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Abstract. In this paper, we discuss topological ergodic shadowing property and topological

pseudo-orbital specification property of iterated function systems(IFS) on uniform spaces.

We show that an IFS on a sequentially compact uniform space with topological ergodic

shadowing property has topological shadowing property. We define the notion of topolog-

ical pseudo-orbital specification property and investigate its relation to topological ergodic

shadowing property. We find that a topologically mixing IFS on a compact and sequentially

compact uniform space with topological shadowing property has topological pseudo-orbital

specification property and thus has topological ergodic shadowing property.

1. Introduction

Consider (X, f) to be a dynamical system on a compact metric space (X, ρ).
For any δ > 0, an infinite sequence {xi}∞i=0 is said to be a δ-pseudo orbit if
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ρ(f(xi), xi+1) < δ for all i ≥ 0. For an ε > 0, a point x ∈ X ε-shadows a
δ-pseudo orbit {xi}∞i=0 if ρ(f i(x), xi) < ε for all i ≥ 0. Therefore, the existence
of a shadowing point for a pseudo-orbit implies that it is followed by the orbit
of the shadowing point. A dynamical system (X, f) is said to have shadowing
property if for every ε > 0, there exists δ > 0 such that every δ-pseudo orbit
is ε-shadowed by a point in X.

The theory of shadowing introduced independently by Anosov [4] and Bowen
[9] in the 1970s is a classical notion. It plays an important role in the develop-
ment of the general qualitative theory of dynamical systems. In recent years,
shadowing has been developed intensively and has become a notion of great
interest. Many researchers have introduced different new notions of shadow-
ing in dynamical systems, including average shadowing [17], h-shadowing [8],
ergodic shadowing [13] and d-shadowing [10].

Generally, we consider a dynamical system as a pair (X, f) where X is a
compact metric space and f is a continuous self-map on X. However, in gen-
eral, many notions of a dynamical system, including the shadowing property,
depends on the corresponding metric. Dynamical systems on non-compact
metric spaces may have these properties for one metric but not for another
metric that induces the same topology. Therefore, there is an urge to study
these dynamical notions in non-compact non-metrizable spaces. Two natu-
ral candidates for such extensions are uniform spaces and Hausdorff (but not
necessarily compact or metric) spaces. In uniform spaces, one can mimic the
existing proofs in metric spaces. Therefore, many authors have recently ex-
tended many dynamical notions to uniform spaces and Hausdorff spaces.

Alcaraz and Sanchis [3], first extended the study of dynamical systems to the
totally bounded uniform space. They showed that the notions of minimality,
transitivity, and chaos (in Devaney’s sense) could be extended to uniform
spaces. While Good and Maćıas [15] first defined various dynamical notions in
Hausdorff spaces. Devi and Mangang [12] extended the notion of the pseudo-
orbital specification to Hausdorff spaces. Recently, Akoijam and Mangang [2]
have introduced the notions of ergodic shadowing, d-shadowing and eventual
shadowing to Hausdorff spaces.

Iterated function system (IFS ), F = {X; fλ : λ ∈ Λ} which was first in-
troduced by Hutchinson [16] and popularized by Barnsley [7] is a family of
continuous self-maps on X, where X is a compact metric space and Λ is a
non-empty finite set. If Λ is a singleton set, then F is simply a dynamical
system. Hence, many dynamical notions such as transitivity, minimality, ex-
pansivity, and shadowing could be extended to iterated function systems. The
most generalized case for an iterated function system would be when X is
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any set. Researchers have recently started discussing the notions of iterated
function systems in uniform spaces.

Firstly, Samuel and Tetenov [20] have discussed the notion of attractors
of iterated function systems on uniform spaces. In [22], Vasisht et al. have
extended the notions of shadowing and ergodic shadowing to iterated function
systems on uniform spaces. Recently, Devi and Mangang [11] have also studied
the shadowing and chain properties of iterated function systems on uniform
spaces. Motivated by the above works, in this paper, we aim to extend some
results of ergodic shadowing and introduce the notion of the pseudo orbital
specification to iterated function systems on uniform spaces.

This paper is arranged as follows. In section 2, we give some preliminaries
of iterated function systems and uniform spaces that are used in the paper. In
section 3, we discuss the topological ergodic shadowing property (TESP) of
iterated function systems and prove some related results. We give an example
of an iterated function system on a complete uniform space having TESP. In
section 4, we introduce the notion of topological pseudo-orbital specification
property (TPOSP) to iterated functions systems and study its relation to
TESP on sequentially compact uniform spaces.

