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1. INTRODUCTION

Expansiveness of mappings and their common fixed point results is an inter-
esting and active research aspect of fixed point theory. The class of expansive
mappings in complete metric spaces were introduced by Wang et al. [34].
They proved some interesting fixed point results for these class of mappings,
thereby activating research in expansive mappings in metric spaces and related
abstract spaces.

Kumar [12] proved some interesting theorems on expansive mappings in
several settings, such as metric spaces, generalized metric spaces, probabilistic
metric spaces and fuzzy metric spaces, which generalized the results of some
authors like Ahmad et al. [1], Rhoades [30], Kang et al. [11], Wang et al.
[34] and Vasuki [33]. Kumar [12] results contained some errors, which were
corrected in [5]. However, Kumma [12] did not consider expansive mappings in
the framework of modular w®-metric spaces, which is the main interest of the
present paper. Gahler [10] proved some interesting results in complete 2-metric
spaces, which is a generalization of the classical metric spaces. Baskaran et
al. [4], established common fixed point theorems for expansive mappings by
using compatibility and sequentially continuous mappings in 2-metric spaces.
Dhage [9], extended the work in [10] and introduced the notion of D-metric
spaces. These authors claimed that their results generalized the concept of
classical metric spaces.

In 2010 Chistyakov [6] introduced the notion of modular metric spaces or
parameterized metric spaces with the time parameter (A, say) and his intension
was to define the notion of a modular acting on an arbitrary set, and developed
the theory of metric spaces generated by modulars, called modular metric
spaces. Chistyakov [6], developed the theory of metric spaces generated by
modulars, and extended the results given by Nakano [18], Musielak and Orlicz
[28], Musielak [13] to modular metric spaces.

Modular spaces are extensions of Lebesgue, Riesz, and Orlicz spaces of
integrable functions. The introduction of the theory of metric spaces generated
by modulars known as modular metric spaces received the attention of many
mathematicians. Consequently, several interesting results were proved in this
direction of research. Chistyakov [8] also established some fixed point theorems
for contractive mappings in modular spaces and other fixed point results in
modular metric spaces can be found in [7, 8, 24, 29] and the references therein.

Azizi et al. [3] studied some fixed point theorems for S + T', where T
is p-expansive and S(B) resides in a compact subset of X,, where B is a
closed, convex and nonempty subset of X, and TS : B — X,. Their results
also improved the classical version of Krasnosel’skii fixed point theorems in
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modular spaces. However, as an application, they studied the existence of
solution of some nonlinear integral equations in modular function spaces.

In 2001, Ahmad et al. [1] defined expansive mappings in the setting of
D-metric spaces analogous to expansive mappings in complete metric spaces.
They also extended some known results to two mappings in the setting of
D-metric spaces.

In 2003, Mustafa and Sims [16] pointed out that the fundamental topological
properties of D-metric spaces introduced by Dhage [9] were false. To remedy
the drawbacks connected to D-metric spaces, Mustafa and Sims [17] intro-
duced a generalization of metric spaces, called G-metric spaces and proved
some interesting fixed point results in this framework. Mustafa et al. [14]
defined the class of expansive mappings in the setting of G-metric spaces and
proved some fixed point theorems for these class of mappings in G-metric
spaces. Furthermore, Mustafa et al. [15] proved some fixed point results in
the setting of complete G-metric spaces.

In 2013, Azadifar et al. [2] developed the concept of modular w®-metric

spaces and obtained some fixed point theorems of contractive mappings defined
on modular w®-metric spaces.

Very recently, Okeke and Francis [22] defined expansive mappings of types
I and II in the setting of modular w®-metric spaces and proved that their
fixed point exist. Also many fixed point results for the class of expansive
mappings of type I and II defined on a complete modular w%-metric spaces
were also proved by the authors. Furthermore, Okeke and Francis [19] proved
the existence and uniqueness of fixed point of mappings satisfying Geraghty-
type contractions in the setting of preordered modular w®-metric spaces and
applied the results in solving nonlinear Volterra-Fredholm-type integral equa-
tions. For other interesting results on generalized modular metric spaces and
extended modular b-metric spaces, interested readers should consult [22]-[27]
and the references therein.

The purpose in this paper is to define three expansive-type mappings in the
setting of modular w®-metric spaces and prove some common unique fixed
point results for these class of expansive mappings on w®-complete modular
w-metric spaces. Furthermore, we construct some examples to support our

claims.

2. PRELIMINARIES

Throughout the article N = {n € Z|n > 0} is the set of non-negative integers
and Ry = {z € R|z > 0} is the set of positive real numbers. We begin this
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section by recalling some definitions and results which will be useful in this
paper.

Definition 2.1. ([34]) Let (X, d) be a complete metric space. If f is a mapping
of X into itself, then f is called an expansive map if there exists a constant
q > 1 such that

d(f(x), f(y)) = qd(z,y) (2.1)

for each z,y € X.

Definition 2.2. ([1]) Let X be a D-metric space and T' be a self-mapping on
X. Then T is called an expansive mapping if there exists a constant a > 1
such that for all x,y, z € X, we have

D(Tz,Ty,Tz) > aD(x,y, ). (2.2)

Definition 2.3. ([14]) Let (X, G) be a G-metric space and 7" be a self-mapping
on X. Then T is called an expansive mapping if there exists a constant a > 1
such that for all z,y,z € X, we have

G(Tz, Ty, Tz) > aG(x,y, 2). (2.3)

Definition 2.4. ([3]) Let X, be a modular space and B a nonempty subset
of X,. The mapping T': B — X, is called a p-expansive mapping, if there
exist constants ¢, k,l € RT such that ¢ > [,k > 1 and

p(l(Tz —Ty)) = kp(c(z —y)) (2.4)
for all z,y € B.

Definition 2.5. ([2]) Let X be a nonempty set, and let w® : (0,00) x X x
X x X — [0, 00] be a function satisfying;

(1) w§(z,y,2) =0forall z,y,2 € X and A > 0ifz =y = z,

(2) wg(m,:r,y) >0 for all x,y € X and A\ > 0 with x # y,

(3) wf(w,:):, y) < w)cf(:c,y, z) for all z,y,z € X and A > 0 with z # y,

(4) w¥(z,y,2) = W (2, 2,y) = w§(y,2,2) = --- for all A > 0 (symmetry
in all three variables),

(5) wﬁm(:p,y, z) < w?(m, a, a)—l—wﬁ(a, y,z), forall z,y,z,a € X and \,v >

0.

Then the function wf is called a modular w®-metric on X. The pair (X,w®)

is called a modular w®-metric space.

G

Without any confusion we will take X ¢ as a modular w*-metric space.
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Definition 2.6. ([2]) Let (X,,,w%) be a modular w-metric space. The se-
quence {7, nen in X e is modular w®-convergent to z, if it converges to x
in the topology 7(w§). A function T : X ¢ — X,c at ¥ € X ¢ is called
modular w-continuous if wg(:cn, z,x) — 0, then wf(Ta:n, Tx,Tx) — 0 for all
A > 0. The sequence {z,}nen is modular wG—convergent to x as n — oo, if
nlg)go w?(mmmm,x) = 0. That is, for all € > 0 there exists ng € N such that

wf(xn,a:m,x) < e for all n,m > ng. Here we say that 2 is modular wC-limit
of {wn}nGN-

Definition 2.7. ([2]) Let (X,,,w%) be a modular w%-metric space. Then the
sequence {, }neny € X,c is said to be modular w®-Cauchy if for every e > 0,
there exists n. € N such that w/\G(xn, T, 1) < € for all n,m,l > ne and A > 0.
A modular G-metric space X, ¢ is said to be modular G-complete if every
modular w®-Cauchy sequence in X, ¢ is modular w%-convergent in X, c.

Proposition 2.8. ([2]) Let (X,,w®) be a modular w®-metric space, for any
x,y,2,a € X, a, it follows that:

(1) Ifw)\(a: y,2) =0 for all A\ >0, thenz =y = z

(2) Wl (z,y,2) < W (z,2,y) + WS (x,2,2) for all X >0

(3) wl(z,y,y) < 2£§(y,x x) f07°2 all A\ >0

(4) wl(z,y,2) < w§2($ a,z) +wS(a,y,z) for all A >0

(5) wi(z,y,2) < %(2 g(x y,a) +2w§(:c,a,z) —i—wg(a,y,z)) for all A > 0.
(6) wi(z,y,2) < wg(:c, a,a)+ wg(y,a, a) + wg(z,a, a) for all A > 0.

