Nonlinear Functional Analysis and Applications

Vol. 28, No. 4 (2023), pp. 903-917

ISSN: 1229-1595(print), 2466-0973(online) “
cHF A

https://doi.org/10.22771 /nfaa.2023.28.04.04
http://nfaa.kyungnam.ac.kr/journal-nfaa
Copyright © 2023 Kyungnam University Press

KUPress

SEVEN-PARAMETER MITTAG-LEFFLER OPERATOR
WITH SECOND-ORDER DIFFERENTIAL
SUBORDINATION RESULTS

Maryam K. Rasheed' and Abdulrahman H. Majeed?

!Department of Mathematics, College of Science,
University of Baghdad, Baghdad, Iraq
e-mail: mariam.khodair1103a@sc.uobaghdad.edu.iq

2Department of Mathematics, College of Science,
University of Baghdad, Baghdad, Iraq
e-mail: abdulrahman.majeed@sc.uobaghdad.edu.iq

Abstract. This paper constructs a new linear operator associated with a seven parameters
Mittag-Leffler function using the convolution technique. In addition, it investigates some sig-
nificant second-order differential subordination properties with considerable sandwich results
concerning that operator.

1. INTRODUCTION

The special function, Mittag-Leffler function, arose in 1903 as an immediate
generalization of the exponential function by the mathematician Gosta Mittag-
Leffler as

E-(2) :;F(TZ: % (1.1)

where z € C and Re(7) > 0 [12]. Then, Wiman proposed a new general form
of Mittag-Leffler function as
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© n

z
E = - 1.2
mal2) z:: T(tn+A)’ (1.2)
where z € C,Re(7) >0 and Re(A\) > 0 [13]. Thereafter, many researchers
interested in studying those functions, their various properties and applica-
tions, due to their significant in the solution of fractional order differential

and integral equations [8, 9, 14, 16, 19, 27].

Recently, Rasheed and Majeed [18], introduced a new generalized Mittag-
Leffler function that considering seven complex parameters by

n

Ea,b,c (Z) _ Z (a)n(b)n <

T1,A1,72,A2 — (C)n nl F(Tln —+ Al)F(Tgn -+ )\2) ’

where z, 71,72 € C and min{Re(a), Re(b), Re(c), Re(A\1), Re(A2)} > 0. They
also confirmed that this function is an entire function of finite order. Further,
its noteworthy to mention that the function (1.3) generalizes the standard
Mittag-Lefler function, Kummer function and Gaussian hypergeometric func-
tion.

(1.3)

The Mittag-Leffler function and their generalizations had attracted wide
interest to involved it in the geometric function theory and its applications,
such as operators defining and their consequent properties [1, 4, 7, 20, 26].

Let H be a class of holomorphic functions in the open unit disk U, also let
A be a subclass of H that containing the functions normalized by the form
[10]

f(z) :z+Zunz”, uw €C (1=2,..,n). (1.4)

The Hadamard product (or convolution) of two functions gi,g2 € A is
denoted by g1 * go and defined as

(gl * 92)(2) =z+ Z anﬂnzna (15)
n=2

where oy, i, are the respective coefficient from the series representation of
the functions g1 and go, such that a;, u; € C, (i = 2,...,n). Noting that, the
convolution of two functions in A is again a function in A [21]. That product
technique basically appeared as significant tool for constructing operators,
as well as, describing many differential and integral operators in terms of
convolution.

Let f1 and fo be members of the class H, we say that the function f; sub-
ordinate to fo, denoted f; < fo if there exist a schwarz function w such that
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fi(z) = fa(w(z)). If fo univalent, then fi; < fa if and only if fi(0) = f2(0)
and f1(U) C fo(U). Note that, if f; subordinate to fa, then fy superordinate
to fl [17]

Let 7 : C3 x U — C and h be univalent in U. If # is holomorphic in U and
satisfies the second-order differential subordination

v (0(2), zé(z),zQé(z);z) < h(z), (1.6)

then 6 is called a solution of (1.6). The univalent function v is called dominant
of the solutions of (1.6), if § < v for all # satisfying (1.6). A dominant U that
satisfies 7 < v for all dominant v of (1.6) is said to be the best dominant [24].

