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Abstract. The purpose of this paper, we prove convergence theorems of the modified
viscosity inexact Mann iteration process for a family of asymptotically quasi-nonexpansive
type mappings in CAT(0) spaces. We also show that the limit of the modified viscosity
inexact Mann iteration {x, } solves the solution of some variational inequality.

1. INTRODUCTION

Let C be a nonempty subset of a metric space (X, d) and Y be a nonempty
subset of C.
(1) The mapping T': C' — C'is said to be nonexpansive respect to Y if for
each x € C'and y €Y,

d(Tz, Ty) < d(z,y).

If Y = C, T is called nonexpansive and if Y = F(T) ={z € C : Tx =
x}, T is called quasi-nonexpansive.

(2) The mapping T is said to be asymptotically nonexpansive respect to
Y if there exists a sequence {k,} of positive real numbers such that
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ko, — 1 and for all z € C' and y € Y,
d(T"z, T"y) < kpd(z,y).

If Y = C, T is called asymptotically nonexpansive and if Y = F(T),
T is called asymptotically quasi-nonexpansive.

(3) The mapping T is said to be asymptotically nonexpansive type respect
to Y if
limsup sup(d(T"z, T"y) — d(z,y)) <0,
n—oo yey
forallz € C. If Y = C, T is called asymptotically nonexpansive type
and if Y = F(T), T is called asymptotically quasi-nonexpansive type.

It is clear that nonexpansive mappings(quasi-nonexpansive mappings) and
asymptotically nonexpansive mappings(asymptotically quasi-nonexpansive ma-
ppings) are asymptotically nonexpansive type mappings (resp. asymptotically
quasi-nonexpansive type mappings).

(4) The sequence {T,} of self mappings on C'is called a family of asymptot-
ically nonexpansive mappings respect to Y if for each T;, there exists a
sequence {ky, ;} of positive real numbers such that &, ; — 1, as n — oo,
and for allx € C'and y € Y,

ATz, T'y) < knd(z,y).

If Y = C, the sequence {T,,} is called a family of asymptotically nonex-
pansive mappings and if Y = (2, F(T},), the sequence {7} is called
a family of asymptotically quasi-nonexpansive mappings.

(5) The sequence {T,,} of self mappings on C' is called a family of asymp-
totically nonexpansive type mappings respect to Y if each T; satisfies

lim sup sup(d(T}*z, T*y) — d(x,y)) < 0,
n—oo yey

for all z € C. If Y = C, the sequence {T,,} is called a family of asymp-
totically nonexpansive type mappings and if Y = (2, F(T},,), the
sequence {7}, } is called a family of asymptotically quasi-nonexpansive
type mappings.

(6) A mapping f : C' — C is called contractive respect to Y with coefficient
k€ (0,1) if for each z € C' and y € Y,

d(f(z), f(y)) < kd(z,y).

If Y = C, f is called a contraction with coefficient £ € (0,1). f has a
unique fixed point when C is a nonempty, closed, and subset of a com-

plete metric space was guaranteed by Banach’s contraction principle
[2].
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The existence theorems of fixed points and convergence theorems for various
mappings in CAT'(0) spaces have been investigated by many authors [1, 8, 10,
12, 17], [19]-[24], [27], [29]-[34].

Let us to introduce the CAT'(0) spaces.

Let (X, d) be a metric space. A geodesic path joining p; € X to p2 € X (or,
a geodesic from p; to ps) is a mapping ¢ from a closed interval [0,/] C R to X
such that ¢g(0) = p1, g(l) = p2, and

d(g(t),g(t) = [t = '], Vt,t' €[0,1].

In particular, ¢g is an isometry and d(pi,p2) = [. The image « of ¢ is said
to be a geodesic segment (or, metric segment) joining p; and py. When it is
unique, this geodesic segment is denoted by [p1, p2]. The space (X, d) is called
a geodesic space if every two points of X are joined by a geodesic segment, and
X is called uniquely geodesic segment if there is exactly one geodesic segment
joining p; and po for each pi,ps € X. A subset Y C X is called convez if Y
includes every geodesic segment joining any two of its points.