Proposition 2.9. ([2]) Let (X, w®) be a modular w-metric space and {x, }nen
be a sequence in X,. Then the following are equivalent:

(1) {z}nen is W -convergent to x,

(2) W (@n, ) = 0 as n — oo, that is, {Tn}nen converges to  relative to

modular metric w§(.),

(3) Wl (zn,Tn,x) = 0 as n — oo for all A > 0,

(4) Wl (zn,z,2) — 0 asn — oo for all X > 0,

(5) WS (Tm,Tn,x) = 0 as m,n — oo for all A > 0.

Next, we give the following two definitions, following [1], [32] which will
play some vital roles in Section 3 of this paper.

Definition 2.10. Let (X,,w®) be a modular w%-metric space and T, S, R :
X, — X, ¢ be three mappings. Then the mappings 7', S, R are called ex-
pansive type I mappings if there exists a constant a > 1 such that for all
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x#y#z#x € X, e and for any A > 0, we have
W (T, Sy, Rz) > aw§ (x,y, 2). (2.5)

Definition 2.11. Let (X, w®) be a modular w%-metric space and T, S, R :
X, ¢ — X_,c be three mappings. Then the mappings 7,5, R are called ex-

w
pansive type II mappings if there exists a constant a > 1 such that for all

x,y € X e and for any A > 0, we have
WS (T, Sy, Ry) > aw§ (x,y,y)- (2.6)

Remark 2.12. Examples of the class of expansive mappings defined in Defi-
nitions 2.10 and 2.11 above will be given after Theorem 3.1 and Theorem 3.10,
respectively.

A point x € M is said to be a fixed point of T if z = T'z. And the set of fixed
points of 7" will be denoted by Fiz(T), that is, Fiz(T) ={z € M : x = Tz}.

3. MAIN RESULTS

We begin this section with the following results.

Theorem 3.1. Let (Xw,wG) be a wC-complete modular w©-metric space and
there exists a constanta > 1. LetT,S, R : X ¢ — X e be three onto mappings
on X e forallx #y # 2z # x € X_,c and there are xg,x1,22 € X, c such that
wf(xo, x1,x9) < 00, for which the following condition holds;

w§ (T, Sy, Rz) > aw§ (x,y,2), VA > 0. (3.1)
Then T, S, R has a common unique fized point in X, c.
Proof. Let xg € X, . Since T, S, R are onto mappings, there exists 1 € X ¢
such that xg = Txq, 2 € X,o, 1 = Szo and xy3 = Rz for 3 € X o,
continuing this process, we generate a sequence {xsn}n>1 € X, ¢ such that
T3y = Txs,11 for all n € N; so that we have the inverse iterations as x3, =

T23n41, T3n+1 = ST3n42 and 3,42 = RT3,43.
Now since x3, # T3n+1 7# Tan+2 implies that for any A > 0,
el
WY (%30, T3n41, T3ns2) > 0,
so that from inequality (3.1), we have
G G
WY (23ns T3n4+15 T3nt2) = WY (T23n41, S3p42, RT3043)
G
> awy (T3n4+1; T3n42, T3n43), VA > 0. (3.2)

Therefore,

WS (T304 1, T3ns2, T3n13) < S (T3n, 3041, T3nta), (3.3)
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where p = % and for all A > 0. On continuing the process above, we have

WS (T3n41, Tan+2, Tan3) < W'W0F (Tan, T3nt1, T3nr2) (3.4)
for A > 0and n € N.
Suppose that m,n € N and m > n € N. Applying rectangle inequality
repeatedly, that is, condition (5) of Definition 2.5 we have
WS (T3n, T3m, T3m) < WO (T30, Tana1, T3n1) 05 (T3na1, T3nr2, Tant2)

m—n m—n

G G
+wy (3042, T3n+3, T3n43) + Wy (T3n43, T3ntd, T3n4d)

m—n

Lt wi (3m—1, T3m> T3m)

m—n

G
(30, T3n+1, Tant+1) + W (T3n+1, T3n+2, T3nt+2)
n

n

G G
+ WX (3042, 3043, T3n+3) + WX (L3043, T3nt4, T3n+4)
n
G
+ -+ W (Z3m—1, T3m, T3m)

n

< (" 4 p T e NS (0, @1, w2)
Lw?(a:o,ml,m) (3.5)
I—p

for all m >n > N € N, then

IN

G p"
Wy ($3n7$3m7 x3m) < 1_

Mw§($0,$1,$2) (3.6)

for all m,l,n > N for some N € N, so that by condition (2) of Proposition
2.8, we have

WS (30, T3m, T31) < Wg(xSnv T3ms T3m) + Wg(l':ila T3m; T3m), (3.7)
so that
G < G G
WY (30 T3m, T31) <wy (@30, T3m> T3m) + w3 (%31, 3m, T3m)
Swf(-r?m, L3m, x?)m) + W)C\TV ('Igla T3m, x3m)
<an§(1'0, X1, 1'2) + Mn wf(.%'o, ry, xg)
“1—pu 1—p
2u™
- (1_M>wf(m0,x1,x2). (3.8)
Thus, we have
lim WS (@30, T3m, 23) =0, ¥ A > 0. (3.9)
n,m,l—oo

Therefore, we can see clearly that {z,}nen is modular w®-Cauchy sequence
in X c.
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The modular w%-completeness of (X,,,w®) implies that for any A > 0,

lim wf(xn,xm,u) = 0, that is, for any ¢ > 0, there exists ng € N such
n,Mm—00

that wf(xn,xm,u) < € for all n,m € N and n,m > ng, which implies that

H_)m Tn — u € X, ¢ as n — 00, or by applying condition (5) of Proposition
n o0

2.9. As T,S,R are onto mappings, there exists w,z*,v € X_ ¢ such that
u=Tw,u= 52" and u = Rv. We claim that u = w = z* = v.

First, from inequality (3.1) with z = 23,41 and y = 2* and z = v, we have
that for all n > 1, A > 0;
W (x3, u,u) = WS (Tx3,41, 52", Rv)
> aw§ (23041, 25, 0), YA > 0. (3.10)

As n — oo, we have wf(u, z*,v) =0, that is, u = z* = v.

Secondly, using inequality (3.1) with z = w, y = x3,42 and z = v, we have
that for all n > 1, A > 0;
Wi (U, 3p41, 1) = WS (Tw, Sx3,42, RV)

> aw§ (w, T3p19,0), ¥ A > 0. (3.11)

As n — oo, we have wf(w,u,v) =0, that is, w = u = v.
Lastly, from inequality (3.1) with z = w, y = z* and z = x3,+3, we have
that for all n > 1, A > 0;
WS (1w, T3 40) = W (Tw, S2*, Rx3ny3)
> aw§ (w, 2%, T3n43), ¥ A > 0. (3.12)
As n — oo, we have wf(w,z*,u) =0, that is, w = z* = u.

We can see clearly that in the three cases above, u = w = z* = v, so that
u is a common fixed point of T, S, R, that is, u = Tu = Su = Ru.

To prove uniqueness, suppose that there exists an another common fixed
point of T', S, R, that is, there is a u* € X ¢ such that v* = Tu* = Su* = Ru".
Suppose it is not the case, that is u # u*, and for all A > 0, again inequality
(3.1) becomes;

W (u, u*, u*) = W (Tu, Su*, Ru®)
> aw§ (u, u*, u*)
> wf (u, u*, u*), (3.13)

which is a contradiction since a > 1, hence u = u*. Therefore T, .5, R has a
common unique fixed point in X c. O
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Remark 3.2. Theorem 3.1 is an expansive form of Theorem 1 in [31]. Mean-
while, Theorem 3.1 is a generalization of Theorem 3.1 in Okeke and Francis
[22].

We know that the following remark from the paper in Remark 3.3 (see
Okeke and Francis [22]).