2. Preliminaries

Hutchinson [16] first introduced the concept of iterated function systems in
the year 1982. An iterated function system (IFS ), F = {X; fλ : λ ∈ Λ} is a
family of self continuous mappings fλ on X, where Λ is a non-empty finite set
and (X, ρ), a compact metric space. Let Z+, N denote the sets of non-negative
integers and positive integers, respectively. We denote by ΛZ+ , the set of all
sequences {λi}i∈Z+ of symbols in Λ. Let σ = {λ0, λ1, λ2, · · · } be a typical

element of ΛZ+ . Thus, we use the short notation Fσi = fλi−1
◦ · · · ◦fλ1 ◦fλ0 . A

sequence {xi}i∈Z+ in X is said to be an orbit of F if there exists σ ∈ ΛZ+ such
that xi = Fσi(x0) for any i ∈ Z+, where Fσi(x0) = fλi−1

◦ · · · ◦ fλ1 ◦ fλ0(x0)

and Fσ0(x0) = x0. Thus, for every σ ∈ ΛZ+ , orbit of a point x ∈ X is defined
as Oσ(x) = {Fσi(x) : i ∈ Z+}.

Bahabadi [6] first extended the notion of shadowing to iterated function
systems. For any δ > 0, a finite sequence {xi}ni=0 is said to be a δ-chain if there

exists a finite sequence {λi}n−1i=0 where λi ∈ Λ such that ρ(fλi(xi), xi+1) < δ
for i = 0, 1, · · · , n − 1. A δ-pseudo orbit is an infinite δ-chain. Let ε > 0, a
δ-pseudo orbit {xi}i∈Z+ with respect to σ = {λi}i∈Z+ is said to be ε-shadowed
by a point x ∈ X if ρ(Fσi(x), xi) < ε for all i ∈ Z+. An IFS F is said to
have shadowing property if for any ε > 0 there exists a δ > 0 such that every
δ-pseudo orbit is ε-shadowed by some point in X. Many authors have also
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extended various types of shadowing property to iterated function systems.
Fatehi Nia have studied the notion of average shadowing property in [14].

An IFS F is said to be

(i) topologically transitive (TT) if for any pair of nonempty open sets
U, V ⊂ X, there exists n > 0 such that Fσn(U) ∩ V 6= φ for some
σ ∈ ΛZ+ .

(ii) topologically mixing (TM) if for any pair of non-empty open sets U, V ⊂
X, there exists N > 0 such that Fσn(U)∩ V 6= φ for every n ≥ N and
for some σ ∈ ΛZ+ .

(iii) chain transitive (CT) if for any pair of points x, y ∈ X and for any
δ > 0, there exists a δ-chain from x to y.

(iv) chain mixing (CM) if for any pair of points x, y ∈ X and for any δ > 0,
there is N > 0 such that for all n ≥ N , there exists a δ-chain from x
to y of length exactly n.

The notion of uniform spaces was first introduced by Weil in [24]. By a
uniform space, we mean a pair (X,U), where X is a non-empty set and U is
a non-empty family of subsets of X ×X satisfying the following conditions:

(1) Every member E of U contains the diagonal ∆, where ∆ = {(x, x) ∈
X ×X : x ∈ X}.

(2) E−1 ∈ U if E ∈ U , where E−1 = {(y, x) : (x, y) ∈ E}.
(3) For every E ∈ U , there is some D ∈ U for which D ◦ D ⊂ E where

D ◦D = {(x, y) : ∃ z ∈ X such that (x, z) ∈ D and (z, y) ∈ D}.
(4) If E,D ∈ U , then E ∩D ∈ U .
(5) If E ∈ U and E ⊂ D ⊂ X ×X, then D ∈ U .

U is said to be a uniformity of X. The members of U are called entourages.
E ⊂ X ×X is considered to be symmetric if E = E−1. For every entourage
E ∈ U , we can find a symmetric entourage D ∈ U for which D ◦ D ⊂ E.
The uniform topology Tu is given by Tu = {U ⊂ X : for every x ∈ U there
is E ∈ U with E[x] ⊂ U}, where E[x] = {y ∈ X : (x, y) ∈ E} is known
as the cross section of E at x. We consider a topological space X to be
uniformizable if there is a uniformity on X such that the uniform topology is
the given topology. Let (X,U) and (Y,V) be two uniform spaces. A function
f : X → Y is considered to be uniformly continuous if for every E ∈ V, there
is some D ∈ U such that (f(x), f(y)) ∈ E whenever (x, y) ∈ D. Throughout
the paper, we consider the IFS F = {X; fλ : λ ∈ Λ} to be a collection of
uniformly continuous self-maps on a uniform space X and Λ, a non-empty
finite set.

