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Abstract. Let p(z) be a polynomial of degree n and for any complex number S, let Dgp(z) =
np(z) + (B — 2)p’(z) denote the polar derivative of the polynomial with respect to 8. In this
paper, we consider the class of polynomial

p(z) = (2 — 20)° (ao + i: al,z”>

of degree n having a zero of order s at zo, |20| < 1 and the remaining n — s zeros are outside
|z| < k, k > 1 and establish upper bound estimates for the maximum of |Dgp(z)| as well as
|[p(Rz) — p(rz)|, R > r > 1 on the unit disk.
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1. INTRODUCTION

The extremal problems of functions of complex variables and the results
where some approaches to obtaining the classical inequalities are developed on
using various methods of the geometric function theory are known for various
constraints, and on various regions of the complex plane. A classical result
due to Bernstein [5], that relates an estimate of the size of the derivative and
the polynomial for the sup-norm on the unit circle states that: if p(z) is a
polynomial of degree n, then

max [p/(2)| < nmax [p(z)|. (1.1)
|z[=1 |z[=1
Inequality (1.1) was proved by Bernstein in 1912. And a simple deduction
from the maximum modulus principle for R > 1 gives
max |p(Rz)| < R" max |p(z)]. (1.2)
|z|=1 |z]=1
Both inequalities (1.1) and (1.2) are sharp and the equality holds if and only
if p(z) has all its zeros at the origin.

Later in 1985, Frappier et al. [10] strengthened (1.1), by proving that if

p(z) is a polynomial of degree n, then
/ < i /n ) )

max p'(2)| < n max lp(e™™™)] (1.3)

Clearly (1.3) represents a refinement of (1.1), since the maximum of |p(z)| on

|z| = 1 may be larger than the maximum of |p(z)| taken over the (2n)" roots

of unity, as is shown by the simple example p(z) = 2" + ia,a > 0. Following

the approach of Frappier et al. [10] and Aziz [1] showed that the bounds in

(1.3) and (1.2) can be considerably improved. In fact, Aziz proved that if p(z)
is a polynomial of degree n, then

n
ﬁl\i}f ’p/(2)| < §(Ma + Ma-i-ﬂ') (1'4)
and for R > 1
R -1
gl\i)l( ‘p(RZ’) - p(z)\ < 2 (Ma + Ma+7r)7 (1'5)
where throughout the paper
Mo = max [p(e!@2m/m) (1.6)

for all real a.
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If we restrict ourselves to the class of polynomials having no zero in |z| < 1,
then (1.1) can be replaced by
max [p/(2)| < 7 max [p(z)|. (L.7)
|z|=1 2 |z=1
Inequality (1.7) was conjectured by Erdds and later proved by Lax [13]. Im-
provements and generalizations of inequality (1.7) were given by Aziz and
Dawood [2], Malik [14], Govil [11], Dewan and Bidkham [9], Chan and Malik
[6], Pukhta [25], Aziz and Zargar [4], Aziz and Shah [3], Qazi [26], Chanam
and Dewan [7], Chanam et al. [8] etc.

Ideally, it is natural to look for improvements of (1.4) and (1.5) when p(z)
does not vanish in the unit disc, and accordingly Aziz [1] proved that if p(z) is
a polynomial of degree n having no zero in |z| < 1, then for every real number
a’

n 1
maxc|p/(2)| < § (M2 -+ M2,,)° (1.9
and also improvement of inequality (1.5) for every real number o and R > 1
R"—1 L
max [p(Rz) — p(z)| < (M3 + M2 )2 (1.9)

|z|=1
Recently, Nakprasit and Somsuwan [24] investigated ‘m|ax |p'(2)] in terms of
z|=1
|m|ax Ip(2)| for a polynomial p(z) of degree n having a zero of order s at 2z,
z|=1

where |zp| < 1 and proved:
n—s

Theorem 1.1. ([24]) If p(z) = (2 — 20)° Zayz” is a polynomial of degree n
v=0

having no zero in |z| < k, k > 1 except a zero of order s, 0 < s < n at 2,
where |z9| < 1, then

a\%n<{ s, A } ax |p(2)| 4 in [p(2)|

max p zZ ~ max z — — 1NN zZ s

ey 1—Jzo] (T —Jzo)* J 12 P (k + [z0])® 12/mk ¥
(1.10)

where
_ (20" (0~ s)
(1 + k) (1 = |20])

