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Abstract. In this paper, we extend some fixed point theorems in rectangular b-metric spaces
using subadditive altering distance and establishing the existence and uniqueness of fixed
point for Hardy-Roger type mappings. Our result generalizes many known results in fixed
point theory. Finally, we offer a example to illustrate our result.

1. INTRODUCTION

In 1922, Banach [2] developed what is now known as the Banach’s con-
traction principle, which is the main finding in fixed point theory. In fact,
Banach’s contraction principle is very important to show the existence of so-
lutions of some real world problems has been checked in various branches
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of mathematics, such as differential equations, integral equations, functional
analysis, etc. and one has introduced solutions for this problems via fixed
point theory. Additionally, applications of fixed point theory are not only
found in mathematics but also in a number of other areas, including computer
science, physics, chemistry, biology and economics. Particularly, a branch of
economics that uses fixed point theory tools to solve various game theory.
Many researchers have studied and expanded in various ways since Banach’s
contraction principle, including the following.

Theorem 1.1. ([2]) (Banach’s contraction principle) If (X, d) is a complete
metric space and T : X — X be a mapping such that for some o € [0,1),

d(Tz,Ty) < ad(z,y) (1.1)

for each x,y € X, then T has a unique fized point in X.

It should be noted that while mappings T satisfying Theorem 1.1 is contin-
uous, but the mappings T satisfying the following contractions conditions are
not continuous. In 1968, Kannan’s contraction [20]: for some /3 € [0, 3),

d(Tz,Ty) < Bld(x, Tz) + d(y, Ty)] (1.2)
for each z,y € X.
In 1971, Reich’s contraction [20]: for some «, 5,7 > 0 with o + 8+ v < 1,
d(Tx,Ty) < ad(z,y) + Bd(z, Tx) + vd(y, Ty) (1.3)
for each z,y € X.
In 1971, Ciri¢’s contraction [20]: for some «, 8,7, > 0 with a+8+v+2§ <
1,
d(Tz,Ty) < ad(z,y) + Bd(z, Tz) + vd(y, Ty) + 0[d(z, Ty) + d(y, Tz)] (1.4)
for each z,y € X.
In 1972, Chatterjea’s contraction [20]: for some g € [0, %),

d(Tz,Ty) < Bld(x, Ty) + d(y, Tx)] (1.5)
for each z,y € X.

In 1972, Zamfirescu contractive conditions [20]: there exist real numbers
a,B8,7,0<a<1,0< 8 <,y < %, such that for each x,y € X, at least one
of the following is true:

(i) d(Tz,Ty) < ad(z,y);
(i) d(Tw,Ty) < fld(z, Tx) +d(y, Ty)];

(i) d(Tz,Ty) < v[d(z,Ty) + d(y, Tx)].
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For each z,y € X, x # v,
d(Txz,Ty) <max{d(z,y), [d(x, Tx)+d(y,Ty)]/2, [d(z, Ty)+d(y, Tx)]/2}.(1.6)

In 1973, Hardy and Rogers’s contraction [20]: for some a, 3,7, 0,n7 > 0 with
a+pB+y+o+n<l,

d(Tz,Ty) < ad(z,y) + Bd(z, Tx) + vd(y, Ty) + dd(z, Ty) + nd(y, Tx) (1.7)
for each z,y € X:

In addition, the Hardy and Rogers’s contraction was studied and extended
on various spaces by many researchers (see in [15, 22, 23, 24]).

Furthermore, Bakhtin [1] initially introduced the ideas of a b-metric spaces
in 1998 by defining them as follows. Let X be a nonempty set and the mapping
d: X x X — [0,00) satisfies:

(bM1) d(z,y) =0, if and only if x = y for all z,y € X;

(bM2) d(z,y) = d(y,z) for all x,y € X;

(bM3) there exist a real number s > 1 such that d(z,y) < s[d(x, z) + d(z,y)]
for all z,y,z € X.

Then d is called a b-metric on X and (X, d) is called a b-metric space (in short
bMS) with coefficient s.

The following is how Branciari [3] first described the ideas of a rectangle
metric space in 2000. Let X be a nonempty set, b > 1 be a given real number
and d: X x X — [0, 00| be a mapping such that for all z,y € X:

(RM1) d(z,y) =0, if and only if x = y;

(RM3) d(z,y) < d(x,u) + d(u,v) + d(v,y) for all distinct points u,v € X \
{z,y}.

Then d is called a rectangular metric on X and (X, d) is called a rectangular

metric space (in short RMS).