A geodesic triangle A(p1,p2,ps3) is a geodesic metric space (X, d) consists
of three vertices of A(the points p1,p2, p3 € X) and the edges of A\ (a geodesic
segment between each pair of vertices). A comparison triangle for the geodesic
triangle A(py, p2, p3) in (X, d) is a triangle A(p1, p2, p3) = A(py, p2, p3) in R?
such that

dg2(Pi, p;) = d(pi,p;), 1,7 € {1,2,3}.
A comparison triangle for the geodesic triangle always exists(see, [4], [30]).

A geodesic metric space is called a CAT(0) space(this term is due to Gro-
mov [15] and it is an acronym for Cartan, Aleksandrov and Toponogov) if all
geodesic triangles of appropriate size satisfy the following C AT'(0) comparison
axiom.

Let A be a geodesic triangle in (X, d) and let A C R? be a comparison
triangle for A. Then A is said to satisfy the CAT(0) inequality if for
all vertices p1,p2 € A and all comparison points p1,ps € A,

d(p1,p2) < dpz(p1, p2).

Let p, p1, p2 are points in C AT'(0) space, if pg is the midpoint of the segment

[p1, p2], which we will denote by }@, then the CAT(0) inequality implies

p1Dp 1 1 1
d? (p, 122> = d*(p,po) < §d2(p,p1) + idz(p,m) - ZdQ(pLPQ)-

This inequality is called the (CN) inequality ([6]).
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Remark 1.1. A geodesic metric space (X,d) is a CAT(0) space if and only
if satisfies the (CN) inequality (cf. [4, p.163]).

The above (CN) inequality has been extended as
& (p,ap1 @ (1 — a)ps) < ad®(p, p1) + (1 — a)d*(p, p2)

0 (CN¥)
- Oé(l - a)d (pl)p2)7 vpaplapQ eX

for all 0 < a <1 ([12]).

In the recent years, CAT(0) spaces have attracted many researchers as
they treated a very important role in different directions of geometry and
mathematics (see [4], [5], [7], [14], [23]). Some examples of CAT(0) spaces are
pre-Hilbert spaces (see [4]), R-trees (see [23]), Euclidean buildings (see [5]), the
complex Hilbert ball with a hyperbolic metric (see [14]), Hadamard manifolds
and many others. Complete C AT'(0) spaces are often called Hadamard spaces
(see [23]).

It is well known that a normed linear space satisfies the (CN) inequality if
and only if it satisfies the parallelogram identity, that is, it is a pre-Hilbert
space ([4]). Hence it is not so unusual to have an inner product-like notion in
Hadamard spaces. In [3], they introduced the concept of quasilinearization as
follows:

Let us usually denote a pair (z,y) € X2 = X x X by z{ and call it a vector.
Then quasilinearization is defined as a mapping (-,-) : X? x X? = R by
1
(1), ub) = §(d2(x,v) + d*(y,u) — d*(z,u) — d*(y,v)), V,y,uvecX.
It is easily seen that
<@,lﬁ>:<’lﬁ,@>, <@,ﬂ> :_<ﬁvﬁ>
and
(@), ut) = (T, wb) + (w, ut)
for all z,y,u,v,w € X. We say that X satisfies the Cauchy-Schwarz inequality
if
(@, ud) < d(x,y)d(u,v), Ya,yuveX. (1.1)

Remark 1.2. A geodesically connected metric space is a C AT'(0) space if and
only if it satisfies the Cauchy-Schwarz inequality([3, Corollary 3]).

In [10], they introduced the concept of duality mapping in C'AT(0) spaces,
by using the concept of quasilinearization, and studied its relation with subd-
ifferential. Also they proved a characterization of metric projection in C AT'(0)
spaces as follows.
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Theorem 1.3. ([10, Theorem 2.4]) Let C be a nonempty convex subset of a
complete CAT'(0) space X. Then

p=Pox & (yh.pt)=0, VyeC
forallz € X andp € C.

Let C be a nonempty closed subset of a CAT(0) space X andlet T : C — C
be an asymptotically nonexpansive type mapping. The Krasnoselski-Mann
iteration starting from x; € C' is defined by

Tn+l1 = OénTn(fEn) @ (1 - an)$na n =1, (1'2)

where {ay,}is a sequence in [0,1]. In 2011, Zhang and Cui [35] consider the
convergence of the above iteration (1.2) for continuous mappings of asymptot-
ically nonexpansive mappings.