It is important to mention that different versions of the Bernstein type in-
equalities have appeared in the literature in more generalized forms in which
the underlying polynomial is replaced by more general classes of functions.
These inequalities have their own significance and importance in approxima-
tion theory. One of such generalizations is moving from the domain of ordinary
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derivative of polynomials to their polar derivative. Here, we remind that the
polar derivative Dgp(z) of p(z) where p(z) is a polynomial of degree n, with
respect to the point § is defined as

Dgp(z) = np(z2) + (8 — 2)p'(2).
Note that Dgp(z) is a polynomial of degree at most n — 1. This is the so-

called polar derivative of p(z) with respect to 8. It generalizes the ordinary
derivative in the sense that

Jim {Dﬂg(z)} =1/(2),

uniformly with respect to z for |2| < R, R > 0.

One very important point worth to note is that derivative is a very general
term applied to any function whereas the polar derivative mentioned above is
defined for or referred to a polynomial only. Because in the definition of polar
derivative of a polynomial, the degree of the polynomial plays a central role.

More information on the polar derivative of a polynomial can be found
in the comprehensive books of Milovanovi¢ et. al. [16] and Rahmann and
Schmeisser [27].

Over the last four decades many different authors produced a large num-
ber of different versions and generalizations of the above inequalities by in-
troducing restrictions on the multiplicity of zero at z = 0, the modulus of
the largest root of p(z), restrictions on the coefficients, using higher order
derivatives, etc. Many of these generalizations involve the comparison of
polar derivative Dgp(z) with various choices of p(z), § and other parame-
ters. The latest research and development on this topic can be found in the
papers([12, 15, 17, 18, 19, 21, 22, 23, 28]).

2. LEMMAS

We shall need the following lemmas in order to prove the theorems. For a

polynomial p(z) of degree n, we will use g(z) = 2"p (1).

Lemma 2.1. ([20]) If {y,}, v =1,2,...,n is a sequence of real numbers such
that y, > 1 for all v € N, then
n n
-1 y—1
oo -1y for all n € N. (2.1)

V=].yl/+1 o HVZIyV+1

n—s
Lemma 2.2. If p(z) = (2 — 20)° Za,,z”, is a polynomial of degree n having
v=0

no zero in |z| < k, k > 1, except a zero of multiplicity s at zg, |zo| < 1, then
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for each point z on |z| = 1 for which p(z) # 0, we have

Re (Zp/(z)> <5 qnos 1 <ya0\ks — ’a”‘s’kn> . (22
p(2) 1—Jzo] 14k 14k \|aolk®+ |an—s|k™
n—s
Proof. Let p(z) = (2 — 29)° ¢(z), where ¢(z Zayz is a polynomial of
v=0
degree n — s having no zero in |z| < k, k > 1. Therefore, if 21, 2z2,...,2,—s be

the zeros of ¢(z), then |z;| > k, k> 1, j=1,2,...,n —s. Hence, we have

2p'(2) sz — =z
= + . 2.3
p(2) z— 2 ]Z—; z—zj (2:3)

This, in particular, gives

w () - (5) 5 (5)

7=1

For the points €, 0 < # < 27 which are not the zeros of p(z), we have

10 / 0 n—s 0

P () se e
R — | =R _ R . .
( p(e?) ) e(ew_%)@ e(el@—zj)

J=1
Now,
n—s 0 n—s
e 1
Sre(m—) < L
Jj=1 J j=1 J
. n=:s |Z]|_
14k 1+/<:Z|z]|+1
n—s |ZJ|_
< k>1
= 11k 1+kzlz]]+k (as k 2 1)
_ n-—s 1 nz:szﬂ 1
T 14k 14k i
Since‘z—]g'21,j:1,2,...,n, we get on using Lemma 2.1 for the points %,