The concept of b-metric spaces was first introduced by Bakhtin [1] and
Czerwik [4], in such a way that triangle inequality is replaced by the b-triangle
inequality:

d(x,y) < bld(z, 2) +d(z,y)]

for all pairwise distinct points z,y,z and b > 1. Various fixed point results
were established on such spaces, see in ([5, 6, 7, 11, 12, 13, 14, 16, 17, 18, 19]).

Recently, Rossafi and Massit [21] extended some fixed point theorems in
rectangular b-metric spaces using subadditive altering distance and establish-
ing the existence and uniqueness of fixed point for Kannan type mappings as
follows:
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Theorem 1.2. ([21]) Let (X, d) be a complete rectangular b-metric spaces with

. . . . 1
coeffictent b > 1 and T : X — X be a mapping such that there exist p < 575
satisfying

p(d(Tz, Ty)) < ple(d(z,y)) + ¢(d(z, Tx)) + ¢(d(y, Ty))]

orallz,y € X. Then, T has a unique fixed point u € X, the sequence {T"x
[ Y . q P : q

converges to u and for q = 1’)_171—)22_”1)

< 1, we have
o(d(T" iz, T"z)) < ¢"d(x, Tx)),n =0,1,2, ... .

Motivated and inspired by (1.7) and Theorem 1.2, we extend some fixed
point theorems in rectangular b-metric spaces using subadditive altering dis-
tance and establishing the existence and uniqueness of fixed point for Hardy-
Roger type mappings. Moreover, we give some non-trivial examples for sup-
port our results.

2. PRELIMINARIES

Some definitions and concepts used in the primary results are presented in
this section. The following is a definition provided by George et al. [10] in
2015 for rectangular b-metric spaces (see [25]).

Definition 2.1. ([10]) Let X be a nonempty set, b > 1 be a given real number,
and let d : X x X — [0,00] be a mapping such that for all z,y € X and all
distinct points u,v € X, each distinct from x and y satisfies::

(RbM1) d(z,y) =0, if and only if z = y;

(RbM2) d(z,y) = d(y, z);

(RbM3) d(z,y) < bld(z,u) + d(u,v) + d(v,y)] b-rectangular inequality.
Then (X, d) is said to be a rectangular b-metric spaces.

Example 2.2. Let X = N, defined: X x X — X by

O, if z= Y,
d(z,y) =< 9a, if x,y€{3,5},
2a, otherwise,

where a > 0 is a constant. Then (X, d) is a rectangular b-metric space with
coefficient b = 3 > 1.

The definition of a subadditive altering distance function is then provided
as follows.

Definition 2.3. A function ¢ : [0, 00) — [0, 00) is called a subadditive altering
distance function if
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(i) ¢ is an altering distance function (that is, ¢ is continuous, strictly
increasing and ¢(0) = 0);
(i) p(x +vy) < p(z) + ¢(y) for all z,y € [0, 0).

Example 2.4. The functions p;(x) = 3/, p2(x) = %”’ and ¢3(z) = In(x+1)
are subadditive altering distance functions.

We note that, if ¢ is subadditive, then for any nonnegative real number
k<1, p(d(z,y)) < kp(d(a,b)) implies d(z,y) < k'd(a,b) for some k' < 1.

A bounded compact metric space [8] is a metric space X in which every
bounded sequence in X has a convergent subsequence. The same notion may
be defined in the case of rectangular b-metric spaces. The class of bounded
compact rectangular b-metric spaces is larger than that of sequentially compact
spaces as the rectangular b-metric space R of real numbers with the usual
metric is not sequentially compact but bounded compact.

Garai et al [9] defined T-orbitally compact metric spaces and derived a fixed
point result for the same. The definition of T-orbitally compactness can be
extended to rectangular b-metric spaces as follows.

Definition 2.5. Let (X, d) be a rectangular b-metric space and 7' be a self-
mapping on X. The orbit of T' at z € X is defined as

O.(T) = {z, Tz, T?z, Tz, ...}.

If every sequence in O, (T) has a convergent subsequence for all x € X, X is
said to be T-orbitally compact.

3. MAIN RESULTS

Motivated and inspired by (1.7) and Theorem 1.2, we prove the existence of
a Hardy-Rogers mapping in a complete rectangular b-metric spaces as follows.