Vasisht et al. [22] introduced the notions of topological shadowing, topo-
logical ergodic shadowing and topological chain properties of IFS on uniform
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spaces. For any D ∈ U , a finite sequence {xi}ni=0 in X is said to be a D-
chain of length n if there is a finite sequence {λ0, λ1, · · · , λn−1} satisfying
(fλi(xi), xi+1) ∈ D, where λi ∈ Λ, 0 ≤ i ≤ n − 1. A D-pseudo orbit is an
infinite D-chain. Let E ∈ U be an entourage. A D-pseudo orbit {xi}i∈Z+ in

F with respect to the infinite sequence σ ∈ ΛZ+ is said to be E-shadowed by
some point z in X, if (Fσi(z), xi) ∈ E, ∀ i ∈ Z+.

An iterated function system (IFS ) F = {X; fλ : λ ∈ Λ} on a uniform space
(X,U)

(i) has the topological shadowing property (TSP) if for any entourage
E ∈ U , there exists an entourage D ∈ U such that every D-pseudo
orbit is E-shadowed by some point in X.

(ii) is said to be topological chain transitive (TCT ) if for any entourage
D ∈ U and any pair of points x, y ∈ X, there exists a D-chain from x
to y.

(iii) is said to be topological chain mixing (TCM ) if for any entourage
D ∈ U and any pair of points x, y ∈ X, there exists positive integer
N such that for all n ≥ N there is a D-chain from x to y of length
exactly n.

For any A ⊆ Z+, the cardinal number of A is denoted by |A|. The upper
density of A is defined by

d = lim sup
n→∞

1
n |A ∩ {0, 1, · · · , n− 1}|

and the lower density of A is defined by

d = lim inf
n→∞

1
n |A ∩ {0, 1, · · · , n− 1}|.

If d = d = d(say), then the density of A is defined as d(A) = d.

Let F = {X; fλ : λ ∈ Λ} be an IFS on a uniform space (X,U). For any
D ∈ U , an infinite sequence {xi}i∈Z+ is called a D-ergodic pseudo orbit in F if

there exists σ = {λi}i∈Z+ ∈ ΛZ+ such that d({i ∈ Z+ : (fλi(xi), xi+1) /∈ D}) =
0. Let E ∈ U be an entourage. A D-ergodic pseudo orbit {xi}i∈Z+ in F with

respect to the infinite sequence σ ∈ ΛZ+ is said to be E-ergodic shadowed by
some point z in X, if d({i ∈ Z+ : (Fσi(z), xi) /∈ E}) = 0.

An IFS F = {X; fλ : λ ∈ Λ} on a uniform space (X,U) has the topological
ergodic shadowing property (TESP) if for any entourage E ∈ U , there exists
an entourage D ∈ U such that every D-ergodic pseudo orbit is E-ergodic
shadowed by some point in X.

3. Topological ergodic shadowing property

Fakhari and Ghane [13] first introduced the concept of ergodic shadowing
to dynamical systems. The main purpose of ergodic pseudo orbits is to use the
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notions of lower density and upper density for elements of Furstenburg families
so that we can measure the set of error times in pseudo orbits [18, 19, 25]. In
[21], Shabani extended the notion of ergodic shadowing to semigroup actions.
Wang and Liu [23] extended this notion to iterated function systems. Recently,
Ahmadi [1] extended this concept to dynamical systems in uniform spaces.
Vasisht et al. [22] extended it to iterated function systems on uniform spaces.
In this section, we prove that an IFS on a sequentially compact uniform space
with TESP has TSP if one of the constituent maps is surjective.

First, we give an example of an IFS with TESP.

Example 3.1. Let n ≥ 1 be a finite number. Consider the complete uniform
space X = {a0, a1, · · · , an} with discrete uniformity U . For any 0 ≤ λ ≤ n,
let fλ : X → X be a uniformly continuous map defined by fλ(x) = aλ. Then,
we know that the IFS F = {X; fλ : λ ∈ Λ}, where Λ = {0, 1, · · · , n} has
TESP. In fact, let E ∈ U be an entourage. Since X is a discrete uniform
space, ∆ ∈ U is an entourage. Let {xi}i∈Z+ be any ∆-ergodic pseudo orbit.

Then, there exists some σ = {λi}i∈Z+ ∈ ΛZ+ such that

d({i ∈ N : (fλi−1
(xi−1), xi) /∈ ∆}) = 0.

Thus, for any j ∈ N\{i ∈ N : (fλi−1
(xi−1), xi) /∈ ∆}, we have (fλj−1

(xj−1), xj) ∈
∆. This implies that fλj−1

(xj−1) = xj for any j ∈ N\{i ∈ N : (fλi−1
(xi−1), xi) /∈

∆}. Since fλ, λ ∈ Λ are constant functions, for any x ∈ X and j ∈ N\{i ∈ N :
(fλi−1

(xi−1), xi) /∈ ∆}, we have fλj−1
(x) = xj . Let z ∈ X be a point. Then,

for any j ∈ N\{i ∈ N : (fλi−1
(xi−1), xi) /∈ ∆},

(Fσj (z), xj) = (fλj−1
◦ fλj−2

◦ · · · ◦ fλ0(z), xj)

= (fλj−1
(fλj−2

◦ · · · ◦ fλ0(z)), xj)

= (xj , xj) ∈ ∆ ⊂ E.