In 2016, Ranjbar and Khatibzadeh [29] extended the results of Zhang and
Cui [35] to a family of asymptotically quasi-nonexpansive mappings in the
setting of complete C AT'(0) spaces. They consider the sequence given by the
modified inexact Mann iteration

Tnt1 = @ Pyn @ (1 — o) T} Pyn,  d(yn,zn) < en, xo€ C, (1.3)

where {7} is a family of asymptotically nonexpansive type self-mappings
on a closed and convex subset C' of a complete CAT(0) space X, {ay} C
[0,1], {en} C R and P is the nearest point projection on C. They prove A-
convergence of the sequence given by (1.3) to be a common fixed point of the
sequence {7} under appropriate assumptions on {«,} and {e,} in complete
CAT(0) spaces.

In 2015, using the concept of quasilinearization, Wangkeeree et al. [34]
proved the strong convergence theorems of the following Moudafi’s viscosity
iterations for an asymptotically nonexpansive mapping 7": for given a contrac-
tion mapping f defined on C' and 0 < a,, < 1, let z,, € C be the unique fixed
point of the contraction x — a, f(x) ® (1 — a,)T"x, that is,

Ty = anf(ay) ® (1 —ay)T"z,, Yn>1 (1.4)
and z1 € C is arbitrary chosen and
Tnt1 = anf(xn) ® (1 —ap)T"z,, Yn>1. (1.5)

They proved the iterative schemes {x,} defined by (1.4) and (1.5) strongly
convergent to the same point z € F(T) with & = Pp(p)f(Z) which is the
unique solution of the variational inequality

(#f(z),2z) >0, x € F(T),
where F(T) = {z : Tz = z}.
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The purpose of this paper is to prove convergence theorems of the modified
viscosity inexact Mann iteration process

Tnt1 = anf(Pyn) & (1 — an) T (Pyn),
d(ynawn) < én,
x9 € C (1.6)
for a family of asymptotically quasi-nonexpansive type mappings {7} in
CAT(0) spaces, where f is given contraction mapping and P is the nearest
point projection on C. We also show that the limit of the modified viscosity

inexact Mann iteration {z,} generated by (1.6) solves the solution of some
variational inequality.

2. PRELIMINARIES

Throughout this paper, N denotes the set of all positive integers. Let C
be a nonempty subset of a metric space (X,d). F := (-, F(T},), where
F(T,) = {x : T,z = x} denotes the set of fixed points of T,.

We write (1 — t)p; @ tpe for the unique point p in the geodesic segment
joining from p; to pe such that

d(p,p1) = td(p1,p2) and d(p,p2) = (1 —t)d(p1,p2).

We also denote by [p1, p2] the geodesic segment joining from p; to ps, that is,
[p1,p2] ={(1—t)p1 B tp2 : t € [0,1]}. A subset C of a CAT(0) space is convex
if [p1,pe] C C for all p1,pe € C.

Now, we give the concept of A-convergence and its some basic properties.

Kirk and Panyanak [24] insisted the concept of A-convergence in CAT(0)
spaces that was introduced by Lim [25] in 1976 is very similar to the weak
convergence in a Banach space setting.

Let {x,} be a bounded sequence in CAT'(0) spaces X. For p € X, we set

r(p, {zn}) = limsup d(p, x,,).

n—oo
The asymptotic radius A,({zy}) of {z,} is given by
Ar({@n}) = inf {r(p,{za}) : p € X}
and the asymptotic center A.({z,}) of {z,} is the set

Ac({zn}) ={p € X :r(p,{zn}) = Ar({xn})}.

It is well known that asymptotic center A.({x,}) consists of exactly one point
(see, e.g., [11, Proposition 7, p.767]) in a complete C' AT'(0) space.
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Definition 2.1. ([24]) A sequence {z,} in a complete CAT'(0) space X is said
to A-converge to x € X if z is the unique asymptotic center of {u,} for every
subsequence {u,} of {x,}, that is, A.({u,}) = {z}. In this case one can write

VAN .
Ty, —x or A— lim z,==x
n—oo

and call z the A-limit of {z,}.