Remark 3.3. If we let T'= S = R, we get a result we have given in [22].
Let (Xw,wG) be a wC-complete modular w-metric space. If there exists a
constant a > 1. Let T': X ¢ — X ¢ be an onto mapping on X ¢ for all x #
y # 2 # x € X ¢ and there are zg, 71 € X ¢ such that w§(zg,z1,21) < 00,
for which the following condition holds;

wf(Tx, Ty, Tz) > awf(:v,y, z), VA>0. (3.14)
Then T has a unique fixed point in X .

Next, we prove the following corollary.

Corollary 3.4. Let (Xw,wG) be a G-complete modular G-metric space and
there exists a constant a > 1. Let T : X o — X e be an onto mapping on
Xyo forallx #y # 2z # x € X, o and there are xo,x1 € X ,c such that
wf(xo, x1,x1) < 00, for which the following condition holds;

Wi (Tz, Ty, Tz) > aw§ (z,y,2), YA > 0. (3.15)

Then T has a unique fived point in X c.

Proof. 1t follows from Theorem 3.1 by taken 7' = S = R. Hence, T has a
unique fixed point in X . O

Remark 3.5. Observe that in Theorem 3.1 above, if T' = S = R, we get
an extension of Theorem 2.1 in [14] which is our Corollary 3.4 in modular

w-metric space.

Example 3.6. Let X ¢ = RT U{oco}. Define mappings T, S, R : Rt U{cc} —
Rt U{cc} by Tz = 2" + 4z,Sz = 2" + 42 — 1 and Rz = 2" + 4o — 2
for all z € RT U{oo} and n € N. Then T, S, R are expansive maps with

nontrivial common fixed point of T, .5, R. Indeed, Define modular G-metric
by w§ : (0,00) x RY U{oc} x Rt U {oo} x RT U {oo} = R* U {cc}. For all
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distinct x,y,z € RT U{occ} and A > 0,n € N, then

1
S§ (T 5y, 12) = 5 (T = Syl +15y — el +]17a — e )

:/1\<H33”+4z—(y”+4y—1)H
+Hly 4y +1 - (2" + 4z - 2)
+ja" + 4z — (2" + 42— 2 H)
21<Hx”—y”+4(:c—y)+1H
+Hy”—z”+4(y—Z)+3H+||xn_zn+4($_z)+2H)
:/1\<H(93—y)(x"‘1+yx"‘2+---+y”_1)+4($_y)+1H
+H(y—z)(y”‘1+zy”‘2+---+z”‘1)+4(y_z)+3u

—i—H(x — )@ 2" 2 14— 2) + 2”)

1
A{Mm—yn+MW—zw+Mx—a@
Therefore,
Wi (T, Sy, Rz) > dwf (2,y, 2), (3.17)

which justifies that T',.S, R are expansive mappings with a common expansive
constant 4. Hence inequality (3.1) is satisfied with a =4 > 1.

Corollary 3.7. Let (Xw,wG) be a wC-complete modular w®-metric space and
there exists a constanta > 1. LetT,S, R : X ¢ — X c be three onto mappings
on X,c forallx #y # 2z # x € X, 6 and there are xg, x1,x2 € X such that
wf(xo, x1,x2) 18 finite, for which the following condition holds;

w§(Tz, Sy, Rz) > a<w§(m,x,y) + ol (2, , z)), VA>0. (3.18)
2 2
Then T, S, R has a common unique fized point in X, c

Proof. By condition (2) of Proposition 2.8, we have that

g(:v x y)—i—wk(ajx z)>wk(a: Y, 2)
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for all A > 0. Therefore, from inequality (3.18), we have

(12,57 > oW (0,0.9) + S (0,2.9))
2 2
> aw§ (z,y, 2). (3.19)
So that for all A > 0 and a > 1, we have
w§ (T, Sy, Rz) > aw§ (z,y, 2). (3.20)
By proof of Theorem 3.1, T', S, R have a unique common fixed point in X .
O

The next corollary is a variant form of Theorem 3.1 which reads as follows;

Corollary 3.8. Let (Xw,wG) be a wC-complete modular w<-metric space and

there exists a constanta > 1. LetT,S, R : X,,c — X ¢ be three onto mappings
on X e forallx #y # 2z # x € X_,c and there are xg,x1,22 € X, ¢ such that
wf(xo, x1,x2) < 00, for which the following condition holds; for some positive
mteger, m > 1;

w?(TmJ:, Sy, R™z) > aw?@, y,z), YA >0. (3.21)

Then T, S, R has a unique common fized point in X c for some positive inte-
ger, m > 1.

Proof. By Theorem 3.1, T™, 5™, R™ has a common fixed point say u* € X ¢
for some positive integer m > 1 by using inequality (3.21).

Now, T™(Tw*) = T u* = T(T™u*) = Tu*, so Tu* is a fixed point of
T™u*. Similarly, Su* is a fixed point of S™u* and Ru* is a fixed point of
R™u*.

For the uniqueness, suppose if possible that there exists another common
fixed point of T7, 5™, R™ say v* € X,,, that is, T™v* = S™v* = R™v* = v*.
We show that u* = v*. Indeed, suppose that u* # v* implies that for any
A >0, wf(u*,v*,v*) > 0, from inequality (3.21), we have

W (u*, v, v*) = W (T™u*, S™v*, R™v*)
> aw (u*,v*,v%), YA > 0. (3.22)
So that
Wl (u*, v, v*) > awf (u*, v, v")
> Wl (u*, v*, "), (3.23)
which is a contradiction since a > 1, hence 7', S, R has a unique common fixed
point in X e for some positive integer, m > 1. O
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Corollary 3.9. Let (X,,,w%) be a w®-complete modular w®-metric space and

there exists a constanta > 1. LetT,S, R : X e — X, c be three onto mappings
on X,c forallx #y # z # x € X, e and there are xg,x1,x2 € X 6 such that
w?(wo, x1,x2) < 00, for which the following condition holds; for some positive
integer, m > 1;

w§ (T, S™y, R™z) > a(wg(x,x,y) + wg(x,a:, z)), V> 0. (3.24)

Then T, S, R has a unique common fized point in X c, for some positive in-
teger, m > 1.

Proof. By proof of Corollary 3.8, T',.S, R has a unique common fixed point in
X, for some positive integer, m > 1. O

Theorem 3.10. Let (X,,,w®) be a G-complete modular G-metric space and
there exists a constant a > 1. Let T,S,R : X ¢ — X,c be three onto
mappings on X e for all x,y € X, o and there are xo,x1 € X o such that
wf(xo, x1,x1) < 00, for which the following condition holds;

Wi (T, Sy, Ry) = awf(z,y,y), ¥ A > 0. (3.25)
Then T, S, R has a unique common fized point in X, c

Proof. Let zg,x1 € X,c. Since T, S, R are onto mappings, there exists z; €

X,c such that xg = Tx1, x2 € X ¢ such that 1 = Sxy and 21 = Rxy for

z2 € X, . By continuing this process, we can find a sequence {z3p }n>1 € X, ¢
such that x3, = Tx3,41 for all n € N, so that we have the inverse iterations

as T3 = TT3n41, T3n+1 = ST3n42 = RT3n40.
Now, since w3, # 3,41 implies that for any A > 0, w?(xgn, T3n+1, L3nt1) >
0, so that from inequality (3.25), we have

WS (T30, Tan 41, Tany1) = WS (TT3n41, ST3n 12, RT3n o)
> aw?(mgnﬂ, x3n+2,$3n+2), VA>D0. (326)
Therefore,
WS (T3n41, T3n 42, T3nt2) < Bwf (T30, Tant1, Tant1), (3:27)
where g = % and for all A > 0. On continuing the process above, we have
WS (#3041, Tan 2, T3nt2) < B0 (T30, T3n 11, Tani1) (3.28)

for)\>0andn€N,WhereB:%<1.
Following proof of Theorem 3.1 carefully, we see clearly that u is a unique
common fixed point of 7, S, R in X . O
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Example 3.11. Let X, ,c = RTU{oo}. Define mappings T, S, R : Rt U{cc} —
RTU{oo} by Te = 2P +1,Sz = 2P and Rz = 2P — 1 for all z € R* U {0} and
p € N. Then T, S, R are expansive maps with nontrivial common fixed point
of T, S, R.