It follows that d({j ∈ Z+ : (Fσj (z), xj) /∈ E}) = 0. Hence, F has TESP.

The following lemma is an extension of Lemma 3.1 in [21] to iterated func-
tion systems on uniform spaces.

Lemma 3.2. Let F = {X; fλ : λ ∈ Λ} be an IFS on a compact uniform space
(X,U) with TESP. If one of the fλ, λ ∈ Λ is surjective, then F is TCT.

Proof. Let E ∈ U and x, y ∈ X be any two points. Let D ∈ U be a symmetric
entourage such that D ◦D ⊂ E. Since F has TESP, we can find an entourage
C ∈ U such that every C-ergodic pseudo orbit is D-ergodic shadowed by some
point in X. Let a0 = 0, b0 = 1. For any p ≥ 1, let ap = bp−1 + p and
bp = ap + p + 1. Suppose fλ, λ ∈ Λ is surjective. Then, for any p ≥ 0, there
exists a point zp ∈ X with fpλ(zp) = y. Thus, for each p ≥ 0 and for a fixed
sequence σ = {λ0, λ1, λ2, · · · }, we define
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xi =

{
Fσi−ap

(x), if ap ≤ i < bp,

f
i−bp
λ (zp), if bp ≤ i < ap+1.

Then, xap = x, xap+1 = Fσ1(x), xap+2 = Fσ2(x), · · · , xbp−1 = Fσbp−ap−1
(x)

and xbp = zp, xbp+1 = fλ(zp), · · · , xap+1−1 = fpλ(zp) = y. Therefore,

{xi}i∈Z+ = {x, y, x,Fσ1(x), z1, y, x,Fσ1(x),Fσ2(x), z2, fλ(z2), y, · · · }.
Again, on [ap, bp), {Fσi(x)}pi=0 is a piece of orbit starting from x of length p
and on [bp, ap+1), {f iλ(zp)}pi=0 is a piece of orbit of length p that ends at y.

Thus, with respect to some σ
′

= {λ′i}i∈Z+ where

λ
′
i =



λ
′
, if i = 0, 1,

λi−ap , if ap ≤ i < bp − 1,

λ
′
, if i = bp − 1,

λ, if bp ≤ i < ap+1 − 1,

λ
′
, if i = ap+1 − 1

for any p ≥ 1 and any λ
′ ∈ Λ, we find that {xi}i∈Z+ is a C-ergodic pseudo

orbit. Clearly, for λ
′
i ∈ σ

′
, d({i ∈ Z+ : (f

λ
′
i
(xi), xi+1) /∈ C}) = 0 as {i ∈ Z+ :

(f
λ
′
i
(xi), xi+1) /∈ C} ⊂ {i ∈ Z+ : λ

′
i = λ

′} and

d({i ∈ Z+ : λ
′
i = λ

′}) ≤ lim
n→∞

2
√
n

n
= 0.

If z D-ergodic shadows this C-ergodic pseudo orbit, then

d({i ∈ Z+ : (F
σ
′
i
(z), xi) /∈ D}) = 0.

Therefore, {i ∈ Z+ : (F
σ
′
i
(z), xi) ∈ D} must intersect infinitely many intervals

[ap, bp) and infinitely many intervals [bp, ap+1). Thus, we can find s ∈ [ap, bp)
such that (xs,Fσ′s(z)) ∈ D which implies that (Fσs−ap

(x),Fσ′s(z)) ∈ D.

Also, we can find t ∈ [bp′ , ap′+1) for some p
′ ≥ p such that (F

σ
′
t
(z), xt) ∈ D.

It follows that (F
σ
′
t
(z), f

t−b
p
′

λ (zp′ )) ∈ D. Since D = ∆ ◦ D ⊂ D ◦ D ⊂ E, it

follows that (Fσs−ap
(x),Fσ′s(z)) ∈ E and (F

σ
′
t
(z), f

t−b
p
′

λ (zp′ )) ∈ E. Hence, we

have an E-chain {x,Fσ1(x),Fσ2(x), · · · ,Fσs−ap−1(x),Fσ′s(z),Fσ′s+1
(z), · · · ,

F
σ
′
t−1

(z), f
t−b

p
′

λ (zp′ ), f
t+1−b

p
′

λ (zp′ ), · · · .f
p
′−1
λ (zp′ ), f

p
′

λ (zp′ ) = y} from x to y.