Likewise, a corresponding concept to the second-order differential subordi-
nation had been committed, known as the second-order differential superordi-
nation. Let 7 : C? x U — C and h be univalent in U. If 6 is holomorphic in U
and satisfies the second-order differential superordination

h(z) < (G(Z), 20(z), ,229(2), z) , (1.7)

then 6 is called a solution of (1.7). The univalent function v is called subordi-
nant of the solutions of (1.7), if § < v for all @ satisfying (1.7). A subordinant
v that satisfies 7 < v for all subordinants v of (1.7) is said to be a best
subordinant [11].

Subsequently, Ali et al. [3] assumed certain sufficient conditions for the
function f € A to satisfy

2f(2)
vi(z) < £02)

where 11 and v, are univalent functions in U with »4(0) = 1. Following that,
Shanmugam et al. [22, 23] had established another conditions for the function
f € A for the same conditions on v that Ali et. al. set with 12(0) = 1, to
achieve the following implications

< wa(z), (1.8)

vi(z) < % < 9(z), (1.9)
2f(2)
(f(2))?

Thereafter, numerous researchers investigate many various properties and
applications concerning to differential subordination and superordinations in
crucial fields of mathematics, such as kinetic equations, fractional calculus,
and geometric theory of functions, see [2, 6, 15, 25, 28, 29, 30].

vi(z) < < (). (1.10)
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Throughout this paper, we apply the convolution method to define new lin-
ear operator linked to seven-parameter Mittag-Leffler function which given in
(1.3). In order to construct that operator, we assume the following normal-
ization

a,b,c _ CF(TI + )\I)F(TQ + )\2) a,b,c 1
TT1,>\177'27)\2 (Z) - ab ET1,>\1,T2,)\2 (Z) o m ’
(1.11)
where z, 71,72 € C and min{Re(a), Re(b), Re(c), Re(A1), Re(A2)} > 0.
Let f € A, we introduce a new linear operator M alb)\cl . : A — A such
that
a,b, a,b,c
MTl,)\Cl,TZ,AQf(z) = TTI,)\l,TQ,AQ(Z) * f(z)
. i (a)n (b)n ¢ L(m + AT (72 + A2) o
a (©)n T(min 4+ A1) (m2n + Ag) n!
(1.12)
Observe that, Mfl b/\cl ot (2) involve some well-known functions as special
cases:
b,b
(1) (})\170 )\Qf(z) = f(2),
(2) 1138 2wf(2) = zf(z) (Alexander operator),
(3) 12’381 (2) = (z)) (Livingstone operator),
pLob 2
(4) My, (15) =€ — 1,
byb 2
(5) My, (125) = cosh(y/z) — 2.

In addition, we achieved the following necessary relations in view of (1.12):
7b7 ’ +17b7 7b7
‘ (Mfl,xcl,rz,Azf(z)) = (a+ DM T 0 f(2) —aMuy o, f(2). (113)

The major idea of this paper, is to introduce a new operator linked to
Mittag-Leffler function with seven complex parameters in terms of convolution
method. Additionally, it illustrates certain interesting second-order differential
subordination results for that operator. Besides, specific sandwich results have
been established.

2. PRELIMINARIES

We state some necessary definition and lemmas which are required to es-
tablish our basic results:
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Definition 2.1. ([10]) Let A be a set of all functions f(z) that are holomorphic
and univalent on U/E(f), where U = UU 9U and

E(f) = {s € OU : lim f(2) :oo}
such that f(z) # 0 for s € OU\E(f).

Lemma 2.2. ([11]) Let v be a convez function in U and let k,6 € C with
0 # 0 such that

Re{zj(f)) + 1} > max {0; —Re (g)} , 2 €.

If p is holomorphic in U and k 0(2)+620(2) < kv(2)+020(2), then 0(z) < v(z)
and v is the best dominant.