Remark 3.12. If we take p = 1, then the Example 3.11 is clear. In fact, define
modular w%-metric by w§ : (0,00) x R* U {co} x RT U {00} x RT U {c0} —
RT U{c0}.

Now, for all z,y € RT U {cc} and A\ > 0,

w)c\;(xp + 1,97 9P - 1) = w)Cf(Ta:, Sy, Ry)

1

= 5 (172 = s 159~ rall 4170 - 51
1

— 3 (1l 412047 - 7 - )

+]a? +1 - (P - 1)H>

1
(1o =+ 141+ =2 42 )
1

5 (1 =Pl 4122 = 1)

1
=3 (27 =1 1)

2
Sllz? =]

v

Y

2 _ _ _
= J[@ =@t + a2 )|

> 2z —y
A
= 205 (,1,7). (3.29)
Therefore,
w§ (Tz, Sy, Ry) > 2§ (z,y,y), ¥ X > 0, (3.30)

which shows that TS5, R are expansive mappings with common expansive
constant 2. Hence, inequality (3.25) is satisfied with a = 2 > 1.

Corollary 3.13. Let (Xw,wG) be a wC-complete modular w<-metric space

and there exists a constant a > 1. Let T,S,R : X ¢ — X, c be three onto
mappings on X ¢ for all z,y,z € X ¢ and there are xo,x1 € X ¢ such that



970 G. A. Okeke, D. Francis and J. K. Kim

wf(xo, x1,x1) < 00, for which the following condition holds;
G G G
wy (Tz, Sy, Rz) > a<w>\ (x, 2, 2) + wy (2, z,y)), VA>0. (3.31)

Then T, S, R has a unique common fized point in X c.
Proof. Observe that by putting y = z in inequality (3.31), we have
W (T, Sy, Ry) > aw§ (2,y,y), ¥ A > 0. (3.32)

By proof of Theorem 3.10, 7', S, R has a unique common fixed point in X .
O

Corollary 3.14. Let (Xw,wG) be a wC-complete modular w©-metric space

and there exists a constant a > 1. Let T,S,R : X ¢ — X_,c be three onto
mappings on X, c for all x,y € X o and there are xg,x1 € X, o such that
wf(xo, x1,x1) < 00, for which the following condition holds, for some positive
teger, m > 1;

WS (T, S™y, R™y) > awf (2,9, y), ¥ A > 0. (3.33)

Then T, S, R has a unique common fized point in X e for some positive inte-
ger, m > 1.

Proof. By Theorem 3.10, T, S™, R™ has a common fixed point say u* € X
for some positive integer m > 1 by using inequality (3.33). Now T™(Tu*) =
THy* = T(T™u*) = Tu*, so Tu* is a fixed point of T™u*. Similarly,
Su* is a fixed point of S™u* and Ru* is a fixed point of R™u*. For the
uniqueness, suppose, if possible that there exists another common fixed point
of T, 8™, R™ say v* € X ¢ that is T"v* = S™v* = R™v* = v* . We show
that u* = v*. Indeed, suppose that u* # v* implies that for any A > 0,

wf(u*, v*,v*) > 0, from inequality (3.33), we get

W (u*, v, v*) = W (T™u*, S™v*, R™v*)

> aw (u*,v*,v%), YA > 0. (3.34)
So that
Wl (u*,v*,v*) > aw (u*, v*,v*)
> Wl (u*, v*, v"), (3.35)

which is a contradiction since a > 1, hence T, S, R has a common unique fixed
point in X e for some positive integer, m > 1. O
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Corollary 3.15. Let (X,,w®) be a w%-complete modular w®-metric space
and there exists a constant a > 1. Let T,S,R : X ¢ — X, c be three onto
mappings on X c for allx # vy # z # x € X ¢ and there are xg, 1,22 € X G
such that wf(xo,xl,xg) < 00, for which the following condition holds;

S

>Q Q)

(x,2,2) + wg(z, 2,Y),

w§ (T, Sy, Rz) > amax{ WX (2,¥,Y) +W§(ya Y, T), 5 . (3.36)

&
NN TN

<Z7 CC? x) + wg(a?? w? y)
2
Then T, S5, R has a common unique fized point in X c.

Proof. Let xg,21,22 € X ,c. Since T,S, R are onto mappings, there exists
x1 € X, ¢ such that g = Tx1, v2 € X,c such that 1 = Sxy and x9 = Rx3
for 3 € X, ,c. Continuing this process, we can find a sequence {z3p}n>1 €
X,c such that x3, = Tx3,41 for all n € N, so that we have the inverse
iterations as x3, = Tx3p+1, T3n+1 = ST3p+2 and x3,4+2 = Rxsy+3. Now since
T3n # T3n+1 7 T3neo implies that for any A > 0, w)c\;(.%'3n,l'3n+1,x3n+2) > 0,
so that from inequality (3.36), we have

G
W (Z3n, T3n41, T3n+2)

G
= wy (TT3n+1, ST3n42, RT3n43)

G G
W5 (3041, 3013, T3n4+3) + WX (L3043, T3n+3, T3n+2),
2 2
G G
> amax { Wi (Tan+3, Tan+2, Tan+2) + W3 (T3n42, T3nt2, Tant+1)s o . (3.37)
2 2

w§
2

G

(T3n+3, T3n+1, T3n+1) + W3 (T3n+1, T3nt1, T3nt2)
2

By condition (2) of Proposition 2.8, we have

WX (L3415 T3n+3, T3n+3)

> Q)

G
+ WY (3043, T3n43, T3n+2),
2

@

WX (T3n+3; T3n+2, T3n42)
2

amax o > aw?(:ﬁgnﬂ, X342, T3nt3). (3.38)
+uwy (T3n42, T3n+425 T3n+1),

@

WX (T3n+3; T3n+1, T3n+1)
2

e
+ WX (T3n+1, T3n+1, T3n+2)
2

7

Therefore, we have from inequality (3.38) for all A > 0,

WS (3041, T3nt2, T3nt3) < VWS (T30, T3n11, T3n+2), (3.39)
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where v = % < 1. Following the proof of Theorem 3.1, TS, R has a common
unique fixed point in X . O

Corollary 3.16. Let (X,,,w%) be a w%-complete non-symmetric modular w®-

metric space and there exists a constant a > 2. Let T,S,R : X ¢ — X ¢ be
three onto mappings on X e for all x,y,z € X e and there are xg,x1 € X G
such that wf(xo,azl,xl) < 00, for which the following condition holds;

(

w3 (Y, z,7) + swi(y, 2, 2),

(y,y,2), ¢ - (3.40)

o> Q)
[ = N =
v Q)

w>Q)

w§(Tz, Sy, Rz) > amax{ w§(z,z,2) + ~w

> Q)

N o
>

w

ws (2, 2,9) + (2,9,2)
2

2
Then T, S, R has a unique common fized point in X, c.
Proof. Observe that if z = y, inequality (3.40) becomes
w§ (Tx, Sy, Ry) > awl (y,z, z). (3.41)
2
Now, we consider the right hand side of inequality (3.40) by applying con-
dition (3) of Proposition 2.8, we get wf(m,y,y) < 2w§(y,x,x) for all A > 0,
2
or, putting z = y in condition (2) of Proposition 2.8, we have w/\G(:c,y,y) <
w§(y,z, ) + w§(y, z,z) for all A > 0. So that 1w§(z,v,y) < w§(y,z,z) for
2 2 2
all A > 0. From inequality (3.41), we have that

W (T, Sy, Ry) > aw§(y,v,2) > S (@..9). (3.42)

2
By proof of Theorem 3.10 we are done. Hence, T',.5, R has a unique common
fixed point in X . g

Corollary 3.17. Let (X,,,w%) be a w®-complete non-symmetric modular w®-

metric space and there exists a constant a > 1. Let T, S, R : X ¢ — X c be
three onto mappings on X e for all x,y,z € X e and there are xg, 1,22 €

X,c such that wf\;(aso,xl,xg) < 00, for which the following condition holds;
2w§(y, x, )+ wg(y, z,2),
w§ (T, Sy, Rz) > amax QWC%;(Z,%SC) +w§(y7yuz)a . (3.43)
2w§(z, z,y) + wg(z, Y, 2)

Then, T, S, R has a unique common fixed point in X c.
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Proof. Following the proof of corollary 3.16, we get
W (T, Sy, Ry) > 2aw§ (y, ,2) > awf (2,9, ). (3.44)
2
By Theorem 3.10, the proof is completed. O

Corollary 3.18. Let (X,,w®) be a w%-complete modular w®-metric space

and there exists a constant a > 1. Let T,S,R : X ¢ — X, c be three onto
mappings on X c for allx # y # 2z # x € X ¢ and there are xg,x1,x2 € X G
such that wf(ﬂvo,xl,azg) < 00, for which the following condition holds;

w§ (Tx, Sy, Rz) > k<w§(m,Tx,Tx) + wg(Tx,y, z)), vYA>0. (3.45)

Then, T, S, R has a unique common fixed point in X .

