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Abstract. Approximation of functions of Lipschitz and Zygmund classes have been consid-
ered by various researchers under different summability means. In the proposed study, we
investigated an estimation of the order of convergence of a function associated with Hardy-
Littlewood series in the weighted Zygmund class W(Zﬁw))-class by applying Euler-Hausdorff
summability means and subsequently established some (presumably new) results. Moreover,

the results obtained here represent the generalization of several known results.

1. INTRODUCTION

Summability methods have been used in various fields of mathematics. For
example, summability methods are applied in function theory in connection
with the analytic continuation of holomorphic functions and the boundary be-
havior of a power series, in applied analysis for generation of iteration meth-
ods for finding solutions of a system of equations, and for acceleration of
convergence in approximation theory. Also, it has been used in other fields
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of mathematics like probability theory (Markov chains) and number theory
(Prime number theorem). The approximation analysis of signals (functions)
has great importance in the field of science and engineering. It has also given
a new aspect due to its exhaustive appliance in signal analysis, system design,
modern telecommunications, radar and image processing system. The error
estimation of functions in various function spaces such as Lipschitz, Holder,
Zygmund, Besov spaces using different summability techniques of Fourier se-
ries has been received a growing interest of several researchers in the last
decades. Functions in L, (r > 1)-spaces assumed to be most practicable in
signal analysis. Particularly, L1, Lo and L., spaces are used by engineers for
designing digital filters. The generalized Zygmund class Zﬁw) (r>1)isa
generalization of Z(4), Z(q)rs Z@)_class.

The generalized Zygmund class Z) (r > 1) is investigated by Leindler [7],
Moricz [9], Moricz and Nemeth [10]. Lal and Shireen [6] established results
on approximation of functions of generalized Zygmund class by Matrix-Fuler
summability mean of Fourier series. Pradhan et al. [14] studied on approxima-
tion of signals belonging to generalized Lipschitz class using (N, pp, ¢.)(E, s)-
summability mean of Fourier series. Singh et al. [16] studied approximation
of functions in the generalized Zygmund class using Hausdorff means. Prad-
han et al. [13] studied on approximation of signals in the generalized Zyg-
mund class via (E,1)(N,p,) summability means of conjugate Fourier series.
In 2019, Pradhan et al. [15] studied approximation of signals using generalized
Zygmund class using (E,1)(N, p,) summability means of Fourier series. Das
et al. [1] proved approximation of functions in the weighted Zygmund class
via Euler-Hausdorff product summability means of Fourier series. Again, in
2020, Padhy et al. [12] estimated the degree of approximation of functions
of generalized Zygmund class associated with Hardy-Littlewood series using
Riesz mean. Very recently in 2023, Jena et al. [4] studied on the degree of
approximation of Fourier series based on a certain class of product deferred
summability means.

Motivated by the above mentioned works, to get best approximation and
advance study in this direction, In this proposed paper, we give an estima-
tion of degree of approximation of functions associated with Hardy-Littlewood
series in weighted Zygmund class using Euler-Hausdorff summability means.

2. PRELIMINARIES

Let f(x) be a periodic function of period 27, which is Lebesgue integrable
in [—m, 7] and Fourier series associated with f(x) is given by
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n ao o )
ZAn(m) =3 +Zl(ancosn:x+bnsmnx). (2.1)
Let SM(x) denotes the n'” partial sum of the (2.1) is given by
n—1
Ap
SM (@) =3 An(x) + 2,(“5). (2.2)
k=0

Then the Hardy-Littlewood series or HL-series associated with f(z) is given
by

I LGRS ] 23)

n=1

where i
= 727/0 qb(x,u)%cot %du
and ¢(z,u) = f(x +u) + f(x —u) — 2f(x). Let
= /7T o(z, u)% cot %du. (2.4)

Clearly, n(u) is an even function and Lebesgue integrable in [—7, 7]. Also, the
HL-series (2.3) is the Fourier series of n(u) at u = 0.

Let us write &, (f, z) = 2 [J n( Mdu, which represent the n'" partial

251115

sum of n(u).
The L, norm of a function 7 is defined by

1
1 2 r T
5= T dx) , 1 <r < oo,
ol = { (35 51
€58 SUPy y<or |M(T)], T = 00.