Lemma 2.3. ([10]) Let v be a univalent function in U and let the functions
F and G be holomorphic in a domain D containing v(U) with G(s) # 0 when
s € v(U). Put

v(z) =20(2)G(z), T(z)=F(v(2))+r(z).
In addition, suppose that

(1) v is a starlike function in U,

(2) Re{zgz(zz))} >0 for z € U.

If 6 is holomorphic function in U with 6(0) = v(0), 6(U) C D and

F[0(z)] + =z 9(2) Gl0(z)] < Flv(2)] + zv(2), G[v(2)].

Then 0(z) < v(z) and v(2) is the best dominant.

Lemma 2.4. ([5]) Let v be a convex univalent function in U and let F and
G be holomorphic in a domain D containing v(U). Suppose that

(1) Re{EZUBL >0, zeU.
(2) zv(z) Glv(z)] is starlikeinU.
If 0 € H[p(0),1]NA with §(U) € D and F[(0(2)] + z,0(2), G]0(2)] is univalent
in U such that
Fl(v(2)] + 2 0(2) Glv(2)] < F[(0(2)] + 20(=) G[6(=)],

then v(z) < 0(z) and v(z) is the best subordinant.
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Lemma 2.5. ([11]) Let v be a convex function in U and let B € C with
Re(B) > 0. If 6 € H[v(0),1] N A and 0(z) + Bz0(z) univalent in U, then
v(z) + Bz0(z) < 0(2) + Bz 0(2),

implies v(z) < 0(z) and v is the best subordinant.

Lemma 2.6. ([10]) Let v(z) be a univalent function in U. Consider F' and
G be holomorphic functions in a domain D containing v(U) with G(w) # 0
when w € v(z). Set

¢(2) = 20(2) Glv(2)], T(2) = Flv(2)] + ¢(2).

Suppose that either T(z) is convex or ¢(z) is starlike. In addition, assume
that

If
Fl0(2)] + 2 6(2) G[0(2)] < Flv(2)] + 20(2) Glv(2)] = T(2),

then 6(z) < v(z) and v(z) is the best dominant.

3. SECOND-ORDER DIFFERENTIAL SUBORDINATIONS INVOLVING
a,b,c
MTl,)\l,Tzv\zf(z)

Here, we confirm certain second-order differential subordination major re-
sults concerning the linear operator introduced in (1.12).

Theorem 3.1. Let v be a convex univalent function in U with v(0) =1,p >0
and £ € C\{0}. Assume

Re { Z:((j)) + 1} > mag {0; —pRe (é) } . (3.1)

If f € A satisfies the following relation

,b, p ;b, p +1,b,
M7('11,>\(iﬂ'2,>\2f(z) 1 Mﬂ('llv\clﬂ'z,)\zf(z) M7C'l1,>\1,727/\2f(z) 1
; +¢(a+1) . IV -
T1,>\1,T27>\2f(z)
§

<v(z)+ ;zz)(z),

(3.2)
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then

a,b,c p
(at) s

z
and v(z) 1is the best dominant of (3.2).

Proof. Suppose that

z

a,b,c 2 p
0(z) = (ﬂd;hklf%AQf( )> . (3.4)

Then it is obvious that the function 6(z) is holomorphic in U and 0(0) = 1.
Differentiate the function 6 logarithmically with respect to z then use identity
(1.13), yields

, a+1,b,c

26(2) _ 7'1’>\177'27>\2f(z)

00 = pla+1) | —5 —1].
(2) MT17,>7\1,7'2,>\2f(z)

3 a7b7c p a+1,b,C
29(2) = (a + 1) (MTl’)\l’TQ’/\Qf(Z)) [MTl:Al’Tm)Qf(Z) — 1]

B b, 7
P i Mg1,>\81,727>\2f(z)

follows that expression (3.2) can be written as

§ 5 £
0(z) + ;,29(2) <v(z)+ ;zu(z).

