y)))
4

p(Fa([z,y]) = (a +b)" f((a+b)~*"[z,4]))
p(l2, (a+b)*"f((a+b)"y) — Fa(y)])

+ ([l + 0" f((a+b)"z) — Fa(a), )

(a+b)*"

+.4>\+—‘+

s

an

+ %902 (2771(:1:7 y))

for all z,y € x,, from which QDp,(z,y) = 0 by taking n — 400 and so Fy
is a quadratic Lie derivation. In addition, it follows from the definition of F»
that the following inequality

(3R - ) < g~ @0 ()
+ %p((a + b)Q"f<(a jb)”)* - F2(z)*)

3n
3(a+b)" 1 (0’ 0 (a jb)”)

holds for all vectors z € x,, which goes to zero as n — +o0. Hence, one
concludes that F3 is a quadratic Lie *-derivation. Hence, the mapping F5 is a
unique quadratic Lie x-derivation satisfying the estimation (3.9) near f. O

_|_

Corollary 3.4. Let x, be a p-complete convexr modular x-algebra with Ag-
condition. Suppose there exist two functions o1 : % — [0, 4+00) and @3 : X%

[0, +00) and two constant l; with 0 < I < (‘H_f) and 0 <z < (a+b for which

a mapping f : Xp — X, satisfies

z,Y,z ll

p(QEJ/}(:c,y) + f(Z*) - f(Z)*) < (,01(55,3], Z),@l((a n b)) < (a T+ b)2§01(117,y,2),
p(QDf(.’L',y)) < @2(xay)vcp2((ax;_yb)) < (afb)4¢2(x,y)

for all z,y,z € x, and all X € T,,. If for each x € x, the mapping t —
f(tz) from R to x, is continuous, then there exists a unique quadratic Lie
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x-derivation Iy : x, — X, satisfies the equation (1.3) and

K2l1
(@ +b)((a+b)3— /@3l1)<'01(

x,z,0)
for all x € x,.

Remark 3.5. In Theorem 3.3, if x, is a Banach x-algebra with norm ||-|| := p,
and so p((a+b)x) = (a+b)p(z), k:= (a+Db), then we see from (3.7) and (3.8)
that there exists a unique quadratic Lie x-derivation F3 : x, — X,, defined as
Fy(x) = limy,00(a + b)Z”f(W), x € Xp, which satisfies the equation (1.3)
and the estimation

1 Nt y T T
I = o) < (s Do+ (ot i)

near f for all € x,.

As a corollary of Theorem 3.1 and Theorem 3.3, we obtain the following
stability result of approximate quadratic Lie *-derivations on complete normed
x-algebras x,, which may be considered as x, equipped with norm || - || = p(-).

Corollary 3.6. Let x, be a complete normed *-algebra. For given nonnegative
real numbers 0;,v; together with r; # 2(i = 1,2,3) and p1, p2 with p1 +p2 # 2,
suppose that a mapping f : x, — Xp with f(0) = 0 satisfies
IQE} (w,y) + F(*) = F(2)*|| < Oullzl|™ + ballyl|™ + Oa([|x[|” [[y[|P= + [[=[]"),
1QDy(z, y)ll < Iulll®™ + D2llyll* + Os]|[|*P* |y ]| >
for all x,y,2 € x, and all A € Ty,. If for each v € x, the mapping t —

f(tx) from R to x, is continuous, then there exists a unique quadratic Lie
x-derivation F : x, — X, such that

O ||| Oa| ||
_F <
||f(ﬂ?) (CC)H = |(CL—|— b)2 _ (a_|_ b)r1| + ’(a+ b)2 _ (CL—|— b)Tz’
N gg”me-l-pz

|(a +b)2 — (a+ b)Prp2|
for all x € x,.

4. CONCLUSION

In the paper, we are devoted to proving stability results for an approximate
quadratic Lie x-derivation associated with a quadratic functional equation in
p-complete convex modular x-algebra by way of the direct method. As results,
we have obtained stability results of approximate quadratic Lie %-derivations
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in Banach x-algebras, and these stability results could be applied to various
x-algebras.
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