�

Shabani [21] showed that a finitely generated semigroup with ergodic shad-
owing property enjoys the ordinary shadowing property if one of the generators
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is surjective. In [23] Proposition 5.5, the authors showed that an IFS with
ergodic shadowing property has shadowing property if one of the constituent
maps is surjective. In the following theorem, we extend this result to iterated
function systems on sequentially compact uniform spaces using Lemma 3.2.

Theorem 3.3. Let F = {X; fλ : λ ∈ Λ} be an IFS on a sequentially compact
uniform space (X,U) with TESP. Suppose one of the fλ, λ ∈ Λ is surjective,
then F has TSP.

Proof. Let E be an entourage and D, a symmetric entourage such that D◦D ⊂
E. Since F has TESP, there exists C ∈ U such that every C-ergodic pseudo
orbit is D-ergodic shadowed by some point in X. Let {xi}i∈Z+ be a C-pseudo

orbit. Then, there exists σ = {λi}i∈Z+ ∈ ΛZ+ such that (fλi(xi), xi+1) ∈ C for
all λi ∈ σ. Therefore, for each n ≥ 0, {x0, x1, · · · , xn} is a C-chain with respect
to the finite sequence {λ0, λ1, · · · , λn−1}. By Lemma 3.2, we can find a C-chain
from xn to x0, say {y0 = xn, y1, · · · , yp = x0}. That is, there exists a finite

sequence {λ′0, λ
′
1, · · · , λ

′
p−1} for which (f

λ
′
i
(yi), yi+1) ∈ C, i = 0, 1, · · · , p − 1.

If we consider {zj}j∈Z+ = {x0, x1, · · · , xn, y1, y2, · · · , yp−1, x0, x1, · · · }, then it
is a C-pseudo orbit with respect to

σ
′′

= {λ′′i }i∈Z+ = {λ0, λ1, · · · , λn−1, λ
′
0, λ

′
1, · · · , λ

′
p−1, λ0, λ1, · · · }.

Since every C-pseudo orbit is a C-ergodic pseudo orbit, for each n ≥ 0, there
exists a point zn ∈ X which D-ergodic shadows this C-ergodic pseudo orbit.
Thus, {j ∈ Z+ : (F

σ
′′
j

(zn), zj) /∈ D} cannot meet every interval containing

{x0, x1, · · · , xn}, otherwise it would have positive density. Hence, for each
n ≥ 0, at least one {x0, x1, · · · , xn} is entirelyD-shadowed by a piece of orbit of
zn. Therefore, for each n ≥ 0, we can find some wn ∈ {Fσ′′m(zn) : m ∈ Z+} such

that (Fσi(wn), xi) ∈ D for i = 0, 1, · · · , n. Since X is sequentially compact, we
can find a subsequence {wnk

}k∈Z+ of {wn}n∈Z+ and a point w ∈ X such that
wnk
→ w as k →∞. By uniform continuity of fλ, λ ∈ Λ, for each i ≥ 0, there

exists Ni > 0 such that for every k ≥ Ni, we have (Fσi(wnk
),Fσi(w)) ∈ D.

Also, (Fσi(wnk
), xi) ∈ D. This implies that (Fσi(w), xi) ∈ E for all i ≥ 0 as

k →∞. Hence, F has TSP. �

4. Topological pseudo-orbital specification property

Specification property introduced by Bowen in [9] to study the ergodic prop-
erty of Axiom A diffeomorphisms is another variant of shadowing. A continu-
ous map f on a compact metric space X is said to have specification property
if one can approximate distinct finite pieces of orbits by an actual orbit with a
certain uniformity. In [5], it has shown that a mapping with the specification
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property is chaotic in the sense of Devaney. Pseudo-orbital specification prop-
erty is some kind of specification property introduced by Fakhari and Ghane
in [13]. Here, they have investigated its relation with ergodic shadowing prop-
erty. In [21], Shabani extended this notion to semigroup actions and studied its
relation to ergodic shadowing property. In this section, we define topological
pseudo-orbital specification property for iterated function systems on uniform
spaces and study its relation to topological ergodic shadowing property.

Definition 4.1. An IFS F on a uniform space (X,U) has topological pseudo-
orbital specification property (TPOSP) if for any entourage E ∈ U , there
exist an entourage D ∈ U and K > 0 such that for any non-negative integers
a1 ≤ b1 < a2 ≤ b2 < · · · < an ≤ bn with aj+1 − bj ≥ K and D-chains

ξj with respect to the finite sequences {λjaj , · · · , λ
j
bj−1} where ξj = {x(j,i)},

i ∈ Ij = [aj , bj ] and 1 ≤ j ≤ n, we can find a point z ∈ X and σ = {λi}i∈Z+

with λi = λji for i ∈ [aj , bj − 1] and 1 ≤ j ≤ n such that (Fσi(z), x(j,i)) ∈ E,
i ∈ I and 1 ≤ j ≤ n.