Proof Using condition (5) of Definition 2.5 for A = 3 + 3 > 0, we have
cuA Sz, T Ta:)—i—wA (Tz,y,z) > wf\;(:c, y,z). Therefore, for all A > 0, inequality

(3 45) becomes

w§(Tx, Sy, Rz) > k( g(x Tx,Tx) —i—wk(Tx Y, 2 ))
W (z,

>k ,2), VA>0. (3.46)

Hence,
w§(Tz, Sy, Rz) > kw§ (z,y,2), YA >0, (3.47)
where k > 1. By proof of Corollary 3.7, the proof is completed. O

Corollary 3.19. Let (Xw,wG) be a wC-complete modular w©-metric space

and there exists a constant a > 1. Let T,S,R : X ¢ — X_,c be three onto
mappings on X ¢ for allx #y # 2z # v € X ¢ and there are xg, 1,22 € X, ¢
such that wf(mo,xl,xg) < 00, for which the following condition holds;

(T:U Sy, Rz) > k‘( A(a:,Sx, Sz) + w?(S:n,y,z)), Y A>0. (3.48)
2 2

Then, T, S, R has a unique common fized point in X c

Proof Using condition (5) of Definition 2.5 for A = %—F % > 0, we have
wA $(z, S, S:I;)—HuA (Sz,y,z) > wf(az,y, z). Therefore, for all A > 0, inequality

(3 48) becomes

(Tx Sy, Rz) > k:< g(:c Sz, Sx) +wA(Sx Y,z ))
w§ (x,

\ \/

,2), VA> 0. (3.49)
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Hence,
w§ (T, Sy, Rz) > kw§ (z,y,2), ¥ A >0, (3.50)

where k > 1. By proof of Corollary 3.7, the proof is completed. O

Corollary 3.20. Let (X,,w®) be a w%-complete modular w®-metric space

and there exists a constant a > 1. Let T,S,R : X ¢ — X, c be three onto
mappings on X ¢ for allt #y # z # x € X,c and there are xg, 1,22 € X G
such that wf(zo,fcl,xg) < 00, for which the following condition holds;

w§ (Tz, Sy, Rz) > k(wg(as, Rz, Rx) + wg(Rx,y, z)), VY A>0. (3.51)

Then, T, S, R has a unique common fized point in X c.

Proof. Using condition (5) of Definition 2.5 for A = % + % > 0, we have
w§ (T, Sy, Rz) > kw§ (z,y,2), ¥ A >0, (3.52)

where k > 1. By proof of Corollary 3.7, the proof is completed. 0

Corollary 3.21. Let (Xw,wG) be a wC-complete modular w-metric space.
LetT,S,R: X e — X,c be three onto mappings on X c for all x # y # z #
x € X, e and there are xo,x1,x2 € X e such that w?(wo,xl,xg) < o0, for
which the following condition holds;

Wi (Tx, 8y, Rz) > awf (w,y, 2) + fuf (T, z,y)
+ 705 (Sy, 4, 2) + 0w§ (z, Rz, 2), (3.53)

where a+B+~v+d>1and 5 <1 for all \ > 0. Then, T, S, R has a unique
common fixed point in X, c.

Proof. Let xg,x1,22 € X, ,c. Since T,S, R are onto mappings, there exists
x1 € X,c such that g = T'z1, z2 € X ¢ such that 1 = Sz9 and z2 = Rx3
for x3 € X . By continuing this process, we can find a sequence {xgy,}n>1 €
X,c such that x3, = Tx3n41 for all n € N, so that we have the inverse
iterations as x3, = Tx3p+1, T3n+1 = ST3p+2 and x3,4+2 = Rxsn+3. Now since
T3n # T3n+1 7 T3neo implies that for any A > 0, wf(xgn,m3n+1,a;3n+2) > 0,
so that from inequality (3.53), we have
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WS (€30, T3n11, T3ns2) = W (TT3041, STanya, RTzns)

> aw§ (T3n41; T3n12, Tant3)
+ Bw§ (TT3n41, T3n41, Tant2)
+ YW (ST3n42, T3nt2, Tanis)
+ 0w (23041, RT3n43, T3n+3)

= oWy (L3041, T3n 42, T3n13)
+ BwS (T3, T3n41, Tant2)
+ WS (T3n41, T3n42, T3nt3)
+ WS (@3n+1, T3n+2, T3n+3)

= (a+ 7+ 0)w§ (T3n11, T3nt2, T3n+3)
+ Bw§ (230, L3041, T3n42)-

Therefore,
WS (T30 11, T30 42, T3n43) < hwf (T3, T3n 41, Tant2), (3.54)

where h = ﬁ <1, 8 < 1and A > 0. By continuing this process, we get

WS (T304 15 T3nt2, T3nt3) < B (230, L3011, Tang2), ¥ A >0 (3.55)

and n > 1. Suppose that m,n € N and m > n € N. Applying rectangle
inequality repeatedly, that is, condition (5) of Definition 2.5 we have

G G G
WX (230, T3m, T3m) < W7 s (30, T3n41, L3n+1) W72 (Z3n+1, T3n42, T3n+42)

m—n m—n

e G
+w”y (3042, T3n+43, L3n43)+W A (T3n+3, T3n44, T3ntd)

m—n

4+ wi (l’3m—17 Z3m, x3m)

m—n

<w

ST

G
(3n, T3n+1, Tant+1) TWS (T3n4+1, T3n42; T3n+2)
n
e a
W (3042, T3n43, T3n+3) FWX (T3n43, T3n+4, T3n44)
n n
e
+ -+ Wi (T3m—1, T3m, T3m)
n

< (W4 A4 4 hm_l)wg(a:o, x1,x2)
hn
< ﬁwg(xo,wl,svg) (3.56)
for all m >n > N € N, then
G " G
WX (Z3n, T3m, T3m) < 7wy (20, 21, 22) (3.57)
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for all m,l,n > N for some N € N, so that by condition (2) of Proposition
2.8, we have

WS (T30, Tam, 31) < WS (T30, T3m> T3m) + WS (T30, T3m, T3m ), (3.58)

N To)
Q)

so that

WS (30, T3m, T31) Swg(ﬂc:’m, T3ms T3m) + wg(ﬂcsl, T3ms T3m)
Swf(ﬂj‘gn, T3m, m?)m) + w)c\:(l‘?)la T3m, $3m)
< Mg )+ S )
wY (o, 1, T wY (xo, 1, T
71—}1/\ 0yL1,L2 l_h)\ 0y L1, L2
2h™
= wf(xo,ml,ajg). (3.59)
1—-h
Thus, we have
lim WS (@, m, ) =0, ¥ X > 0. (3.60)
n,m,l—o00

Therefore, we can see clearly that {z,}n,en is modular w®-Cauchy sequence.
The modular w®-completeness of (Xw,wG) implies that for any A > 0,

lim wf(mn,xm,u) =0,
n,Mm—00

that is, for any € > 0, there exists ng € N such that wf(mn, Tm,u) < € for all

n,m € N and n,m > ng, which implies that lim z, = v € X_c¢ as n — oo,
n—oo

or by applying condition (5) of Proposition 2.9.

As T, S, R are onto mappings, there exists w,p,v € X_ ¢ such that v =
Tw,u = Sp and u = Rv. We claim that u =w = p = v.