Theorem 3.1. Let (X,d) be a complete rectangular b-metric spaces with co-
efficient b > 1 and T : X — X be a mapping such that there exist p < ﬁ
satisfying
e(d(Tz,Ty)) < ple(dz,y)) + e(d(z,Tx)) (3.1)
+o(d(y, Ty)) + ¢(d(z, Ty)) + p(d(Tz,y))]
for allz,y € X. Then, T has a unique fixed point uw € X, the sequence {T"x}

converges to u and for q = 1’112227’;

o(d(T" Mz, T"z)) < ¢"d(2,Tx)), n=0,1,2,....

< 1, we have
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Proof. Let z =Tx for an arbitrary element £ € X. Then

p(d(z,Tz)) = p(d(Tz,Tz))

< pleld(z, 2)) + ¢(d(z, Tx)) + (d(z,T2))
+ ¢(d(z, Tz)) + o(d(Tz, 2))]
[@(d(ﬂ«" Tz)) + ¢(d(z, Tz)) + ¢(d(Tz,Tz))
o(d(z,Tz2)) + ¢(d(Tz,Tx))]
< pSO(d(UC,Tﬂc)) + pp(d(z, Tx))
+ po(d(Tx,Tz)) + pp(d(z, Tz))

< 2pp(d(z, Tz)) + pp(d(Tz, T'z))

+ pp([bd(z, Tx) + bd(Tx, Tz) + bd(Tz, T%))])
< 2pp(d(z, Tz)) + pp(d(Tz, T'z))

+ pbp(d(xz, Tz) + pbp(d(Tx,Tz)).

Hence we have
o(d(Tx,Tz)) < qp(d(z, Tx)),

T—pb-p , it implies that

where ¢ =
d(Tz,Tz) < ¢'d(z, Tx) (3.2)

for ¢’ < 1.

Now we assume that ¢’ = ¢q. Let xg € X, consider the sequence {z,} in X
such that x, 11 = Tz, for all n € N. If there exists n € N such that z,, = Tz,.
Then x, is a fixed point of T' and the proof is finished. Hence, let z,, # Tz,
for all n € N. Then for m > 1 and r > 1 it follows that

A(Tmpr, Tm) < O[d(Tmirs Tmar—1) + A Tmir—1, Tmar—2) + A(Tmir—2, Tm)]
< bd(Tmer, Tmgr—1) + 0d(Tmir—1, Tmgr—2)
+ 0[b[d(Zmtr—2, Timtr—3) + A(Tmir—3, Tmyr—a)
+ d(Tptr—1, Tim)]]
= bd(Tm4r, Tmir—1) + A Trmsr—1, Trmgr—2)
+ 02 d(Tmtr—2, Tmsr—3) + 02 d(Tmir—3, Tmpr—a)
+ b2 d(Trmgr—a, Tm)
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< bd(Timtrs Tmtr—1) + 0d(Tmtr—1, Tmtr—2)
+ 62 d(Tmtr—2, Tmtr—3) + 02 A(Tmtr—3, Tgr—a)
+ V2 d(Trmgr—4s Tongr—5) + oo + b%ld(mm_g, Tm—2)
+ b%d<$m_2, Tm—1) + b%ld(xm_l, Tm)

< qu“"*ld(xl, xo) + qu”*Qd(ml, xo) + bzqm”%d(wl, x0)

+ b2qm+r74d( b2qm+r75d(

x1,0) + x1,Z0)
+ ..+ b%lqm”d(:ﬁl, xo)—i—b%qmﬂd(:rl, $0)+b%lqmd(x1, xo)
= dla w)bg™ T PG B b )
+ d(@1, 20)[bg™ T2 + B2 4 L+ b%lqurl]
+ d(ml,mo)b%qm
< d(a, xo)[EE pigmtr— (i) E;:%llbiqm+r—(2i) b g
— 0 as m — oo.

So the sequence {x,} is Cauchy. Since X is complete, there exists x € X such
that

lim z, = lim Tx,_1 = .
n—oo n—oo

Since

d(Tz,z) < bld(Tz,Txn)+ d(Tn, Txpi1) + d(T2pt1, )]
bd(Tx, Txy) + bd(Txp, Txpy1) + bd(Txpyi1, ),

it implies that

p(d(Tz,z)) < bp(d(Tx, Tn)) + bp(d(Tzn, Tent1)) + bp(d(Trngr, v))
< bp[ (d(z,zn)) + @(d(Tx, 20)) + (d(z, Tx))
e(d(z,Tzn)) + @(d(Tan, xn))] + bple(d(n, Tni1))
o(d(xn, Trni1)) + @(d(TTn, Tni1)) + @(d(@n, Tan))
P(d(xns1, Tony1))] + bp(d(Trngr, 7))
= bpso d(x,2p)) + bpp(d(z, Tny1)) + bpe(d(z, Tz))