Theorem 4.2. Let F be a TM IFS on a compact uniform space (X,U) with
TSP. Then F has TPOSP.

Proof. Let E ∈ U . Since F has TSP, there exists D ∈ U such that ev-
ery D-pseudo orbit is E-shadowed by some point in X. Since {fλ : λ ∈
Λ} is a finite family of uniformly continuous maps, it is uniformly equicon-
tinuous. Therefore, we can find an entourage C ⊂ D ∈ U such that for
any x, y ∈ X with (x, y) ∈ C, we have (fλ(x), fλ(y)) ∈ D for all λ ∈ Λ.
Let B ∈ U be a symmetric entourage such that B ◦ B ⊂ C. As X is
compact, we can find a finite set of points {x1, x2, · · · , xN} such that C =
{intXB[x1], intXB[x2], · · · , intXB[xN ]} is an open cover of X. Since F is
topologically mixing, for any pair of non-empty open sets intXB[xp] and
intXB[xq] in C, there existNpq > 0 and σpq ∈ ΛZ+ such that Fσpq

n
(intXB[xp])∩

intXB[xq] 6= φ for all n ≥ Npq. Let

K = max{Npq : 1 ≤ p, q ≤ N}.

Let a1 ≤ b1 < a2 ≤ b2 < · · · < an ≤ bn be any non-negative integers with
aj+1−bj ≥ K and let ξj = {x(j,i)}, i ∈ Ij = [aj , bj ] be D-chains with respect to

the finite sequence {λjaj , · · · , λ
j
bj−1} for 1 ≤ j ≤ n. Let kj = aj+1−bj . Then by

the choice of K, there are intXB[xp], intXB[xq] ∈ C with x(j,bj) ∈ intXB[xp]

and x(j+1,aj+1) ∈ intXB[xq] and there is some σpq = {λi}i∈Z+ ∈ ΛZ+ such that

Fσpq
kj

(intXB[xp]) ∩ intXB[xq] 6= φ.

That is, there exists yj ∈ intXB[xp] such that Fσpq
kj

(yj) ∈ intXB[xq].
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Consider

λ
′
i =

{
λji , if aj ≤ i ≤ bj − 1,

λi−bj , if bj ≤ i ≤ aj+1 − 1,

and ηj = {fλ0(yj) = Fσpq
1

(yj), · · · ,Fσpq
kj−1

(yj)} for 1 ≤ j ≤ n. Then, {ξ1, η1, ξ2,

η2, · · · , ξn−1, ηn−1, ξn, ηn} is a D-chain with respect to the finite sequence {λ′i}
which can be extended to a D-pseudo orbit. Thus, it can be E-shadowed by
some point z ∈ X. Hence, F has TPOSP. �

In the following, we give an example of a TM IFS with TSP which has
TPOSP.

Example 4.3. LetX = {a, b, c, d}. Consider the subsetD = ∆X∪{(a, b), (b, a),
(c, d), (d, c)} of X ×X. Then, U = {E ⊂ X ×X : D ⊆ E} is a uniformity of
X which induces the topology TU = {φ, {a, b}, {c, d}, X}. Let f1, f2 : X → X
be uniformly continuous mappings defined by

f1(a) = b, f1(b) = a, f1(c) = d, f1(d) = c;
f2(a) = c, f2(b) = d, f2(c) = a, f2(d) = b.

Then, the IFS, F = {X; f1, f2} is TM with TSP which has TPOSP.

Proof. First, we show that F is TM. Let U, V be any pair of non-empty open
sets in X. If U 6= V , then we can find a sequence

σ = {λi}i∈Z+ =

{
2, if i = 2,

1, otherwise

such that Fσi(U)∩V 6= φ for all i ≥ 3. If U = V , then we can find a sequence

σ = {λi}i∈Z+ =

{
2, if i = 0, 1,

1, otherwise

such that Fσi(U) ∩ V 6= φ for all i ≥ 3. Thus, F is TM.
Now, we show that F has TSP. Let E ∈ U be any entourage. Suppose

{xi}i∈Z+ is any D-pseudo orbit in X. Then, there exists σ ∈ ΛZ+ where
Λ = {1, 2} such that (fλi(xi), xi+1) ∈ D for all i ≥ 0. By induction, we
claim that (Fσi(x0), xi) ∈ D for all i ≥ 0. For i = 0, it is obvious. Suppose
the claim holds true for i = n. That is, (Fσn(x0), xn) ∈ D. We know that,
xn+1 ∈ {a, b, c, d}. First, let xn+1 ∈ {a, b}. Since (fλn(xn), xn+1) ∈ D, we
have fλn(xn) ∈ {a, b}. This implies that xn ∈ {a, b} if λn = 1 and xn ∈ {c, d}
if λn = 2. Also, (Fσn(x0), xn) ∈ D gives that Fσn(x0) ∈ {a, b} if λn = 1 and
Fσn(x0) ∈ {c, d} if λn = 2. Thus, Fσn+1(x0) = fλn(Fσn(x0)) ∈ {a, b} for any
λn. This follows that (Fσn+1(x0), xn+1) ∈ {(a, a), (b, b), (a, b), (b, a)} ⊂ D if
xn+1 ∈ {a, b}.