First, from inequality (3.53) with 2 = 23,41 and y = p, 2 = v, we have that
forallm > 1,A > 0;

WS (@30, u,w) = W (Twzns1, Sp, Ro)

> aw (230 11,0, 0) + BwS (TT3n11, Tant1,p)
+ 4w (Sp, p, v) + 0w§ (£3p41, Ru,v)

= awy (€3n+1,0,v) + By (€30, T3n41, D)
+ WS (Sp, p, v) + 6w§ (23041, Rv,v)

= aw (T3n11, 0, v) + B (T30, T3n 41, D)
+ 9w (u, p,v) + 0w (23n11,u, ), VA > 0. (3.61)

As n — oo, inequality (3.61) becomes

aw§ (u, p,v) + Bw§ (u, u, p) + v (u, p, v) + 0w (u, u, v) <0,
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so that
(o + 7)wS (u, p,v) + Bw§ (u, u, p) + 6w (u, u, v) = 0.
Therefore, since o+ # 0, wf(u,p, v) = 0, that is, u = p = v, similarly, since
5,0 #0, wf(u,u,p) =0 and wf(u,u, v) =0, that is, u = p = v.
Secondly, using inequality (3.53) with x = w and y = x3,42 and z = v, we
have that for all n > 1, A > 0;

WS (U, 2341, 1) = WS (Tw, Sx3,42, RV)

> aw§ (w, 3019, v) + Bw§ (Tw, w, T3,12)
+ WS (ST3n42, Tango, v) + 0w§ (w, Ru, v)

= aw§ (w, T3p42,v) + Bw§ (Tw, w, T3,12)
+ 7w9($3n+1, T3n42,0V) + 5wf(w, Ruv,v)

= awy (w, T3n12,v) + B (u, w, T342)
+ WS (23011, T3ngo,v) + 0w (w,u,v), YA >0. (3.62)

As n — oo, we have
(o + 6w (w, u,v) + B (u,w,u) +7w§ (u, u,v) < 0.

Since a+3d#0,8#0and v# 0, w =u = v.
Lastly, from inequality (3.53) with x = w and y = p and z = x3,43, we
have that for all n > 1, A > 0;

WS (U, u, 3p42) = WS (Tw, Sp, Rany3)

> aw§ (w, p, T3n+3) + Bl (Tw, w, p)
+ w5 (9P, P, Tan13) + 0w (0, RE3n13, T3043)

= awg(w,p, T3nt2) + ,Bwf(Tw, w,p)
+ w5 (9P, P, Tan13) + 0w (W, 342, Tanya)

= aw§ (w,p, T3nys) + B (u,w, p)
+’yw§(u,p,x3n+3)+5w§(w, T3n42, T3nt3), VA > 0. (3.63)

As n — oo, inequality (3.63) becomes

(@ + B)wS (u, w, p) + 7w (u, p,u) + 6w§ (w, u,u) <0,

hence, wf(u, w,p) = 0, i.e., u = w = p. We can see clearly that in the three

cases above, u = w = p = v, so that u is a common fixed point of T, S, R, that
is, u = Tu = Su = Ru.

To prove uniqueness, suppose that there exists an another common fixed
point of T', S, R, that is, there is a u* € X such that v* = Tu* = Su* = Ru*.
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Suppose that u # u*, and for all A > 0, again inequality (3.53) becomes;

WS (u, u*,u*) = wf (Tu, Su*, Ru*)
> aw§ (u, v, u*) + Bwf (Tu, u, u*)
+ yw§ (Su*, u*, u*) + dw§ (u, Ru*, u*)
= aw§ (u, u*, u*) + Bw§ (u, u, u*)
+ Ay (u*, u u*) + 6w (u, u*, u¥)
= (a+ &)W (u, u*, u*) + Bw (u, u, u*)
> (a4 0)wf (u,u”, u*)
> Wl (u, u*, u*), (3.64)

which is a contradiction, hence u = u*. O

Remark 3.22. Corollary 3.21 is an extension of Theorem 3.11 in Okeke and
Francis [22].

Corollary 3.23. Let (Xw,wG) be a wC-complete modular w€-metric space.
LetT,S,R: X ¢ — X, c be three onto mappings on X ¢ for all x #y # z #
x € X, o and there are xg,x1,x2 € X, o such that wf(wo,xl,xg) < oo, for
which the following condition holds for some positive integer, m > 1;

wf(me, S™y, R™z) > awf(x, y,2) + ,Bwf(me, x,y)
WS (S™y,y, 2) + 0w (2, Rz, 2),  (3.65)

where a+B+v+0>1and B <1 forall X > 0. Then, T, S, R has a common
unique fized point in X e for some positive integer, m > 1.

Proof. By corollary 3.21, 7™, S™ and R™ has common fixed point say v € X
for some positive integer m > 1 by using inequality (3.65), we have that
Ty = S™u = R™u = u for some positive integer m > 1. For uniqueness,
suppose that there exist another common fixed point u* € X ¢ of T, S™ and
R™ for some positive integer, m > 1 such that T"u* = S™u* = R™u* = u*.
Suppose that u # v, which implies that for any A > 0, from inequality (3.65),
for some positive integer, m > 1, we get
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W (u, u*, u*) = W (T™u, S™u*, R™u*)
> awf(u, u ut) + ng;(Tmu, u, u”)
+ yw§ (S™u*, u* u*) + ow§ (u, R™u*, u)
= aw§ (u, u*, u*) + Bw§ (u, u, u*)
+yw§ (u*, ut, u*) + 6w (u, u, u®)
= (o + 0)w§ (u, u*, u*) + Bw (u, u, u*)
> (a4 6)w§ (u, u*, u*)
> wf (u, u*, u*), (3.66)

which is a contradiction, hence u = u*. [l

Remark 3.24. Corollary 3.23 is an extension of Theorem 3.12 in Okeke and
Francis [22].

Corollary 3.25. Let (X,,w®) be a w%-complete modular w®-metric space.
LetT,S,R: X, c — X,c be three onto mappings on X c for all x #y # z #
x € X, e and there are xp,x1,22 € X, ¢ such that wf(wo,xl,ajg) < 00, for
which the following condition holds;

w{ (T, Sy, Rz) > aw§ (2, y, 2)
G G G
+ 6 (w)\ (T$7 xz, y) -+ Wi (Syv Y, Z) + “Wx ($, sz Z)) 9 (367)
where a+306 > 1 and 8 < 1 for all A\ > 0. Then, T, S, R has a unique common
fized point in X c.

Proof. Putting 8 =~ = 4, then by proof Corollary 3.21, T, S, R has a unique
common fixed point in X . g

Corollary 3.26. Let (X, w®) be a w%-complete modular w®-metric space.
LetT,S,R: X, c — X,c be three onto mappings on X c for all x #y # z #
x € X, e and there are xg,x1,22 € X, ¢ such that wf(:no,xl,@) < 00, for
which the following condition holds for some positive integer, m > 1;

W§ (T2, 8™y, R™z) > aw (x,y, 2)

+ﬁ<wf(T’”w, z, y)+w§ (S™y, y, 2) +w§ (z, R™z, Z)> ,
(3.68)

where a+38 > 1 and 5 < 1 for all\ > 0. Then, T, S, R has a unique common
fized point in X c for some positive integer, m > 1.
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Proof. By proof Corollary 3.25, T, .S, R has a unique common point in X ¢
for some positive integer, m > 1. O

Corollary 3.27. Let (X,,w®) be a w%-complete modular w®-metric space.
LetT,S,R: X, c — X,c be three onto mappings on X c for all x #y # z #
x € X, o and there are (xg,x1,7x2 € X o such that w?(xo,xl,xz) < o0, for
which the following condition holds;

wS(Txv Sy7 RZ) Z awg(x7 Y, Z) + le)C\v'(x, RZ, T.Z')
+w$ (y, Sy, 2) + 0w (2, Sy, Rz), (3.69)

where a+B+~v+d>1and B <1 for all A\ > 0. Then, T, S, R has a unique
common fixed point in X, c.