(

(

(

+ bpp(d(Tx, ) + bpp(d(Tpy1,20)) + bpp(d(2n, Tni1))
+ bpo(d(zn, Tny2)) + bpp(d(Xnt1, Tnt1)) + bpo(d(zn, Tni1))
+ bp(P d($n+1, $n+2)) + b@(d(Txn+1a .7}))
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< bpp(d(z, xn)) + bpp(d(z, ni1)) + bpp(d(z, Tx))

+ b pp(d(T, x)) + b*po(d(x, 2nt1)) + U pp(d(@ni, 20))

+ bpp(d(Tnt1, 7n)) + bpp(d(xn, Tpi1)) + bpp(d(Tn, Tni2))

+ bpp(d(Tnt1, Tnt1)) + bpo(d(zn, Tny1))

+ bpo(d(Tn+1, Tnt2)) + bp(d(Txpt1, ).

Then
(1 —bp — b*p)p(d(z, Tx)) < bpp(d(z, ) + bpp(d(, 2 41))
+ b2pg0(d(:v Tpt1)) + bQPSD(d(anrl: Ty))
+ bpp(d(Tn+1, Tn)) + bpp(d(Tn, Tni1))
+ bpp(d(@n, Tnt2)) + bpp(d(
+ bpp(d(@n, Tnt1)) + bpp(d(
+ bo(d(Txn1, 7))
— 0 asn — oo.

Tn+1, $n+1))

Tn+1, $n+2))

This implies that Tz = .
Now if y is an another fixed point of T', then

(d(Tz,Ty)) = ¢(d(z,y))
< ple(d(z,y)) + ¢(d(z, Tx))
+ @(d(y, Ty)) + ¢(d(z, Ty)) + p(d(Tz,y))],
this implies that
o(d(x,y)) < 3pe(d(z,y)).

Since p < ﬁ and ¢ is strictly increasing, so d(z,y) = 0. Therefore the fixed
point of T is unique. By (3.2) we have

p(d(T" 2, T"x)) < qp(d(T" e, T )
< @p(d(T" 22, T" )
< @p(d(T" P2, T )

<q¢"d(xz,Tx)), n=0,1,2,...,
where ¢ = £ b+2p < 1. This completes the proof. O

Example 3.2. Consider the complete rectangular b-metric space (X, d), where
X = R and d(z,y) = |z — y| for all 2,y € X. Define the self-mapping
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T:X — X by
0, if =<2,
T(“){ -1 if x> 2.

Then T is not continuous at 2. For ¢(x) = £, we have
1
pld(Tz,Ty)) = pd(Tz,Ty)

< Fle(d(@,y) + p(d(z, Tx))
+p(d(y, Ty)) + ¢(d(z, Ty)) + ¢(d(Tz, y))]-
For x < 2 and y < 2, we obtain
d(Tz,Ty) 0
pllz —y| +2|z] + 2|y|]
plb(|lz = 0+ |0 — O] + [0 — y[) + 2[z[ + 2]y/]
p(b+2)[|z| + [yl]

and ¢(d(Tz, Ty)) < p(b+ 2)[p(|z]) + ¢(ly))]-
For x > 2 and y > 2, we obtain

d(Tz,Ty) = 0

IA A

1 1
< pllo—yl+2lz+ |+ 2+ 2]

1 1 1 1

< pb(lz = (=) + 1= 5 = (=) + =z = 9l)

120z + 2|+ 2y + 1]
. 1
5l YTy
1 1
= P+t 3+ ly+ 5
2
< pb+ 2ty )

and ¢(d(Tz,Ty)) < @(1‘ +y+ 2). Thus, T satisfies (3.1). Therefore, T
has a unique fixed point x = 0.

From Theorem 3.1, if ¢(A) = A, we get the result as follows.

Corollary 3.3. Let (X,d) be a complete rectangular b-metric spaces and T :
X — X be a mapping such that

d(Tz,Ty) < d(z,y) + d(z,Tx) + d(y,Ty) + d(z, Ty) + d(Tz,y), (3.3)

where p < ﬁ. Then T has a fixed point in X.



1106 C. Khaofong, P. Saipara and A. Padcharoen

Proof. Follow the proof of Theorem 3.1, when we take p(A) = A, we get the
result. 0

From Theorem 3.1, if d(z,y) = d(z,Ty) = d(Tz,y) = 0, we get the result
as follows.