The concept of A-convergence has been studied by many authors and extend
the notion of weak convergence of Hilbert space to CAT(0) spaces.

Lemma 2.2. ([12]) Let X be a CAT(0) space, p1,p2,2 € X and t € [0,1].
Then

d*(tpy & (1 — t)pa, 2) < td*(p1, 2) + (1 — t)d*(p2, 2) — t(1 — t)d* (p1, p2).
Lemma 2.3. ([28]) Let {an}, {bn}, {cn} and {\,} are nonnegative sequences
such that
Ang1 < (1 + )\n)an +bp, n>1
with Y02 1 Ay < 00 and Y 27 by, < oco. Then limay, exists. Moreover, if

liminf, . o, = 0, then lim,_ ., a, = 0.

Lemma 2.4. ([24]) Every bounded sequence in a complete CAT(0) space al-
ways has a A-convergent subsequence.

Remark 2.5. In a CAT(0) space, strong convergence in the metric implies
A-convergence (see, [17, 19]).

Lemma 2.6. ([17, Theorem 2.6]) Let X be a complete CAT(0) space, {xn}
be a sequence in X and x € X. Then {x,} A-converges to x if and only if

limsup(x?n,ﬁﬁ <0, Vye X.

n—oo

The following two useful lemmas can be found in [34].

Lemma 2.7. ([34]) Let X be a complete CAT(0) space. Then the following
iequality holds

d*(p,r) < d*(q.7) +2(p4, ), Vp,q,r € X.
Lemma 2.8. ([34]) Let X be a CAT(0) space. For anyl € (0,1) and z,y € X,
let
r =l ®(1-1)y.
Then, for all u,v € X,
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(il) (z, z0) < Wz, 70) 4+ (1 — 1) {yh, z0)  and
(@, yb) < 1T, y0) + (1 — 1) {yd, y0)

3. MAIN RESULTS

In this section, we prove the convergence of the modified viscosity inexact
Mann iteration {x,} generated by (1.6) such that the family {7} of asymp-
totically (quasi-)nonexpansive type self-mappings on subset C' in a CAT(0)
space (X, d) satisfies the following condition:

For subsequence {T},;} of {7} and {z,;} C C such that

yAN .
Tp, — x and d(xnj,Tﬁ]?a;nj) — 0.

Then z € F = ﬁ F(T,). (3.1)

n=1

Theorem 3.1. Suppose that C' is a closed and convex subset of a complete

CAT(0) space (X,d) and {T,} is a family of asymptotically nonexpansive

type self-mappings on C such that F := (oo, F(Ty,) # 0. Let {a} C [0,1],

{en} C [0,00) and {yn} C X be sequences such that the modified viscosity

inexact Mann iteration {x,} is generated by (1.6). Suppose Y 7 e, < 00

and {ap} C [a,b] with a,b € (0,1). Then we have the following statements.
(i) Let {T,} be a sequence of asymptotically nonexpansive type mappings

such that the condition (3.1) is satisfied. Set

Cni = maX{07 Squ,yeC(d(Tinl’a Crzny) - d(x’ y))}
If Y2021 Can < 00, 302 Qi < 00, d(Tp, Tny1) = 0(a) andlimy, e 607‘17:

= limy, o0 g—’; =0, then {x,} is convergent to q € F;

(ii) Lete, =0 and {T,} be a sequence of asymptotically quasi-nonexpansive
type mappings such that the condition (3.1) is satisfied. Set

cni = max{0, sup{(d(T}"z, T{'p) — d(x,p)) : v € C,p € F}.
If Y0ty an < 00, 302 i < 00, d(Tn, Tnt1) = o(ar) and limy, e 22
= limy 00 o= = 0, then {z,} is convergent to g € F. Moreover,
x* = Prf(a%),

which is equivalent to the following variational inequality

(@ (@), z2%) > 0, Vo€ F= ﬁ F(T)). (3.2)

n=1
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Proof. Let {T,,} be a sequence of asymptotically quasi-nonexpansive type map-
pings. Suppose ¢ € F C C. Then

d(zn+1,q) = d(anf(Pyn) @ (1 — an) T, (Pyn), q)
< and(f(Pyn), f(q)) + and(f(q), q) + (1 — an)d(T} (Pyn), q)
< aand(Pyn, q) + and(f(q),q) + (1 — an)(cnn + d(Pyn, q))
< d(Yn,q) + and(f(q),q) + (1 — an)cnn
< d(zn, q) + en + and(f(q), @) + cnn,

so, by the assumption and Lemma 2.3, lim,_,o d(zy, q) exists for all ¢ € F
and {x,}, {yn} and {Py,} are bounded. Also are {f(Pyy)} and {T,,(Pyn)}.