Proof. Let (xg,x1,72 € X, c. Since T, S, R are onto mappings, there exists
x1 € X,¢ such that xg = Tz, z2 € X ¢ such that 1 = Szo and x2 = Rxs
for 3 € X ¢ By continuing this process, we can find a sequence {z3,}n>1 €
X,c such that x3, = Tx3,41 for all n € N, so that we have the inverse
iterations as x3, = TX3p41, T3n+1 = ST3pto and x3,42 = Rrs,+s. Now since
T3n # T3n+1 # Tanyo implies that for any A > 0, w§ (230, T3nt1, T3nt2) > 0,
so that from inequality (3.69), and after some simplifications, we get

WS (3041, T3nt2, Tants) < kWS (T30, Tant1, Tanta), (3.70)

where k = ﬁ <1, 8 < 1and A > 0. Following proof of Corollary 3.21,

we conclude that 7', S, R has a unique common fixed point in X . O

Corollary 3.28. Let (X,,w®) be a w%-complete modular w®-metric space.
LetT,S,R: X, c — X,c be three onto mappings on X c for all x #y # z #
x € X, o and there are xg,x1,x2 € X, o such that wg;(l'o,l'l,l‘z) < oo, for
which the following condition holds for some positive integer, m > 1;

W§ (T™z, S™y, R™z) > aw§ (x,y, 2) + w§ (z, R™z, Tx)
+w§ (y, S™y, 2) + 0w§ (2, S™y, R™2), (3.71)

where a+B+~v+d>1and B <1 for all \ > 0. Then, T, S, R has a unique
common fixed point in X, e for some positive integer, m > 1.

Proof. By proof Corollary 3.27, we can conclude that 7,5, R has a unique
common fixed point in X ¢ for some positive integer, m > 1. O

Corollary 3.29. Let (Xw,wG) be a wC-complete modular w-metric space.

If there exists a constant a > 1 and let T, S, R : X, ¢ — X, c be three onto
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mappings on X, c for allx # vy # z # x € X ¢ and there are xg,x1,x2 € X G
such that wg(l'o,l’l,l'g) < 00, for which the following condition holds;
Wi (@, y, 2), w5 (T, y,y),

3.72
w§ (Sy,y, 2),w§ (z, Rz, 2) (372

w§(Tz, Sy, Rz) > amax

Then, T, S, R has a unique common fized point in X c.

Proof. Let 9 € X,_,c be arbitrary. Since 7,5, R are onto mappings, there

exists 1 € X_,¢ such that zo = Tz;, 22 € X, such that 1 = Sza
and 9 = Rzs for z3 € X_e. By continuing this process, we can find
a sequence {xsn}n>1 € X, o such that x3, = Txz,y; for all n € N, so

that we have the inverse iterations as x3, = TZ3n41, T3n+1 = ST3p42 and
T3n+2 = Rzsnis3. Now, since 3, # T3ptr1 F# Tanye implies that for any
A >0, wg(%gn,$3n+1,l’3n+2) > 0, so that from inequality (3.72), we have,
with x = 23,41 and y = 23,42 and z = x3,43 for alln > 1, A > 0,

a a
WY (30, Tant1, Tant2) = Wy (TT3p+1, STant2, RT3n+3)

G
w)\ (x3n+17 x3n+2; x3n+3)7
G
WY (TT3n41, L3042, T3n+2),
>amax . (3.73)
Wy (523042, T3n+2, L3n43),
G
Wy (3041, RT3n43, T3043)
So that
G
WX (Z3n41, T3n+25 T3n43),
G
WY (T30, T3n42; T3n+2)
G A ) n 9 n 9
WX (T3n; T3n+1, Tan42) = amaxq (3.74)
w)\ (1:3n+1, $3n+27 x3’n+3)7
G
Wy ($3n+1, T3n+42, $3n+3)
Therefore,
G G
WY (23041, T3n+2, T3n4+3) < bwY (T30, T3n41, T3n42) (3.75)
for all A > 0 and b = % < 1. By proof of Corollary 3.21, T',.S, R has a unique
common fixed point in X c. g

Corollary 3.30. Let (Xw,wG) be a wC-complete modular w€-metric space.

If there exists a constant a > 1 and let T, S, R : X ¢ — X_c be three onto
mappings on X ¢ for allz #y # 2z # v € X e and there are xg, 1,22 € X, ¢
such that wf(xo, x1,x2) < 00, for which the following condition holds for some

positive integer m > 1;
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WS (2, y, 2), w§ (T2, y, y),

G
Wi (T"x, S™y, R"2) > amax wf(Smy 5. 2) wg(x R )

(3.76)

Then, T, S, R has a unique common fized point in X c for some positive in-
teger m > 1.

Proof. By Corollary 3.29, we can see that Ty = S™u = R™u = wu for
some positive integer m > 1. Suppose that there exists v € X ¢ such that
Ty = 8™y = R™v = v for some positive integer m > 1. Now, we claim that
u # v implies that for any A > 0, we have wf(u, v,v) > 0, then for uniqueness,
inequality (3.76) we get a contradiction, since a > 1, hence u = v. O

Corollary 3.31. Let (Xw,wG) be a wC-complete modular w€-metric space.

LetT,S,R: X ¢ — X, c be three onto mappings on X c for all x #y # z #
x € X, o and there are xg,r1,x2 € X, 6 such that wf(mo,xl,m) < oo, for
which the following condition holds;

w{ (T, Sy, Rz) > awf (v, y, 2) + Bwf (Sz, T, Tx)
+yw§ (Ry, Sy, Sy) + 6w§ (T2, Rz, Rz), (3.77)

where a > 1 and for all A > 0. Then, T, S, R has a unique common fixed point
n X, c.

Proof. Let xo,21,22 € X ,c. Since T,S, R are onto mappings, there exists
x1 € X, ¢ such that g = Tx1, v2 € X,c such that 1 = Sxy and x9 = Rax3
for x3 € X c. By continuing this process, we can find a sequence {x3y}n>1 €
X,c such that x3, = Tx3p41 for all n € N, so that we have the inverse
iterations as x3, = Tx3p+1, T3n+1 = Sx3p+2 and x3,4+2 = Rxsp+3. Now since
T3n F T3nt+1 # T3n+2 implies that for any A > 0, wg($3n,$3n+1,[1}3n+2) > 0.
From inequality (3.77), with x = 3,11 and y = x3,42 and z = x3,,13, we have
that for allm > 1, A > 0,

G a
WY (X3, Tant1, Tant2) = Wy (TT3n+41, STant2, RT3n+43)
a
> aw) (L3n41, L3n42; T3n+3)
a
+ Bwy (Sxan+1, Tx3n+1, TT3n41)

+ WS (Rosn42, STant2, STani2)

+ 0w (T304 3, RT3nt 3, Rranis)
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G
= QW) (x3n+17 T3n+2, $3n+3)
G
+ Bwy (230, 30, 3n)
G
+ WX (3041, T3n415 T3n4+1)
G
+ 0wy (T3n+2, T3n42, T3n+2)
G
= oWy (T3n+1, T3n+2, T3n+3)- (3.78)
Therefore,
¢ < rw§ 3.79
WY (T3n415 T3n42, T3n43) < TWY (230, T304 1, T3n42), (3.79)
where r = é and for all A > 0, r < 1. By continuing this process, we get

WS (T304 15 T3nt2, T3n13) < WS (T30, T3n11, Tani2), YA >0 (3.80)

and n > 1. By Corollary 3.21, we are done. O

Remark 3.32. Corollary 3.31 is an extension of Corollary 3.5 in [32]. Corol-
lary 3.31 is an extension of Corollary 3.16 in Okeke and Francis [22].
Corollary 3.33. Let (Xw,wG) be a wC-complete modular w€-metric space.
LetT,S : X, ¢ — X e be two onto mappings on X, c forallx #y# z# x €
X,c and there are xg,x1,x2 € X, o such that wf(xo,xl,xg) < o0, for which
the following condition holds;

w§ (Tx, Sy, z) > aw§ (z,y, 2) + pu§ (Sz, Tz, Tx)

+ yw$ (y, Sy, Sy) + 0wS (T2, 2, 2), (3.81)
where a > 1 and for all A > 0. Then, T, S has a unique common fized point
m X, ,G.