Corollary 3.4. Let (X,d) be a complete rectangular b-metric spaces with co-

. X . . 1
efficient b > 1 and T : X — X be a mapping such that there exist p < o1
satisfying

o(d(Tx, Ty)) < ple(d(z,y)) + e(d(@, Tz)) +p(d(y, Ty))]  (3.4)

forallz,y € X. Then, T has a unique fixed point uw € X, the sequence {T"x}
converges to u and for q = % < 1 we have

o(d(T" Mz, T"z)) < ¢"d(2,Tx)), n=0,1,2,....

Proof. See main result in [21]. O

Theorem 3.5. Let (X,d) be a complete rectangular b-metric spaces with co-
efficient b > 1 and T : X — X be a mapping such that there exist p1 + pa +
p3+ D4+ ps <1 and ps < 1 satisfying

ed(Tz,Ty)) < prp(d(z,y)) + p2e(d(z, Tx)) + psp(d(y, Ty)) (3.5)
+pap(d(z, Ty)) + psp(d(Tz,y))]

for all z,y € X. Then, T has a unique fized point u € X, the sequence {T"x}
_ pitpatpad

converges to u and for q = % < 1, we have

o(d(T" Mz, T"z)) < ¢"d(z,Tx)), n=0,1,2,....

Proof. Follow the proof of Theorem 3.1, when we consider a metric space
(X,d) and p(A) = A. O

In the next theorem, p is independent of the coefficient b of the rectangular
b-metric space.

Theorem 3.6. Let (X,d) be a bounded compact rectangular b-metric space
and T : X — X be a continuous mapping satisfying (3.1) for some 0 < p < %
Then T has a unique fixed point uw € X and for every rg € X, the sequence
{T"xzo} converges to u.
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Proof. Let zp € X be an arbitrary point. Consider a sequence {z,}, where
xn = T"xq for all n € N. Then by (3.1) we have
o(d(T"zo, T" M 20))
(AT (T 2), T(T"z0)))
(d(T™ Yo, T™m0)) + (d(T™ g, T(T™ ' 0)))
+ @(d(T"xo, T(T"x0))) + @(d(T" o, T(T"x0)))
+(d(T(T" o), T"x0))]
= ple(d(zn-1,2n)) + o(d(@n-1,2n)) + @(d(zn, Tni1))
+ @(d(zn-1,2n11)) + (d(zn, n))]

(d(Tn, Tnt1))

<p|

S

= 2pp(d(Tn-1,Tn)) + pp(d(Tn, Tnt1)) + pp(d(Tn—1, Tnt1))
< 2p90(d(xn,1, lin)) +p30( (J:nv $n+1))
+ pblp(d(zn—1,20)) + ©(d(2n, T1)) + ©(d(@n, Tnt1))]

= (2p + pb)p(d(zn-1,2n)) + (2p + pb)o(d(zn, Tny1))-
It implies that
(1 =2p — pb)p(d(xn, 2ny1)) < (2p + pb)p(d(zn—1,2n)), Vn €N.
Since 1 — 2p — pb > 2p + pb, we get
d(zp, nt1) < d(Tp—1,Tyn), Yn € N.

Hence, the sequence {d(zy, Tp+1) }nen is decreasing and bounded below, thus,
there exists t > 0 such that

nh_{rgo d(Tp, Tpy1) =t

For m,n € N with n < m, we have

o(d(@m, zn)) < @(d(Tm-1,2m)) + ©(d(Tn-1,Tn))

and hence ¢(d(zp,zy)) < @(t) as m,n — oo. This implies that d(x,,z,) <t
as m,n — 0o, so, {x,} is a bounded sequence. Hence, {x, } has a subsequence
which converges to u, that is, limg_o 2n, = u. By the continuity of the
mapping T' we obtain

Tu=T(lim z,,) = T(lim T"z) = ( lim T™*250) = u,
k—o0 k—o0 k—o0

so, u is a fixed point of T'.
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Finally, we show the uniqueness of the fixed point of T'. Let z be an another
fixed point of T'. Then

p(d(Tz,Tu)) < [ (d(z,u)) + @(d(z,Tz)) + ¢(d(u, Tu))
p(d(z,Tu)) + ¢(d(u, T'z))]
[ (d(z,u))+e(d(z, 2))+e(d(u, u)+e(d(z, u) +e(d(u, 2))]
= 3pp(d(z,u)),
it implies that
(1 =3p)e(d(Tz,Tu)) <0,

which is a contradiction. Hence, u = z. This completes the proof. O

Example 3.7. Let (X, d) be a bounded compact rectangular b-metric space,
where X = [0, 00) and

x + vy, T ,
d(x,y):{ |0, / xiglj

Define T : X — X by
if 0<z<2,
if x>2.