0 < 6 < 27 which are not the zeros of p(z),
Sn() < o Lo ¢ -
0—z) — 14k 1+k ngf%—kl
n—-s 1 <|a0|ks—|ans|k‘")

1+k 14k \Jaolk® + |an—s|k™

N
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and ;
se’ S
- < .
Re(eﬁ—m) REEY
Therefore,
Re Z9;0’(9 ) <5 nos_ 1 lag|k® — |ans|k"> '
p(et?) 1—|z0] 14k 1+Fk \|aolk®+ |an—s|k™
O
Lemma 2.3. ([1)) If p(z Zau Y is a polynomial of degree m, then for
|z| =1 and for every real «
2
2 2 1N
PP+ F < (424 M2). 24

3. MAIN RESULTS

The main purpose of this paper is to obtain upper bound estimates for

|m|aX]D/3p( z)| as well as lm‘ax Ip(Rz) — p(rz)|, R > r > 1, for the same class
= z|=1
of polynomial considered in Theorem 1.1 by involving the coefficients of the

polynomial and following the approach of Frappier et al. [10]. The obtained
results sharpen as well as generalize some already known estimates as special
case. We first prove the following result

Theorem 3.1. If p(z) = (z — 20)° Z ayz” is a polynomial of degree n having

no zero in |z| < k, k > 1, except a zero of order s, 0 < s < n at zy, where
|z0| < 1, then for every complex number B with || > 1,

max [ Dsp(2)] < & | 2ma Ip(=) 4 (18] -1 M2+ M2 —2f1 - 20
B 2 |z]=1 +

|2|=1 1 — |z

1
n—s 1 lag|k® — |an| k™ 5|7

— . 3.1

+ 1+k 1+k (]ao|k:3+]an|k” Ip(2)] (3.1)

Proof. Since p(z) has no zero in |z| < k, k > 1, except a zero of multiplicity

s at 20, |20l < 1,0 <s <n. If z1,29,...,2,_5 be the zeros of p(z) such that
|zj| > k, k>1,j=1,2,...,n —s. Hence, we have by Lemma 2.2 for |z| =1

zp’(z)) s n—s 1 (|ao|/~c5 - |ans|k")
R < — . 3.2
e(p<z> STl Tik Tok el F i) 3P
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Also, we have for |z| =1,
' (2)| = |np(2) — 2p'(2)] -

This gives for |z| =1

AP _| P

p(2) p(2)
_ 2 [P 2 nre (P2
i e B <p<z>>’

which on using Lemma 2.2 gives

2 9 S +n—s
— zNn
]._|Z[)| 1+k

1 <a0|k‘5—ans\k”>
1+ k& \aolks + |an—s|k™ ) |

Equivalently

S
1 — |20

LS 1 lao|k® — |an—s|k"
1+k 14k \|aoglks + |an_slk™ ) [

|4 (2)* = n? p(2)]* + |29 (2)|* - 2nlp(2)l2{

Therefore

2 /() < [ () + |q’<z>\2‘{”2 ‘2”{1_7,201 173

1 laog|k® — |an—s|k" 9
— . 3.3
1+k (\aoyks ¥ Jan_s k" [p(2)| (3.3)

Applying Lemma 2.3 to (3.3), we get

2

2 ‘p’(zz)}2 < % (Mc% + M§+,r) —{n2 — Qn{l—izo\

n-—s 1 lag|k® — |an—s|E™ 9
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which implies

, n 9 9 2 s
< —-|\M:>+M —2¢1——< —
‘p(z)|—2 a+ a+m { n{l—‘Z()’
3
n—s 1 lag|k® — |an—s| k™ 9
— . 3.4
e Hk(‘adksﬂmw Ip(2) (3.4)

Using the definition of polar derivative of a polynomial with respect to the
complex number § with || > 1, we have

[Dap(z)| = |np(z) + (B —2)p'(2)|

< np(z) + 20/ (2)| + 18 |/ (2)]
= |d)|+ 18| (2))
< n max Ip(2)| + (18] = 1) [P (2)] - (3.5)

Inequality (3.5) in conjunction with inequality (3.4) gives,

|2|=1 2| n | 1— |zl

1
n—s 1 lag|k® — |an—s|k™ 5|7
Y IE T Teh (Iao\ks FPRNTE p(2)] .