Therefore, after applying Lemma 2.2 with Kk = 1 and § = %, implies (3.3). O

The next theorems, discuss another subordination relation linked to the

operator M fl’b/’\cl .0, d () concurring polynomial of the dominant function v(z).

Theorem 3.2. Let v be a convex univalent function in U with v(0) = 1 and
v(z) #0. Also, let v,5; € C, (i=1,2,3), n € C\{0} and p > 0 such that

3533 }>Q (3.5)

Re {1 + @V(Z) + 2—ﬁ2y2(z) + 2203(2) + 20(z) _ 20(2)

n n n v(z)  v(2)

where z € U. Assume that Z:((:)) is a starlike univalent function in U. If f € A

satisfies the following subordination relation

1/}(’)/7 517 /825 B?n np,a, bv C,T1,72, )‘17 )\27 Z) -<’y + B]_V(Z) + /82V2(Z)
20(z2) (3.6)
v(z)’

+ B33 (2) + 1
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where

¢(% Bl? 627 ﬁ37 m,p,a, ba C,T1,T2, )‘17 )\2; Z)
2p
Ma+1,b,c f(Z) P Ma—i—l,b,c f(Z)
,AL,T2,A JAL,T2,A
— r)/ + /81 ( T1yA1,T2,A2 + ﬂQ 7C—Ll7b7cl T2,A2

a,b,c
71,/\1772)\2]0(2) MTqu,TzAzf(Z)
3p 2,b,c a+1,b,c
MERe | F(z) M G F(2) M F(2)
+ﬁ3< T1,A1,72,A2 +np(a+1) T1,A1,72,A2 _ T AL A :

a,b,c a+1,b,c a,b,c
717/\1,7'2,>\2f(z) M717/\1,7'2y)\2f(z) M7'17>\1772,)\2f(2)

(3.7)

then

a+1,b,c p
(5T

a,b,c

M7'1,>\177'27>\2f(2)
and v(z) is the best dominant of (3.6).

Proof. Define the function 6 as
a+1,b,c

p
0(z) = (MTI’M’”’*?]C(Z)) , zeU. (3.8)

7b?
M‘IC'Ll,)\cl,TzJ\Qf(z)

Obviously, the function 6 is a holomorphic in U with #(0) = 1. Also after some
computations and by virtue of (1.13) we see that
w(’% ﬁb 627 637 mp,a, b, ¢, T1, T2, A1, Ag; Z)

=+ B10(2) + B0 (2) + B30°(2) + nzg@((zz)).

Hence, from (3.6) implies

7+519(2)+5292(2)+5393(Z)+77209((,:)) = ’Y+51V(z)+521/2(z)+537/3(2)+77zj(g)'

Now, set
Flw) =~ + frw + fow? + Byw® and G(w) = g w # 0,
we can easily notice that F' is holomorphic in C, and G is holomorphic in
C\{0} with G(w) # 0,w € C\{0}. Additionally

20(2)

v(z)

v(z) = 20(2)Glu(z)] = n

20(z)
v(z) "

T(2) = Flv(2)] + v(2) = 7 + Biv(2) + Bor*(2) + B3’ (2) + 11
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In addition, v(z) is clearly starlike in U

. 2T'(z) B Q—ﬁzzﬁz %ng zzj(z)_zﬁ(z)
R{a(z)} R{”n VeSS ) u<z>}

> 0.

Hence, by Lemma 2.3, we conclude that #(z) < v(z) and from expression (3.8),
we obtain the acquired result. O

Theorem 3.3. Let v be a convex univalent function in U with v(0) =1 and
v(z) # 0. Also, let v,5; € C (i = 1,2,3), n € C\{0} and p > 0 such that v
satisfies (3.5). Assume that Zul;((zé) is starlike univalent function in U. If f € A
satisfies the subordination relation
(v, B1y Ba, B3, py 4y by ¢, 71, Toy Ay A2; 2) =y + Biv(2) + Bar®(2) + Bav(2)
20(2)
v(z)

(3.9)
where
¢(77 /817 ﬂQa B37 n,p,a, ba C,T1, T2, )\17 >‘2; Z)