Then, for ¢(A) = $A, we have
1
d(Tz,Ty) < ¢ld(z,y) + d(w, Tz) + d(y, Ty) + d(z, Ty) + d(y, Tz)].
For x # y and x,y > 2, we have
1 1
dTz,Ty)=|-+—-| <1
r Yy
and

%[d(x, y) +d(z, Ta) + d(y, Ty) + d(z, Ty) + d(y, Tz)]

1 1 1 1 1
=gllr+yl+le+—f+ly+ [ +le+ | +ly+ ]
T Y Y T
> 1.

Similarly, for 0 < x < 2 and y > 2, we have

1 1
ATz, Ty) = |= + =
(Tx,Ty) |5+y!
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and
5[ (z,y) +d(xz, Tz) + d(y, Ty) + d(x, Ty) + d(y, Tx)]
1
5[!$+y|+|fv+*|+|y+*|+lm+*|+|y+*l]
> \5 + §|.

Thus, T" has a unique fixed point z = %

It is easy to see that every compact rectangular b-metric space is T-orbitally
compact. Also the bounded compactness and T-orbitally compactness are
totally independent. Moreover, T-orbitally compactness of X does not give to
be complete.

Theorem 3.8. Let (X,d) be a T-orbitally compact rectangular b-metric space
and T satisfying (3.1) with p < é and bp < 1. Then T has a unique fized point
u and

lim 7"z =u, Vo e X.

n—oo

Proof. Let o € X be arbitrary but fixed, and consider the iterative sequence
{z}, where x,, = T"xq for each n € N. Now, we denote d,, = d(x, xn+1) for
n € N. Then by (3.1) we have

)
@(dn) < 2p‘p(dnfl)+p¢(dn)+p@(d(l‘nfla$n+l))
< (2p+pb)e(dn—1) + (2p + pb)p(dy),

it implies that

(1 —2p — pb)p(dn) < (2p + pb)io(dp-1).
Since 1 — 2p — pb > 2p + pb, p < % and ¢ is strictly increasing, we get
dy, < dp—1, this show that {d,,} is a strictly decreasing sequence of non negative
real numbers and convergent. Since X is T-orbitally compact, so {z,} has a

convergent subsequence {z,, } with limy_,o 2, = u
lim dp,, = lim d(zp,,%n,+1)
k—o0 k—o0
= d(lim zp,, im x,, 1)
k—o0 k—o0
d(u,u)
= 0.

So, lim,, s dy, = 0. We have for n,m € N,

@(d(xn, Tm)) < (pb+ pb®)(p(dn-1) + ©(dm-1)) + (pb + pb*)o(d(n, ),
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it implies that

(1—pb —pb2)g0(d(a:n,a:m) < (pb +pb2)(‘P(dn—1) + ¢(dm-1))
— 0 as m,n — oo.

This means that the sequence {z,} is Cauchy and z,, = u as n — co. Also
we have

(d(u, Tu) < (2pb+ pb*)(d(u, ) + (206 + pb?)p(d(n-1,20))
+ (2pb + pb*)p(d(2n, 2nt1)) + Pbp(d(u, 2p41))
+ (pb + pb®)p(d(u, Tw)).
This implies that
(1 pb— b)Yl Tw) < (2pb + pb2)pdlur, 20)) + (s 1,2)
+ p(d(zn, Tnt1))] + pbo(d(u, Tny1))
— 0 asm,n — oo.

Hence, Tu = u.
Next, let u* be an another fixed point of 1. Then, we have

o(d(u,u*) = gp(d(Tu,Tu*)
e(d(u, u*) + p(d(u, Tu) + p(d(u®, Tu")
+ p(d(u, Tu™) + p(d(u*, Tu)
= 3pp(d(u,u”),

so, p(d(u,u*)) < 0 implies d(u,u*) < 0 which is contradiction. Hence, T has
a unique fixed point. O

To find a solution, we assume that 7" is an asymptotically regular mapping,
that is, lim, 0o d(T"x, T"2) = 0 for all x € N.