The degree of approximation of a function n : R — R by a trigonometric
polynomial ¢,, of order n under || - ||z, norm is defined as

[tn = n(@)l| Lo = sup [ta(z) = ()]

rzeR

and let a function n € L,, its degree of approximation E,(n) is given by
En(n) = min [t, —n]z,.
Zygmund modulus of continuity [18] of 7 is defined by

win,h) = sup  n(z +1) +n(x =) = 2n(x)].
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Let Cs, denote the Banach space of all 2r-periodic continuous functions
defined on [0, 27] under the supremum norm. For 0 < a < 1, the function
space

Zay) = {n € Cor : In(z + ) +n(x — 1) = 2n(z)| = O(|t[*)}

is a Banach space under the norm || - ||(a) is defined by
0 +t) +n(z —t) — 29z
7l = sup |n(z)] + su In ( . ()|
0<x<2m z,t#£0 ‘t‘

For n € L,[0,2x],r > 1, the integral Zygmund modulus of continuity is defined
by

1

1 27 r

) = sup {o [ nte 404 0t~ 1) — 2ol
o<t<h L4 Jo

Moreover, for n € Cor and r = o0,

Weo (N, h) = sup max|n(x +t) +n(x —t) — 2n(x)|.
o<t<h ¥

Also, it is known that w,(n,h) — 0 as r — 0.

We now define,

2 %
Ziy = {n € L,[0,27] ( | ntero + n(w—t)—?n(xwdx) —out\a)} |

The space Z(4),,7 > 1,0 < a < 1 is a Banach space under the norm || - [| (o),
and that,

(- +) +n( —t) = 200)ll-

1nll(a).r = HWHTJrSt% e

The class of function Z“) is defined as
Z@ ={n € Cor: In(z +1) +n(z —t) — 2n(z)| = O(w(t))},

where w is a Zygmund modulus of continuity, that is, w is positive, non-
decreasing continuous function with the sub linearity property, that is,

(i) w(0) =0,

(ii) w(t1 + tg) < w(tl) + w(tg).

Let w : [0,27] — R be an arbitrary function with w(¢) > 0 for 0 < ¢t < 27
and let lim, o+ w(t) = w(0) = 0, define

4t =) =2n()]|,
7 = neerlgrgoo,SupHﬁ(Jr)Jr??( ) —2n()|l <ob
t#0 w(t)
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where
St c— 1) —2n(-
1) = gl + sup PO 000 = 2000k sy
t£0 w(t)
Then, clearly || - H,(aw) is a norm on Z“). As we know L, (r > 1) is complete,

)

the space Zﬁw is also complete. Hence we can say quw) is a Banach space
under the norm || - HSM).

Now we define the weighted Zygmund class as

W (Z)
L e Wz 1 <y <o, sup MOCEDERC D=2 s’ L
40 w(t)
(2.5)
where
7 = il + sup 1OCHED 00 =0 =) SOl oy 5 )
40

w(t)
Clearly, |- H:f(w) is a norm of Z,(,w). The space Zr(w) is complete because L., r > 1
is complete. Hence, we can say that W(Z,gw)) is complete.
As 7! is a Banach space under || - ||7(~w), S0 W(quw)) is also a Banach space
(w)

under || - ||~/ norm.

(i) If we put # =0 1in W(Zﬁw)) class, then it reduces to Z\*) class.
(ii) If we put r — oo, then the class 7 reduces to the Z(*) class.
) If we put w(t) =t* in Z) class, then it reduces to Z,, class.
)

(iii

1
1

(i
Here w(t) and v(t) denotes the Zygmund moduli of continuity such that (“;Lf)))

v) If we put w(t) = t*, the Z“) class reduces to Z () class.

is positive, non-decreasing, then
w(2m)
v(2m)

17l < max (1, ) Il < oo,

Thus, we have
zW c z C L, (r>1).

Hence,
W(Z)) CW(Z1) C W (Ly,w(t)).