Afatlbe L2 (pratibe £(2) 2
M, T1,A1,72,A2 (Z) T1,A1,72,A2
=7+5 >+ y
M® be ) MC b,c p
( Tl’/\l’TQ’)‘Q ) ( T1,>\1,T27)\2f(z)>
3
3 a+1 b,c
z ( 7'1,/\1,7'2,)\2 Z)
+ B3

3p
b
(Mfl,;l,rz,xzf (Z)>

a+2,b,C a+1,b,C
MR T pMn,Al,TQ,AQf(z)] C(3.10)

+1?b’ ’b7
M\ e f(2) M L f(2)

+nla+1)

then

+1b,
M T (2)

a,b,c P
<MT1,>\17T2,>\2f(Z)>
and v(z) is the best dominant of (3.9).
Proof. Define the function 0 as

ZMa+1,b,c 5
0(z) = nor ) , z€U. (3.11)

b, p
(Mfl,;l,mxzf (Z))

< v(z)
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Note that, the function € is a holomorphic in U with #(0) = 1. The rest of the
proof is similar to the proof of Theorem 3.2, so one can easily confirm it. [

Remark 3.4. The superordination results for the operator M 7‘_11 ’b/’\‘i > f(2),

which are dual to the subordination features of the previous theorems, can be
obtained analogously in view of Lemma 2.4 and Lemma 2.5.

The following result, discuss a subordination property for the operator
a,b,c

3 (2), concerning its derivative.

M g T (2)
Theorem 3.5. Let —=12222— £ () (i = 0,1) and v(z) be univalent in U

with v(0) = 1 which satisfies the following subordination relation

a+1,b,c ,
Z((MTL)\LTz,/\Qf(Z)) ZZ/(Z)
atlbe = (Z) + W (312)
M7'17>\1,7'2,>\2f(z) Vi “
such that
Re{v(z)+a} >0 and Re 1+ A2 v +a > 0.
Then
(M5 e/ (2)
( e ) < v(z) (3.13)
MT17,>7\1,T2,>\2f(Z)
and v(z) is the best dominant of (3.13).
Proof. Define a function 6 as
(M%)
0(z) = (M55 52 . (3.14)

7b7
MES e (2)

Note that, 6(z) is holomorphic in U with #(0) = 1. In view of (1.13) we have
(O0(2) +a) MO%C o\ f(2) = (a+ D)MEE | f(2), (3.15)

T1,A1,72,A2 T1,A1,72,A2

which implies

(M0 0) o
A1,72, , i) |
R O IALCET (3.16)

Hence, (3.12) becomes
0(z) + 5 1 a <v(z)+ EET (3.17)
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Now, set F'(w) = w and G(w) = w%ra It is obvious that the function F'(w) is
a entire function, hence both F(w) and G(w) are holomorphic in D = C\{—a}
that contain v(U) with G(w) # 0 when w € v(U). In addition, we define

¢(z) = 20(2)Glv(2)].
See that,

20(2)
v(z)+a

b

moreover,

20(z) 14 20(2) 20(2)

#(z) 0z w(z)+a

that makes ¢(z) is a starlike function in U. Furthermore,

Re { 2(2) } = Re {Z/(Z) +a+ 26(2) } > 0.

¢(2) ¢(2)
Since {—a} ¢ 6(U), 6(U) C D. Apply Lemma 2.6, we obtain that 6(z) < v(z)
and v(z) is the best dominant. O

4. SANDWICH THEOREMS

This section, concludes some sandwich theorems linked to the linear opera-
tor Mffﬁm, A f(2), from combining subordination and superordination results
associated to Theorem 3.1, Theorem 3.2 and Theorem 3.3.