Similarly, it can be shown that (Fσn+1(x0), xn+1)∈{(c, c), (d, d), (c, d), (d, c)}
⊂ D if xn+1 ∈ {c, d}. Thus, by induction, we have (Fσi(x0), xi) ∈ D for all
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i ≥ 0. Since D ⊆ E, we have (Fσi(x0), xi) ∈ E for all i ≥ 0. Therefore, any
D-pseudo orbit in X is E-shadowed by x0. Hence, F has TSP.

Lastly, we show that F has TPOSP. Let E ∈ U be any entourage. Then,
D ⊆ E. Also, for any x, y ∈ X with (x, y) ∈ D, we can easily see that
(fλ(x), fλ(y)) ∈ D for all λ ∈ Λ. C = {{a, b}, {c, d}} is a finite open cover of
X. Let a1 ≤ b1 < a2 ≤ b2 < · · · < an ≤ bn be any non-negative integers with
aj+1− bj ≥ 3 and let ξj = {x(j,i)}, i ∈ Ij = [aj , bj ] be D-chains with respect to

the finite sequences {λjaj , · · · , λ
j
bj−1} for 1 ≤ j ≤ n. Put kj = aj+1 − bj , then

kj ≥ 3. Suppose x(j,bj) ∈ {a, b} = U and x(j+1,aj+1) ∈ {c, d} = V (U 6= V ).
As, kj ≥ 3, we have

σ = {λi}i∈Z+ =

{
2, if i = 2,

1, otherwise

such that Fσkj ({a, b}) ∩ {c, d} 6= φ. That is, there exists yj ∈ {a, b} such that

Fσkj (yj) ∈ {c, d}.
Consider

λ
′
i =

{
λji , if aj ≤ i ≤ bj − 1,

λi−bj , if bj ≤ i ≤ aj+1 − 1,

and ηj = {fλ0(yj) = Fσ1(yj), · · · ,Fσkj−1
(yj)} for 1 ≤ j ≤ n. Now, yj ∈ {a, b}

and x(j,bj) ∈ {a, b} implies that (x(j,bj), yj) ∈ {(a.a), (b, b), (a, b), (b, a)} ⊂
D. Again, Fσkj (yj), x(j+1,aj+1) ∈ {c, d} implies that (Fσkj (yj), x(j+1,aj+1)) ∈
{(c, c), (d, d), (c, d), (d, c)} ⊂ D. Therefore, {ξ1, η1, ξ2, η2, · · · , ηn−1, ξn, ηn} is a

D-chain with respect to the finite sequence {λ′i} which can be extended to a
D-pseudo orbit. Thus, it can be E-shadowed by x(1,a1).

By proceeding similarly, we can obtain similar results when x(j,bj) ∈ U and
x(j+1,aj+1) ∈ V for any pair U, V ∈ C. Hence, F has TPOSP. �

Theorem 4.4. Let F be an IFS on a sequentially compact uniform space
(X,U) with TPOSP. Then F has TESP.

Proof. Let E ∈ U be an entourage and let D ∈ U and K > 0 be as in the
definition of TPOSP with respect to E. Let {xi}i∈Z+ be a D-ergodic pseudo

orbit. Then, there exists an infinite sequence σ = {λi}i∈Z+ ∈ ΛZ+ for which
d({i ∈ Z+ : (fλi(xi), xi+1) /∈ D}) = 0. Let N = {i ∈ Z+ : (fλi(xi), xi+1) ∈ D}
and take a sequence a1 < b1 < a2 < b2 < · · · of non-negative integers satisfying
the following properties:

(1) for any n, [an, bn] ⊂ N .
(2) for any n, an+1 − bn ≥ K.