This completes the proof of Theorem 3.1. O

max |Dgp(z)| < g [2m§>1( Ip(2)] + (!ﬂ\—l){Mi—i—MiJﬂr—Q{l - 2{ i

Taking 2o = 0 in Theorem 3.1, we get the following result for the polynomial
having s—fold zeros at the origin.

n—s
Corollary 3.2. If p(z) = zsz ayz” is a polynomial of degree n having no
v=0

zero in |z| < k, k > 1, except a zero of order s, 0 < s < n at origin, then for
every complex number B with || > 1,

n 2 | n+ sk
Irglzgl sp(2)| < 2[ ﬁglp(@lﬂlﬁ\ ){ atMayr { n{ 14k

1
L (laolk® — |an|k" 16
_ ) 3.6
1+ k (\a0|k8+anykn Ip(=) (36)
Setting s = 0 to Theorem 3.1, we get the following result due to Mir and
Hussian [20].
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n

Corollary 3.3. If p(z) = Za,,z” 18 a polynomial of degree n having no zero
v=0

in |z| <k, k> 1, then for every complex number  with |B| > 1,

n
max | Dp(2)| < 5 [2 max |p(2)] + (18] - 1){M§ + M3

|2=1 |2

1
2 2 (|ao| — |an|E™ 5|7
- k-D)+—-— .
1+k{( )+n (]a0|+|an|k” [p(2)]
Clearly, Theorem 3.1 and Corollary 3.2 are extensions of Corollary 3.3.

Dividing both side of inequality (3.1) by |5| and taking limit |5]| — oo, we
have the following corollary.

n—s
Corollary 3.4. If p(z) = (z — z0)° Z a,z” is a polynomial of degree n having
v=0

no zero in |z| < k, k > 1, except a zero of order s, 0 < s < n at zy, where
|z0| < 1, then

/ n 2 2 2 S
< MPem2, -1 -2
gli)l(‘p(z)‘—Q{ oz+ a+m { n{l—]zo\

1
n—s 1 |a0|k5_|an|kn ) 2
TIrE Tvk (|a0|kj3—|—|an|kn p()|"p - (37)

Taking zp = 0 in Corollary 3.4, we get the following result.

n—s
Corollary 3.5. If p(z) = ZSZ ayz” 1s a polynomial of degree m having no
v=0

zero in |z| < k, k > 1, except a zero of order s, 0 < s < n at origin, then

/ n 9 9 2| n+ sk
< —sM,+ M —241——
Iﬁa}f‘p(z)l—2{ ot Mats { n{1+l<:

1
1 (laolk® — |an|k" 16
_ . 3.8
1+k (]a0|k5 Tlanir ) | (P2 (38
Setting s = 0 to Corollary 3.4, we get the following extension as well as
generalization of inequality (1.8).
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n

Corollary 3.6. If p(z) = Za,,z” 18 a polynomial of degree n having no zero
v=0

in|z| <k, k>1, then

, n 9 9 2 2 (aolk®—|an|E™ 9 2
m < S Mi4+ME: o —— (k-1 | ———— .
|Z|E:D1( ‘p (Z)‘ = 2{ atMiin 1+ k |:( )+7”L <|a0|k‘s—|—|an|/€" Ip(2)]

(3.9)

Clearly, Corollaries 3.4 and 3.5 are extensions of Corollary 3.6. Further, as
an application of Corollary 3.4, we obtain the following extension of inequality
(1.9) to the class of polynomial of degree n having no zero in |z| < k, k > 1,
except a zero of order s, 0 < s < n at zp, where |zo| < 1.