Theorem 3.9. Let (X,d) be a complete rectangular b-metric space and T :
X — X be an asymptotically reqular mapping satisfying (3.1) for some p with
3bp < 1. Then T has a unique fized point.

Proof. Let x € X and define the sequence x,, = Tz, n € N. Since T is an
asymptotically regular mapping, we get for m > n,

‘P(d(Tn—i-l;p, Tm—&-lx)) — SO(d(T(T”x), T(Tm;p))
< (2pb + p)(d(T"z, T z)
+ (2pb+p)g0(d(me’ Tm+1l')+3pb§0(d(Tn+1.’L‘7 Tm+1l‘)’
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it implies that
(1=3pb)p(d(T™ 1, T™ ) < (2pb+p)[p(d(T"x, T )+ o(d(T™ 2, T )]
— 0 asm,n — oo.

So, d(T" "z, T™1z) — 0 as m,n — co. Thus {z,} is a Cauchy sequence and
convergent in X with lim, .. z,, = u. Hence, we have

o(d(u, Tu)) < @(bld(u, T"z) + d(T"z, T" ' 2) + d(T" 2z, Tu)))
< bp(d(u, T")) +bp(d(T (T x), T(T"2))) +bip(d(T(T"x), Tu))
< bp(d(u, T"x)) + bpo(d(T™ 1z, T"z)) + bpp(d(T™ L2, T"z))
+ bpp(d(T™z, T"  2)) + bpe(d(T™ Lo, T z))
T bp (AT, T) + bl (T2, )
+bpp(d(T"z, T ))) + bpp(d(u, Tu)))
T B d(T" s, Tu)) + bpp (d(T™ 1, )
< bip(d(, T"2)) + bpp(d(T™ 2, T"z))
+bpp(d(T" 2, T"x)) + bpp(d(T"z, T" )
+ U po(d(T" Lz, T"2)) + b*po(d(T™x, T x))
+ bpo(d(T™z, u)) + bpo(d(T™z, T x)) 4 bpo(d(u, Tw))
+ 07 pp(d(T"z, u)) + b*pp(d(u, Tw)) + bpp(d(T™ e, ),
it implies that
(1—bp—b*p)p(d(u, Tw)) < (b+ 2bp + b2p)p(d(u, T"z))
+ (2bp + b*p)p(d(T™ 2, T"x))
+ (20p + V?p)p(d(T"x, T 1))
+ (bp + b*p)p(d(T"x, u)) + bpp(d(T", w))

as n — oo, we obtain d(u, Tu) = 0. Therefore, u is a fixed point of T'. Let u*
be an another fixed point of T. Then

o(d(u,u”) = o(d(Tu, Tu")
< p(d(u,u*) + o(d(u, Tu)
+ o(d(u*, Tu") + p(d(u, Tu*) + e(d(u*, Tu)
= 3pp(d(u, u*),

s0, @(d(u,u*)) < 0 implies d(u,u*) < 0 which is contradiction. Hence, T has
a unique fixed point. O
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Example 3.10. Let (X, d) be a complete rectangular b-metric space and T :
X — X be an asymptotically regular mapping satisfying Tz = % for all z € X

and d(z,y) = |z +y|, b=2 and p < §. Then for p(A) = VA, we have

e(\/ |z +y*) = |z +y| < 6(|2| + [y]).

Therefore, T' has a unique fixed point z = 0.

Acknowledgments: The first author was supported by Rajamangala Univer-
sity of Technology Krungthep (RMUTK). The second author was supported
by Rajamangala University of Technology Lanna (RMUTL). The last author
was supported by Rambhai Barni Rajabhat University(RBRU).

REFERENCES

[1] I.A. Bakhtin, The contraction mapping principle in quasimetric spaces, Funct. Anal.,
Unianowsk Gos. Ped. Inst., 30 (1989), 26-37.

[2] S. Banach, Sur les operations dans les ensembles abstraits et leur application aux equa-
tions integrals, Fund. Math., 3 (1922), 133-181.

[3] A. Branciari, A fized point theorem of Banach-Caccippoli type on a class of generalized
metric spaces, Publ. Math. Debrecen, 57 (2000), 31-37.

[4] S. Czerwik, Contraction mappings in b-metric spaces, Acta Math. Inform. Univ. Os-
traviensis, 1 (1993), 5-11.

[5] I. Demir, Fized point theorems in complez valued fuzzy b-metric spaces with application
to integral equations, Miskolc Math. Notes, 22 (2021), 153-171.