(3) lim
n→∞

n∑
k=1

(ak+1−bk)
bn

→ 0.
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Take ξj = {x(j,i)} := {xi} where i ∈ Ij = [aj , bj ] and j ∈ N. Then, each ξj
is a D-chain in X defined on the sub-interval Ij , j ∈ N with respect to the

finite sequence {λjaj , · · · , λ
j
bj−1} ⊂ σ. For any n, by TPOSP, there exists a

point zn ∈ X which E-shadows the n pieces of D-ergodic pseudo orbits cor-
responding to n intervals [a1, b1], [a2, b2], · · · , [an, bn]. Since X is sequentially
compact, we can find a convergent subsequence {znk

}k∈Z+ of {zn}n∈Z+ which
E-shadows the nk pieces of D-ergodic pseudo orbits corresponding to nk in-
tervals [a1, b1], [a2, b2], · · · , [ank

, bnk
]. Without loss of generality, if znk

→ z,
then {xi}i∈Z+ is E-ergodic shadowed by z. Hence, F has TESP. �

Corollary 4.5. Let F be a TM IFS on a sequentially compact uniform space
(X,U) with TSP. Then F has TPOSP and thus has TESP.

In [21] (see Lemma 5.2), it has been proved that a semigroup with pseudo-
orbital specification property is topologically mixing and has the shadowing
property. In the following theorem, we show that an IFS on a sequentially
compact uniform space with TPOSP is TM and has TSP.

Theorem 4.6. Let F be an IFS on a sequentially compact uniform space
(X,U) with TPOSP. Then F is TM and has TSP.

Proof. First, we claim that F is TM. Let U, V ⊂ X be non-empty open sets
and E ∈ U be a symmetric entourage for which E[x] ⊂ U and E[y] ⊂ V where
x, y ∈ X. Let D ∈ U and K > 0 be as in the definition of TPOSP with respect
to E. Put a1 = 0 and take a number b1 > 0 = a1, then put a2 = K+b1. Take a
number b2 > a2 = K + b1. Let x(1,i) = Fσ1

i−a1
(x) and x(2,i) = Fσ2

i−a2
(y) where

σj = {λjaj , · · · , λ
j
bj−1} for j = 1, 2 and i ∈ Ij = [aj , bj ]. Clearly, ξj = x(j,i),

i ∈ Ij = [aj , bj ], j = 1, 2 are D-chains. Therefore, by TPOSP, there exists a

point z ∈ X and σ = {λi}i∈Z+ ∈ ΛZ+ with λi = λji for i ∈ [aj , bj − 1] and j =

1, 2 such that
(
Fσi(z), x(j,i)

)
∈ E. Particularly,

(
Fσa1 (z), x(1,a1)

)
= (z, x) ∈ E

and
(
Fσa2 (z), x(2,a2)

)
=
(
Fσa2 (z), y

)
∈ E. This implies that z ∈ E[x] ⊂ U

and Fσa2 (z) ∈ E[y] ⊂ V which gives that Fσb1+K
(U) ∩ V 6= φ. With similar

argument, we can show that for any n > b1 + K, there exists a sequence
σ ∈ ΛZ+ such that Fσn(U) ∩ V 6= φ. Hence F is TM.

Next, we show that F has TSP. Let E ∈ U , and let D ∈ U be a symmetric
entourage such that D◦D ⊂ E. Consider C ∈ U as in the definition of TPOSP
with respect to D. Suppose {xi}i∈Z+ is a C-pseudo orbit. Then, there exists

an infinite sequence σ = {λi}i∈Z+ ∈ ΛZ+ for which (fλi(xi), xi+1) ∈ C. Thus,
for any n ∈ N, {x0, x1, x2, · · · , xn} is a C-chain with respect to the finite
sequence {λ0, λ1, · · · , λn−1}. Take a1 = 0, b1 = n and x(1,i) = xi, i ∈ [0, n].
Then, ξ1 = {x(1,i)} is a C-chain. By TPOSP, there is a point zn ∈ X and
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σ
′

= {λ′i}i∈Z+ ∈ ΛZ+ with λ
′
i = λi for i ∈ [0, n − 1] such that (F

σ
′
i
(zn), xi) ∈

D, i ∈ [0, n]. Since X is compact, we can find a convergent subsequence
{znk
}k∈Z+ of {zn}n∈Z+ such that (F

σ
′
i
(znk

), xi) ∈ D, i ∈ [0, nk]. If znk
→ z,

then (F
σ
′
i
(z), xi) ∈ D ◦D ⊂ E for all i ≥ 0. Hence, F has TSP. �

5. Conclusion

In this paper, we find that an IFS F on a compact uniform space (X,U)
with TESP is topological chain transitive (TCT ) if one of the constituent
maps fλ is surjective. We also obtain that an IFS F on a sequentially com-
pact uniform space (X,U) with TESP has topological shadowing propertyTSP
if one of the constituent maps fλ is surjective. We also find that a topologically
mixing (TM ) IFS on a compact uniform space with TSP has TPOSP. In par-
ticular, on a compact and sequentially compact uniform space, we show that
a topologically mixing IFS with the topological shadowing property has the
topological pseudo-orbital specification property and thus has the topological
ergodic shadowing property.
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