n—s
Theorem 3.7. If p(z) = (2 — 20)° Z ayz” is a polynomial of degree n having
v=0

no zero in |z| < k, k > 1, except a zero of order s, 0 < s < n at zy, where
|z0| < 1, then for every real o and R > 1 > 1,

maxlp (R) — p(r2)] <

2 s n—s
_9)1_ 2%
{ n{1—|20]+1+k
1
1 lag|k° — |an|k™ 5|7
— . 1
1+k:<|a0|k:3+|an|k” Ip(=) (3.10)

Proof. Applying inequality (1.2) to the polynomial p/(z), which is of degree
n — 1, we obtain for t > 1 and 0 < 0 < 27

Mgz + M(z-ﬁr

P <tei9>’ < gl ‘m|ax ‘p’(z)| .
z|l=1

Using Corollary 3.4, we have

: -l 2 s n—s
/t19>’<n M2 M2 _2 1_7
(te)] < T | (M M) n\1=lel "1+

1
1 lag|k® — |an—s|k™ 5|2
Tk (ya0|k;s Tlanalin) { (PO (3.11)
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Hence for each 8, 0 < 0 < 27 and R > r > 1, we have

b (re?) = (re) = [ “e (1) dt'

< /R % (tew) ‘ dt (3.12)

and from inequality (3.11), we have
‘p(Re“’>—p<rei9)‘<1 (M2+M2,) 20120 °  n=s
-2 « atm n|1l—|z 1+k

1
1 ‘aO,ks_ ‘an_s‘k" 2 2/R -1
— t T dt
1tk (\aoyks+ || k" Ip(2)] " !

that is,

b () ()] < 25 ot —ofa- 2

n | 1— |z

n—s 1 lag|k® — |an—s|k" 5|2
T R 14k <|aoyk:8+ anle ) [ (PEN)

This implies that, for |z =1 and R > r > 1,

=

R —r" 2 S
- < — M2y M2 —201-=
|p(RZ) p(TZ)‘ — 9 a+ o+ { TL{].|Z(]|
1
n—s 1 lao|k® — |an|E™ 5|2
Y ITE T TeR (\ao\ks+\an\kn p(2)|7| -
This completes the proof of Theorem 3.7. g

Putting zp = 0 to Theorem 3.7, we have the following result.

n—s
Corollary 3.8. If p(z) = zsz ayz” 1s a polynomial of degree m having no
v=0

zero in |z| < k, k > 1, except a zero of order s, 0 < s < n at origin, then for
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every real a« and R>r > 1,

RY — " 2 k
max|p<Rz>—p<rz>|§J{M§+M§M—2{1— {”“

I2]=1 n)| 1+k

1
1 lao|k® — |an|k" 1.
_ . 1
1+k <|a0|k:5+|an|k:n p(2)] (3.13)

Setting s = 0 to Theorem 3.7, we get the following result.

n
Corollary 3.9. If p(z) = Zal,z” s a polynomial of degree n having no zero
v=0

in|z| <k, k>1, then for e?;ery real « and R>r > 1,

Tk (k—1)

1
2 (laolk® — |an|k" 2 ’

e i e . .14
n <|CL()“€8 |Cbn‘l€n ’p(Z)’ (3 )

It is easy to verify that Corollay 3.9 generalizes as well as sharpens inequality
(1.9). Taking k =1, »r = 1 in Corollary 3.9, we get the following result.

R" —r" 2 2
max p(Rz) = p(rz)] < —5— Mo+ Mayr —

n
Corollary 3.10. Ifp(z) = Z ayz” is a polynomial of degree n having no zero
v=0

in |z| <1, then for every real o and R >1,

R*—1
gllglp(Rz)—p(Z)! <—

2 ool el o)
o (i) L RS

Remark 3.11. The bound obtained in Corollary 3.10 is always sharpen than
the bound obtained from inequality (1.9), for this it needs to show that

{Mg + M(z—i-ﬂ

o ~lau|
|ao| + [an|
which is equivalent to
|ao| = an|,

which is true as p(z) # 0 in |z| < 1.
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