Proof. Take R = I in Corollary 3.31, we can conclude that T, S has a unique

common fixed point in X c. 0

Corollary 3.34. Let (Xw,wG) be a wC-complete modular w-metric space.
Let SR : X ¢ = X, c be two onto mappings on X ¢ forallx #y# 2z # x €
X e and there are xg,x1,v2 € X, 6 such that wf(wo,xl,xg) < 00, for which

the following condition holds;
wf(az, Sy, Rz) > awf(x, y,2) + ﬁwf(Sx,x,:L")
+ 'wa(Ry, Sy, Sy) + 6w§\;(z, Rz, Rz), (3.82)

where « > 1 and for all X > 0. Then, S, R has a unique common fixed point
n X, c.

Proof. Take T'= I in Corollary 3.31, we can conclude that S, R has a unique
common fixed point in X c. O
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Corollary 3.35. Let (X,,w®) be a w%-complete modular w®-metric space.

LetT,R: X, ¢ — X e be two onto mappings on X e forallx #y# z# x €
X,c and there are xg,x1,x2 € X, 6 such that w?(mo,xl,xz) < o0, for which

the following condition holds;
w§ (Tz,y, Rz) > aw§ (z,y, 2) + pul (z, Tz, Tx)
+ Wwf(Ry, Y, y) + 5w,€(Tz, Rz, Rz), (3.83)
where a > 1 and for all A > 0. Then, T, S, R has a unique common fixed point
mn X, c.

Proof. Take S = I in Corollary 3.31, we can conclude that T, R has a unique
common fixed point in X . g

Corollary 3.36. Let (Xw,wG) be a wC-complete modular w<-metric space.

Let R : X ¢ = X, c be an onto mapping on X ¢ for allx #y # z # x €
X,c and there are zo, 71 € X o such that w§(xo,r1,21) < 00, for which the
following condition holds;

WS (2,9, Rz) > aws (x,y, 2)
+w§ (Ry, y,y) + 0w§ (2, Rz, R2), (3.84)
where o« > 1 and for all A > 0. Then, R has a unique fixed point in X,,.

Proof. Take S =T = I in Corollary 3.31, we can conclude that R has a unique
fixed point in X . O

Corollary 3.37. Let (Xw,wG) be a wC-complete modular w€-metric space.

Let T : X,c — X,c be an onto mapping on X c for all x # y # 2z # x €
X,c and there are xo,x1 € X o such that wf(mo,xl,xl) < o0, for which the
following condition holds;

W (Tx,y,2) > awf (2,9, 2) + Bu§ (x, Tz, Tx) + 6w§ (T2, 2, 2), (3.85)
where o > 1 and for all A > 0. Then, T has unique fized point in X c.

Proof. Take R = S = I in Corollary 3.31, we can conclude that 7" has a unique
fixed point in X ,a. g

Corollary 3.38. Let (Xw,wG) be a wC-complete modular w€-metric space.
LetT,S,R: X, c — X,c be three onto mappings on X c for all x # y # z #
x € X, e and there are xg,x1,x2 € X, c such that wf(wo,xl,xg) < 00, for
which the following condition holds for some positive integer, m > 1;

W§ (T, 8™y, R™2) > aw§ (x,y, 2) + Bw§ (S, Tz, T™x)

+yw§ (R™y, 8™y, S™y)+0wS (T™z, R™z, R™z),
(3.86)
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where a > 1 and for all A > 0. Then, T, S, R has a unique common fixed point
in X,c for some positive integer, m > 1.

Proof. By Corollary 3.31, we can see that T™u = S™u = R™u = wu for
some positive integer m > 1. Suppose that there exists v € X ¢ such that
Ty = 8™y = R™v = v for some positive integer m > 1. Now, we claim that
u # v implies that for any A > 0, we have w)(\;(u, v,v) > 0, then for uniqueness,
inequality (3.86) we get a contradiction, hence u = v. O

Corollary 3.39. Let (X,,w®) be a w%-complete modular w®-metric space.
LetT,S,R: X, c — X,c be three onto mappings on X c for all x # y # z #
x € X, e and there are xo,x1,x2 € X, ¢ such that wf(mo,xl,xg) < oo, for
which the following condition holds;

WS (T, 8y, R2) > aw§ (z,y, 2)

+5 (wf(Sm, Tz, Tz)+w§ (Ry, Sy, Sy)+w{ (T2, Rz, Rz)) ,
(3.87)

where o« > 1 for all A > 0. Then, T, S, R has a unique common fized point in
X, a.

w

Proof. Putting 8 = v = §, then by Corollary 3.31, T, .S, R has a unique com-
mon fixed point in X . 0

Corollary 3.40. Let (Xw,wG) be a wC-complete modular w-metric space.

If there exists a constant a > 1 and let T, S, R : X ¢ — X_c be three onto
mappings on X, c for allx # vy # z # x € X ¢ and there are xo, 1,22 € X G
such that wf(mo,xl,xg) < 00, for which the following condition holds;

WS (z,y, 2), w§ (Sz, Tz, Tx),

G
wY (Tz,Sy, Rz) > amax
X ) w§ (Ry, Sy, Sy),w§ (T2, Rz, Rz)

(3.88)

Then, T, S, R has a unique common fixed point in X .

Proof. Let xg,x1,22 € X,c. Since T,S, R are onto mappings, there exists
x1 € X,c such that g = Tz, z2 € X ¢ such that 1 = Sz9 and z92 = Rx3
for x3 € X c. By continuing this process, we can find a sequence {xgy}n>1 €
X,c such that x3, = Tx3p41 for all n € N, so that we have the inverse
iterations as x3, = TX3p+1, T3nt+1 = STan+2 and T3,4+0 = Rrs,+3. Now, since
T3n F T3n+1 # T3n+2 implies that for any A > 0, wf(xgn,m3n+1,x3n+2) > 0.
From inequality (3.88) with © = 3,41 and y = x3,42 and z = x3,43, we have
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that for allm > 1, A > 0,

G G
WY (X3, Tant1, Tant2) = Wy (TT3n+41, STant2, RT3n+43)

G
WY (Z3n+1, T3n+2, T3n+3),

G

wY (Sz3pt1, Tr3nt1, Tx3n41),

> amaxq . (3.89)
wy (R3n42, ST3n42, ST3n12),

G
WY (T'x3n+3, Rr3n+3, RT3n43)
hence,

w x3n+1ax3’n+2; x3n+3)7

S

W (230, T304 1, T3ng2) > amax (3.90)

G

x

)C\;(x3n7 L3n, x?m,)v
G

wy (

Z3n4+15 L3n+15 L3n+1),
e
WY (T3n+2; L3042, T3n42)

Therefore,

WS (L3011, T3nr2, T3nt3) < KWS (T30, T3n11, T3nr2), (3.91)

forall A > 0 and kK = % < 1. Proof of Corollary 3.31 completes Corollary 3.40.
Hence T, S, R has a unique common fixed point in X . O

Corollary 3.41. Let (Xw,wG) be a wC-complete modular w€-metric space.

If there exists a constant a > 1 and let T, S, R : X ¢ — X, ¢ be three onto
mappings on X ¢ for allx #y # 2z # v € X ¢ and there are xg, 1,22 € X, ¢
such that w)cf(xo, x1,T2) < 00, for which the following condition holds for some
positive integer m > 1;

WS (2,9, 2),
wf(Sm:E,me,Tm:r:),
w{ (R™y, 8™y, S™y),

wf(Tmz, R™z, R™z)

w§ (T™x, S™y, R™z) > amax (3.92)

Then, T, S, R has unique common fixed point in X e for some positive integer
m > 1.

Proof. By Corollary 3.40, we can see that T"'u = S™u = R™u = u for
some positive integer m > 1. Suppose that there exists v € X ¢ such that
Ty = 8™y = R™v = v for some positive integer m > 1. Now, we claim that

u # v implies that for any A > 0, we have wf(u, v,v) > 0, then for uniqueness,
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inequality (3.92) we have
G _ Gpm m m
wy (u,v,v)=wy (T™u, S™v, R™v) >amax

, (3.93)

which implies that

w?(u,v,v),
G
wy (u, u, u)
w§ (u,v,v) > amax )‘G T = aw (u,0,0) > W (u,v,0). (3.94)
wy (v, v,v),
wg(v, v, V)
This is a contradiction, since a > 1, hence u = v. O
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