I. We claim that lim,,_,o d(zy, T)}xy) = 0.
We have
d(Tp41, T (Pyn)) = d(an f(Pyn) ® (1 — an) T (Pyn), T,) (Pyn))
< and(f(Pyn), Ty, (Pyn)). (3.3)

Since

d(f (Pyn), T;/(Pyn)) < d(f(Pyn), Tnt1) + d(@ns1, T (Pyn))
= d(f(Pyn), anf(Pyn) ® (1 — an)T;) (Pyn))
+ d(@n+1, T (Pyn))
< (1 = an)d(f(Pyn), T;) (Pyn)) + d(zni1, T, (Pyn)),
we obtain
and(f(Pyn), T} (Pyn)) < d(zni1, T, (Pyn))- (3.4)
Since > 7 | @, < 00, from (3.3) and (3.4), we have
Tim ond(F(Py). T2 (Pyn) = lim d(aer T2 (Pya)
—0. (3.5)
From (3.5), we get

d(Tn11,2n) = d(an f(Pyn) © (1 — an) Ty (Pyn), Tn)
< and(f(Pyn),zn) + (1 — an)d(T} (Pyn), Tn)
< an[d(f (Pyn), T5) (Pyn)) + d(T3 (Pyn), xn)]
+ (1 — an)d(T} (Pyn), zn)
= and(f(Pyn), T;, (Pyn)) + d(xn, Ty (Pyn))
— 0. (3.6)
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Since
d(zn, Ty zn) < d(Tn, Tpt1) + d(@ns1, T (Pyn)) + (T3 (Pyn), T xn)
= d(JIn, xn-i—l) + d(xn-i-l; Tg(Pyn)) + Cnpn + d(Pym «Tn)
< d(JIn, xn-i—l) + d(xn-i-l; Tg(Pyn)) + cpn + d(ym xn)
= d(a:nv xn-i-l) + d(xn-i-l; Tg(Pyn)) + Cpn + €n,
from (3.5) and (3.6), we obtain
lim d(zp, Ty x,) = 0. (3.7)

n—oo

Since {z,} is bounded, by Lemma 2.4, there exists a subsequence {y, } of {x,}
which A-converges to z*. Therefore, from (3.7), the condition (3.1) guaranties
that z* € F.

IT. Next, we will show that {z,,} contains a subsequence converging strongly
to z* such that x* = Prf(z*), which is equivalent to the following variational
inequality

(@ f(@),za%) > 0, Vo e F= ﬁ F(T,

n=1
IT-1. It follows from Lemma 2.8 (i) that

d?(acnj,x*) = (a0, @ 2,0
n, (F(Pyn,) )

o, (F(Pyn, )2 20, 2°)

< i (f(Pyn,)z", 2n,2%)
)

)

[4 %
x", T, x

(1= o, ) (T3 (Pya,)a” 0, 2)
(1~ o) )T (P ) 2", 27)
+(

L — an;)enn;d(wn,, ")

J
+ (1 — an; )d(Pyn;, v*)d(zy,, v%)
< o, (f(PYn, )mi,xn] ENe! — Q) Cnjn; d(Tny, )
( Oénj (d(xnjv ) + an)d(ﬂl‘nj,l‘*),

thus

ande(xnjax*) S anj <f(PynJ)fL'*,an]xi> + (1_anj)(cnjnj +enj)d(xnj>x*)a
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(l—an].)