Hausdorff matrices were first introduced by Hurwitz and Silverman [3] as
the collection of lower triangular matrices that commute the Cesaro matrix of
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order one. A Hausdorff matrix H = (hy ) is an infinite lower matrix defined
by

n n—k .
B i = (M)A Fpy, if 0 <k <n,

" 0, if k > n,
where the operator A is defined by Ay, = fin — fint1 and AkJrl,Un = Ak(Aﬂn)

7I;et > o2 o Un be an infinite serir?s with. par“cial sum s, = 5 up. If th =
Y h—ohnksk — s asn — 00, > . u, is said to be summable to s by the
Hausdorff matrix summability method (A g means). The Hausdorff matrix H
is regular, that is,, H preserves the limit of each convergent sequence if and

only if
/ ld(a(2))] < oo,

where the mass function « € BV[0,1], a(0+) = a(0) = 0 and «(1) = 1. In
this case, the u, has the representation

1
un:/ Z"doz.
0

Let B = W > ro (Z)q”_ksk, qg>0.1If EY & sasn— 00, Y pep Un
is said to be summable to s by Euler method, that is, the (F,q) method (see
[1]). The (E,q) transform of 2 transform defines the E(9) - Ay transform of
(55). It is denoted by T.FH . Thus,

n k
1 n
e~ Ly ( )wzhmsv.
(1 T q) k=0 k v=0

If TFH — s as n — oo, Y peoUn is said to be summable to s by Euler-
Hausdorff summability means (see [5]), that is, the E(@ - Ay means. As the
Euler method and Hausdorff methods are regular, E@. Ay method is regular.

We use the following notations throughout the papers,

¢(x,t) = flz+1) + f(x = 1) = f(),

k=0 (3)
_ 1 (M) ey 1Zk k—v sin(v + 3)t
2m(1+ g)" kZ:O <k>q UZO/O (1 =2)""da(z) sin(%)
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3. MAIN RESULTS

To prove the main results, we need the followings lemmas.
Lemma 3.1. [KFH (1) = O(n+1) for 0 <t < oL

Proof. For sinnt < nsint, we have
1 " /n\ L, a— E & sin(v + 3)t
- 1= 2)kvy N 207
5 2 (1) [ =t aate (D)

[T ()] =

IN

where N = supg.,<; |a ()] O

Lemma 3.2. |[KFH(t)| =0 (W) for ——

Proof. For |sin nt| =1 and sin§ > L. First we calculate,

/O ( ) (1= 2)"* sin(n + %)t do(2)

_ /0 Im zn: (Z) 2F(1 — z)nheiln i)t da(z)]

Lk=0

- /Oljm _ei%(l _ Z)nZ": (Z) (1 : Z>k6ikt da(z)]

L k=0

1 _
:/ Im e’%(l — 2+ ze®)" da(z)}
0 L
. z=1
_ it\n+1
:ij<(} z + ze™) )

eis — e_’%(n +1)/) .

etn+1)t _
=N1I
" 2isin(% )(n—i— 1)
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N 7 (cos(n+l)t+isin(n+1)t—1)

= m
2n+1 2isin &
N [sin(n+1)t
“2n+1\  dsini
N s
= X —
2n+1 ¢
1
= — . 2
0 ((n + 1)t> (3:2)
Now applying Jordan’s lemma, we have
n k 1 : 1
1 n sin(v + 5)t
KEO = g 2o ()72 [ = a0 52
21(1+q) ; k UZ:O 0 sin(%)
n k 1
1 n\ ok k k—v 1
" 1-— v =)t d
a7 ) S [ =9 intw s g da

Lemma 3.3. Let f € Z,(,w). Then for 0 <t <,
(1) lleC D)llr = Ow(?)),

(2) 6(-+y,t) + 6(- =y, t) = 26(- ) l» = {ZEZEZ)))’
w(t)

(3) If w and v denotes the zygmund moduli such that (m) is positive and
increasing, then we have

16(-+ 9,6) + 6 — y.6) — 268}, = O <v<y>°"“)) ,

v(t)
where ¢(x,t) = f(x+t)+ f(z —t) — 2f(x).