[6] H.S. Ding, M. Imdad, S. Radenovic and J. Vujakovic, On some fized point results in
b-metric, rectangular and b-rectangular metric spaces, Arab J. Math. Sci., 22 (2016),
151-164.

[7] N.V. Dung, A sharp improvement of fized point results for quasi-contractions in b-metric
spaces, Miskolc Math. Notes, 21 (2020), 451-461.

[8] R.E. Edwards, Functional Analysis: Theory and Applications, New York, NY: Holt,
Rinehart and Winston, 1965.

[9] H. Garai, L.K. Dey and T. Senapati, On Kannan-type contractive mappings, Num.
Funct. Anal. Opti., 39(13) (2018), 1466—1476.

[10] R. George, S. Radenovic, K.P. Reshma and S. Shukla, Rectangular b-metric spaces and
contraction principle, J. Nonlinear Sci. Appl., 8 (2015), 1005-1013.

[11] H.A. Hammad and M. De la Sen, Generalized contractive mappings and related results
in b-metric like spaces with an application, Symmetry, 11(5) (2019), Paper No. 667.

[12] H.A. Hammad and M. De la Sen, A solution of Fredholm integral equation by using the
cyclic qs -rational contractive mappings technique in b-metric-like spaces, Symmetry,
11(9) (2019), Paper No. 1184.

[13] A. Kari, M. Rossafi, E. Marhrani and M. Aamri, § — @-Contraction on (a,n)-complete
rectangular b-metric spaces, Int. J. Math. Math. Sci., 2020 (2020), Article ID 5689458.

[14] A. Kari, M. Rossafi, E. Marhrani and M. Aamri, New fized point theorems for 0 — -
contraction on complete rectangular b-metric spaces, Abst. Appl. Anal., 2020 (2020),
Article ID 8833214.



Some results of generalized Hardy-Roger mappings in rectangular b-metric spaces 1113

K. Khammahawong and P. Kumam, Fized point theorems for generalized
Roger Hardy type F-contraction mappings in a metric-like space with an ap-
plication to second-order differential equations, Cogent Math., 4(1) (2017),
doi.org/10.1080/23311835.2017.1318546.

N. Mlaiki, N. Dedovic, H. Aydi, M.G. Filipoviac, B. Bin-Mohsin and S. Radenovic, Some
new observations on Geraghty and Ciric type results in b-metric spaces, Mathematics,
7 (7) (2019), Paper No. 643, doi.org/10.3390/math7070643.

7. Mostefaoui, M. Bousselsal and J.K. Kim, Fized point theory concerning rectangular
b-metric spaces, Nonlinear Funct. Anal. Appl., 24(1) (2019), 45-59.

C. Mungkala, A. Padcharoen and P. Sukprasert, Coincidence Point Results in Hausdorff
Rectangular Metric Spaces with an Application to Lebesgue Integral Function, WSEAS
Transactions on Mathematics, 21 (2022), 540-546.

H.K. Nashine, S. Shil and Z. Kadelburg, Common positive solutions for two non-linear
matriz equations using fixed point results in b-metric-like spaces, Aequationes Math.,
96 (2022), 17-41.

B.E. Rhoades, A comparison of various definitions of contractive mappings, Trans.
Amer. Math. Soc., 226 (1997), 257-290.

M. Rossafi and H. Massit, Some fized point theorems of generalized Kannan type map-
pings in rectangular b-metric spaces, Nonlinear Funct. Anal. Appl., 27(3) (2022), 667-
677.

P. Saipara, D. Gopal and W. Kumam, Random Fized Point of Random Hardy-Roger
Almost Contraction for Solving Nonlinear Stochastic Integral Equations, Thai J. Math.,
2018 (Special Issue Annual Meeting in Mathematics) (2018), 379-395.

P. Saipara, K. Khammahawong and P. Kumam, Fized point theorem for a generalized
almost Hardy Rogers type F' contraction on metric like spaces, Math. Meth. Appl. Sci.,
47(17) (2019), 5898-5919, doi.org/10.1002/mma.5793.

P. Saipara, P. Kumam and Y.J. Cho, Random fized point theorems for Hardy-Rogers
self-random operators with applications to random integral equations, Stochastics: An
Int. J. Prob. Stoch. Processes, 90(2) (2018), doii.org/10.1080/17442508.2017.1346655.
Sonam, C. S. Chauhan, Ramakant Bharadwaj and Satyendra Narayan, Fized point
results in soft rectangular b-metric space, Nonlinear Funct. Anal. Appl., 28(3) (2023),
753-774.