Qi

d2($nj,$*) < <f(Pynj)~’C£7$nj934> + (annj + €nj)d(l‘nj,fb*)

= (F Py @ 2m 20 + (F (@) 2y

' (annj + enj)d(mnjal‘*)

< d(f(Pyn,), F(5°)d(wn,, ) + (f@ )2t 2ny2)
N (1 —an;)

Qi

(Cnjn; + en;)d(Tn;, %)

and

Hence

€n;

( o L—am;  Cnyn; + en;

1l -« an]- )d(xnj,x )

(e ), (39

Since {zn;} is A-convergent to z*, by Lemma 2.6, we have

lim sup(f(z*)z", xp;z%) < 0.

n—0o0

It follows from (3.8) that {z,,} converges strongly to z*. Since
d(ynj7x*) S d(yn]'7xnj) + d(':vnj":v*) - enj + d(xnj7x*)7

{yn, } converges strongly to z*.

IT-2. Next, we show that z* solves the variational inequality (3.2).
Let ¢ € F. Since
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d*(Pyn,, q) < d*(yn;,q)
< (d(ynj7xnj) + d($nja5'3nj+1) + d(znj+1, Q))2
< 2d2(ynj7a7nj) + 2d2($nja13nj+1) + d2(:1:nj+1’ q)
+ 2{d(yn;» Tn; )d(@n;, Tnj1) + d(@ny, Tnj1)d (@041, 9)
+ d($nj+1a Q)d(ynj7xnj)}7 (3.9)

applying Lemma 2.2 and (3.9),

dQ(xnj—H,q) = dz(anj (Pynj)
< o d2( (Pynj)7 )+ (1 - O‘nj)dz( (Pyn]) q)
O‘nj( anj)dz( (Pynj)7 nj (Pyn]-))
< an; d*(f(Pyn, ) q)
+ (1= an,)lep n, + d*(Pyn;, q) + 2¢0,,d(Pyn; )]
— ainy (1= any )& (f(Pyn,), Tnj (Pyn,))
< an; d*(f(Pyn,), q)
+(1- anj)[ gy T 26%], + 2d2($nj,$nj+1) + d2(a:nj+1, q)
+ 2{cn;n; d(Tn;, Tnj1) + AT, Ty1)d(Tn, 41, 9)
+ Cyn; A(@n 41, Q)}+ 2¢n;m; d(PYn; » q)]
— ain; (1= )& (f(Pyny)s T} (Pyn;))-

® (1 — Qnpy )T&j(Pyn]) q)
q

So,
anj(]- - anj)dz(f(Pynj)) TTZJ (Pynj)) + Oénde(fL'nj—&-la Q)
+ 2{annjd($nj ) xnj—i-l) + d(SUnJ ’ $nj+1)d(xnj+17 Q)
+ annjd($nj+la (I)} + 2annjd(Pynj ) Q)],
we have

(1 - anj)dQ(f(Pynj)vT;lLf (Pyn])) + dQ(xanrl,q)

1 — ay,
< dz(f(Pynj)7 q) + #[Cijnj + 26%], + 2d2(1:nj,acnj+1)

j
+ Q{annj d($nj ) xnfrl) + d(xnj ) xnj+1)d(xnj+17 Q)
+ Cnjn; d(ﬂj‘anrl, Q)} + Qannj d(PynJ s Q)] (310)
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Since z,;, — z* and (3.5), we have T (Pyn;) — *. Take limit on both sides
in (3.10), from assumptions and continuity of the metric distance d, we obtain

& (f(z"),a*) + d*(2", q) < d*(f(z"),q).

Hence

= (" f(@"),qz"), VqeF.

that is, z* solves the inequality (3.2).

II1. Finally, we will show the uniqueness of the solution of the variational
inequality of Equation (3.2). Assume there exists a subsequence {x,;} of
{zn} which A-converges to w by the same argument. We know that w € F
and solves the variational inequality of Equation (3.2), that is,

(T f (@), 7)< 0 (3.11)

(@f (@), wz) < 0. (3.12)

From (3.11) and (3.12), we can obtain

and

— —
0> (" f(z"),x"w) — (wf(w), x*w)
— (@) w) + (F@) @) 7w) — (wah ') — (@ () )
— (0, 7w — (f@) (@), wa)
> (m,x*—:)) —d(f(w), f(z%))d(w,x¥)
> d*(z*,w) — ad®(w, z¥)

SO
¥ =w.

Hence {x,} converges strongly to z*, which solves the variational inequality
of Equation (3.2). O

If we have P = I (Identity mapping), we get the following result.