Lemma 3.4. [[(6(-+y, ) +6(-~y, 1) ~26(- 1) sin ()|, = O (tPu(v) (441} )
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Proof. For v is positive, nondecreasing, t < y, |sin®¢| < t# and using Lemma
3.3, we obtained

(- +y,t) + &(- =y, 1) = 26(-,1)) sin” ()|, = Ot w(t))

Since

((f)) is positive, non-decreasing, if t > y, then (t)) > w(( )) so that

1(P(- + v, ) + ¢(- — y, 1) = 29(-, 1)) sin” ()|, = Ot w(y))
_ w(t)
-ofrao(38))

The main objective of this paper is to prove the following theorems.

Theorem 3.5. Let n be a 2w periodic function and Lebesque integrable on

[—7, ] and belonging to weighted Zygmund class W(Zﬁw)), r > 1. Then the
degree of approximation of signal (function) n, using Fuler-Hausdorff summa-
bility means of HL-series (2.3) is given by

T 6—2w
Ba(n) = inf | T2 — ], = O ((njl) / tv(t)(“dt) L (34

where w and v denotes the zygmund moduli such that (%) s positive and
mncreasing.

Proof. Following the results of Titechmalch [17], the Euler-Hausdroff trans-
form of {&,(f,x)} and is denoted by

) = 2 [ ote 0 3 () ) <oy
/¢ 1+cz) i(:j)qnv

{%/qsth/() (1— z’““d()mij:;)dt}

_ / o(as ) KEH (1)dt
0
= L,(z). (3.5)
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Now
s
Lo(x) =T (2) - f(a) = / o(a; ) K (). (3.6)
0

This implies
Ln(z+y) + Ln(z —y) — 2Ln(z)

= /0 bl fyit) 4 dla —yit) — 200 KP(Dd, (37)
(La(-+y) + Lo(- —y) — 2L,(-)) sin’ ()

- /07T ((d)( + y§t) + (;5( —; t) — Q(b(-; t)) Sinﬁ(')> KEH(t)dt. (3.8)

Now we can write

1(Lal +9) + Lal- — ) — 2La() sin ()]
- /0 160+ 1) + 6 — y: ) — 26(+1)) sin® () | 2 (1)

= [T+ w0+ 6= i) = 200500 s () K )
4 [ 1060+ 0 = 550 = 26050 s’ O KEH ()

n+1

=1 + Is. (3.9)

Further the function f € W(quw)) implies ¢ € W(Zﬁw)) and applying

Lemma 3.1, Lemma 3.4 and monotonicity of % with respect to t, we have

1

I = /On+1 1(S(- + y3 1) + b(- — yst) — 26 1)) sin” ()|, K77 (¢)dt

_1
v(y) (("1“)> (3.10)
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Next, using Lemma 3.2 and Lemma 3.4, we get

[(6(-+yst) + & — yst) — 20(-51)) sin® ()| KM (¢)dt

i tPw(t) 1
/1 vy (n—l—l)t?dt)

B 1 T tP20(t)
=0 ((n—i— 1)U(y) /H}H o) dt) . (3.11)
9

Thus using (3.9), (3.10) and (3.11) we can write
I(La( +y) + Lol —y) = 2Ln()) sin” ()]l
1

_ W(%) 1 g tﬁ_zw(t)
_O<(”+1)6 U(y)v(,irll))JrO ((?ﬂrl)v(y)/ni1 o(t) dt)' (3.12)

H‘Cn( + y) + £n( —
sup
y#0 U(y)

_ 1 w(%ﬂ) 1 7" tﬁ_Qw(t)
B O((n+ 1)# v(nlﬂ)) +0 <(n+ 1) /H N0 dt) : (3.13)

Clearly,

=
Il
P

d(a;t) = [f(x +1) + flz —1t) = 2f(2)].
Now applying Minkowski’s inequality, we have

[o(; )l = [[f (@ +1) + f(@ — 1) = 2f ()], (3.14)
Now using Lemma 3.3, we have

) sin” HT

( ) (-, ) sin” ()| BT (¢) | dt

(n+1 dt>+0< 1 "2, )

n+1 (t

tﬁdt)Jr <n+1 N )
w(t)

<n+1 n+1)+0<(n—|—1) /i 2= 5dt> (3:15)

I
Q
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Now from (3.14) and (3.15), we have