Theorem 4.1. Let vy and v2 be convex univalent in U with v1(0) = 12(0) = 1.
Assume that vy satisfies (3.1) such that p > 0 and Re(§) > 0. Let f € A

satisfies
a,b,c p
(Mfl*M”?vA?f(z)) €H[1,1]NA

z

and

1b’ P 7b7 P +1,b,
(M;'ll,)\clﬂ?,)\zf(z)) + (a+1) (M;'ll,)\cl,m,)@f(z)) (Mfl»)\lﬁi)ﬁf(z) _ 1)
b,
5 “ M7('11,>\017T27>\2f(z)
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be univalent in U. If

a,b,c p
n(e)+ S214(2) < (MTl,M,TQ,AQf(z))

z

a,b,c P CLJrl,b,C
+(a+1) <MT17>\1,T2,)\2f(Z)> (Mﬁ,)\l,ﬁ,/\zf(z) . 1)

a,b,c
& MT1,>\17T27>\2f(Z)

<w(z) + izzfg(z),

then

Ma,b,c . P
u1<z><< el )) < va(2)

z

such that v1 and vy are respectively the best subordinate and the best dominant.

Theorem 4.2. Let vy and vz be convex univalent in U with v1(0) = 12(0) = 1.
Assume that vy satisfies

Re {f;lyl(z) + 277521/12(2) + ?’f‘gyf(z)} >0 (4.1)

and vy satisfies (3.5). Also, let f € A satisfies
+1,b,
<M:1,A17TZ7/\2f(Z)
’b’
th)\cl,m,/\zf(z)

and (7, B1, B2, B3, 1, Py a, b, ¢, T1, Ta, A1, Ao; 2) is univalent in U, where ¢ is
given in (3.7). If

P
) e H[1,1]NnA

T+ Bun(2) + Bard(z) + B (2) + 2l
1/1(2)
= 17[)(77 517 ﬁ?) B?n mp,a, ba ¢, T1, T2, )\17 )\Qa Z) (42)
215(2)

<y + Biva(z) + Bard (2) + Bavi (2) + 1 vo(z)

then

Ma—i—l,b,c f . p
v1(z) < < 1M T2, 0 ) < 19(2)

7b7
Mg1,>\cl7’r27/\2f(z)

such that v1 and vy are respectively the best subordinate and the best dominant.
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Theorem 4.3. Let vy and v2 be convex univalent in U with v1(0) = 12(0) = 1.
Assume that vy satisfies (4.1) and vo satisfies (3.5). Also, let f € A satisfies

1,0,
M (2)

b, ’
(Mi )\01 ,T2,A2 f(Z))

and (v, B1, B2, B3, pya, b, e, 71, Ta, A1, Ag; 2) is univalent in U, where 1 is

given mn (310) If @ZJ(%Blv52’53»777076175»0,7'1772,)\1,)\Z;Z) satisﬁes (42)7
then

e H[1,1]nA

1,0,
M7C'L17>\1,TZ7>\2f(Z)

b, p
(M70’L1 ,)\Cl 1T2,A2 f(z))

such that v1 and vy are respectively the best subordinate and the best dominant.

vi(z) < < va(z)

5. CONCLUSION AND DISCUSSION

Involving the seven-parameter Mittag-Lefler function, we obtained a linear
operator Mfl’?)’jﬁ% o f(2) by using the Hadamard product method, then we
discuss the special case’s well-known operators. Further, we employed this new
operator to achieve some second-order differential subordination results in the
open unit disk U, in order to find a best dominant to some consequences of
that operator and its derivative. Moreover, we could conclude some sandwich
type theorems respecting the subordination results that associated to its dual

superordination. It is noteworthy to mention that all the results concurring
that operator in this paper holds for M®%¢ f(z) and M*b° rot1f (2)

T1,A1+1,72,\2 T1,A1,T2,

by the following relations that we established

7b7 ’ 7b7 7b7
T1Z <M7(.11,;1+1,72,,\2f(2)> = (1 + /\1)M7‘_11’;17T27/\2f(z) - Aleh;ﬁLm/\?f(z),

,b, , ,b, b,
T2% (Mfl,Ai,rz,Agﬂf(Z)) = (o A) MY 3, F(2) = X MK s f(2),

as well as, the corresponding superordinations results and sandwich theorems.
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