1140 K. S. Kim

Corollary 3.2. Suppose that C is a closed and convex subset of a complete
CAT(0) space (X,d) and {T,} is a family of asymptotically nonexpansive
type self-mappings on C such that F := (", F(T,) # 0. Let {an} C [0,1],
{en} C [0,00) and {yn} C X be sequences such that the modified viscosity
inexact Mann iteration {x,} is generated by

Tn+l = anf(yn) S (1 - an)Tff(yn),
d(yna xn) < en,
o € C,

where f is given contraction mapping. Suppose Y - e, < 0o and {an} C
[a,b] with a,b € (0,1). Then we have the following statements.
(i) Let {T,} be a sequence of asymptotically nonexpansive type mappings
such that the condition (3.1) is satisfied. Set
Cni = maX{()? Squ,yeC(d(Tz‘nx7 Tzny) - d($7 y))}

If Y707 enn < 00, D2y < 00, (T, Tnt1) = 0o(ay) andlim, o C;—:
= limy 00 £ = 0, then {zn} is convergent to q € F;
(ii) let e, =0 and {T,} be a sequence of asymptotically quasi-nonexpansive
type mappings such that the condition (3.1) is satisfied. Set
cni = max{0, sup{(d(T})'x, T'p) — d(z,p)) : x € C,p € F}.

If Y07 enn < 00, Doty < 00, (T, Tnt1) = 0o(ay) andlim, o CO’;—:
= limy 00 £ = 0, then {zn} is convergent to q € F. Moreover,

x*=FNF(f),
which is equivalent to the following variational inequality

(@ f(@"),za%) > 0, Vo€ F= ﬁ F(T)), (3.13)

n=1

where F(f) ={a* € C: 2" = f(z¥)}.

If we have f = I(: Identity mapping), we get the following result.

Corollary 3.3. Suppose that C is a closed and convex subset of a complete
CAT(0) space (X,d) and {T,} is a family of asymptotically nonexpansive
type self-mappings on C such that F := (oo F(Ty,) # 0. Let {a} C [0,1],
{en} C [0,00) and {yn} C X be sequences such that the modified inexact Mann
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iteration {x,} is generated by

Tn4+1 = anP(yn) S (1 - an)TrTLl(Pyn)ﬂ
d(ynwxn) S €n,
xg € C,

where f is given contraction mapping. Suppose Y > e, < 0o and {on} C
[a,b] with a,b € (0,1). Then we have the following statements.

(i) Let {T,} be a sequence of asymptotically nonexpansive type mappings
such that the condition (3.1) is satisfied. Set

Cni = maX{()? Supx,yEC(d(Tinm7 Tzny> B d(l’, y))}

If 30l enn < 00, 307y < 00, d(Tn, Tns1) = 0(ay) and limy, oo 22
= lim,_ 00 Z—’; =0, then {z,} is convergent to q € F;

(ii) Lete, =0 and {T,} be a sequence of asymptotically quasi-nonexpansive
type mappings such that the condition (3.1) is satisfied. Set

Cni = max{0, sup{(d(T}'z, T}'p) — d(z,p)) : v € C,p € F}.

If Y700 enn < 00, Doy < 00, (T, Tnt1) = o(ay) and lim, o G
= lim,, 00 2—’; =0, then {x,} is convergent to q € F.

Remark 3.4. Corollary 3.2 and 3.3 are generalization and improvement of
the results of [34] and [29], respectively.

4. OPEN PROBLEM

For a real number k, a CAT (k) space is defined by a geodesic metric space
whose geodesic triangle is sufficiently thinner than the corresponding triangle
in a model space with curvature x.

For k = 0, the 2-dimensional model space M2 = Mg is the Euclidean space
R? with the metric induced from the Euclidean norm. For & > 0, M2 is the 2-
dimensional sphere ﬁSz whose metric is length of a minimal great arc joining
each two points. For x < 0, M2 is the 2-dimensional hyperbolic space \/%THQ

with the metric defined by a usual hyperbolic distance. For more details about
the properties of C AT (k) spaces (see, [4], [13], [22]).

Open Problem. It will be interesting to obtain a generalization of both
Theorem 3.1, Corollary 3.2 and Corollary 3.3 to CAT' (k) space.
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