1 () sin® (I} = [1(La () sin” ()]l
(Lol +y) + La(- = y) = 2La()) sin” ()

+ sup

=0 (gl LT e
_O<(n—|—1)5w(n—|—1)>+0((n+1)2 /,JH tQBdt)

n+
1 T t920(1)
o [, o dt)
4
= O(Ji) (say). (3.16)
=1

Now we write J; in terms of J3 and further J,, J3 in terms of Jy.
In view of monotonicity of v(t) for 0 < ¢t < m, we have

— @ ) vl @ -V = it) or 7T
w(t)_v(t) (t) <o( )v(t) (1) O(v(t)) for 0 <t <.
Therefore, we can write for ¢t = (n + 1)7L.
Ji = O(J3). (3.17)

Again by using monotonicity of v(t),

1 T t8720(t)
JQ_(n%—l)Q/nil ot

1 Tt 20(t)
<@ L

1 T tP720(t)
<n+1>2/n1“ o
= 0(Jy). (3.18)

N

IN

Now using (%) is positive and non-decreasing, we have
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1 Tt 20(t)
Jy = / dt
RSV Sy
_1 ™
> 1 W(nfl) / B2 34
1wy 1
~(n+1) v(#l) (n+ 1)1
1 wiz)
z 3.19
(n+1)8 U(n%rl) ( )
Hence, we have
J3 = O(Jy). (3.20)

Now combining (3.15) and (3.20), we get

T ”872(4}
(£a()sin’ ()] = O ( /. v(t)(t)dt>. (3.21)

n

Hence,
1 T tP20(t)
(f) = inf [(£n(-)) sin” ()] = O <(n+1) 0 (3.22)
This completes the proof . U

Theorem 3.6. Let i be a 27w periodic function and Lebesque integrable on

[—7, ] and belonging to weighted Zygmund class W(Zﬁw)), r > 1. Then the
degree of approzimation of signal (function) n, using Euler-Hausdorff summa-
bility means of HL-series (2.3) is given by

Bo( L
Ea(n) = inf | T,/ —nll, = O (m i 5 tv(ii;)) o (323)

where w and v denotes the Zygmund moduli such that (%) s positive and
decreasing.

Proof. Following the proof of Theorem 3.5, we have

_ 1 T tP20(t)
E.(f) = O <(n+1)/ v(t)dt>. (3.24)

n+1
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w(t)
tu(t)

From our assumption that ( ) is positive and non-increasing with ¢, we

have

_ 1 wimzt) [T s

_ o (96, s 1

=0 (U(nil) G W)) . (3.25)
This completes the proof. O

4. APPLICATIONS
Following corollaries can be obtained from Theorem 3.5.

Corollary 4.1. If we replace Euler-Hausdorff mean by (E,1)(C,1) mean [11]
in Theorem 3.5, then the degree of approximation of a function f € W (Z¥) by
(E,1)(C,1) mean of HL-series (2.3) is given by

™ B*lw
En(f) =0 (/ tv(t)(t)dt> . (4.1)

Corollary 4.2. If we replace Euler-Hausdor(f mean by (E,q)(N, pn,qn) mean
[8] in Theorem 3.5, then the degree of approximation of a function f € W(Z¥)
by (E,q)(N,pn, q,) mean of HL-series (2.3) is given by

T B—lw
En(f) = O </ tv(t)(t)dt> . (4.2)

Corollary 4.3. If we replace Fuler-Hausdorff mean by Hausdorff mean [5] in
Theorem 3.5, then the degree of approrimation of a function f € W(Z¥) by
Hausdorff mean of HL-series (2.3) is given by

B 1 Tt w(t)
E.(f)=0 ((n — / 0 dt) . (4.3)

n+1

5. CONCLUSION

There are various types of results exist in the literature concerning the
degree of approximations of periodic functions belonging to different Zygmund
classes and weighted Zygmund classes. The established theorem in this paper
is an attempt to study the approximation of signals (functions) belonging to
weighted Zygmund class via Euler-Hausdorff summability means for Hardy-
Littlewood series, which generalizes several known results. Further, the result
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can be extended for other functions belonging to weighted Zygmund class
using Fourier series, conjugate Fourier series, derived Fourier series.
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