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Abstract. In this article, we considered a class of nonlinear variational hemivariational in-
equality problems and investigated a gap function and regularized gap function for the prob-
lems. We discussed the global error bounds for such inequalities in terms of gap function
and regularized gap functions by utilizing the Clarke generalized gradient, relaxed mono-
tonicity, and relaxed Lipschitz continuous mappings. Finally, as applications, we addressed

an application to non-stationary non-smooth semi-permeability problems.

1. INTRODUCTION

The theory of variational inequality problems was first introduced by Stam-
pacchia [19] for modeling problems arising from mechanics to study the reg-
ularity problem for partial differential equations. Thus, the variational in-
equality problem can be considered as a central problem in optimization and
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nonlinear analysis to study various complementarity and equilibrium prob-
lems occurring in operation research, mechanics, mathematical programming,
we often naturally meet the variational inequality problem for finding x €
such that

(N(z),y—x)x >0, Yy € Q, (1.1)
where € is a nonempty closed convex subset of a normed space X, N : X — X*

is a given operator, and (-, -) x denotes the duality pairing between X and its
dual X*.

It is well known that the variational inequality (1.1) can be solved by trans-
forming it into an equivalent optimization problem with so-called merit func-
tion 7(+; ) : X — R U {400} defined by

m(z;a) =sup{(N(x),z — 2)x — allz — z||% | z € Q} for z € Q, (1.2)
where « is a nonnegative parameter.

Remark 1.1. (i) If @ =0, then (1.2) was first studied in [3].
(ii) If @ > 0, then (1.2) was studied in [7].

The function 7(-,0) is usually known as the gap function, and the function
7(-,«) for @ > 0 is a regularized gap function. Furthermore, we see that for
all a > 0, the function 7(+, «) is nonnegative on Q, and 7(z*, @) = 0 whenever
x* satisfies the variational inequality (1.1), see [8].

The theory of variational hemivariational inequalities is known as a general-
ization of variational inequalities and hemivariational inequalities to the case
involving both convex and nonconvex potentials, and based on the notion of
the Clarke generalized gradient for locally Lipschitz continuous functions, see,
[1, 6, 12, 13, 14, 15, 16, 17].

The theory of gap functions is a very effective tool to investigate the con-
ditions of existence, a method for a solution, and conditions of equilibrium
for optimization-related problems to simplify the computational aspects. The
concept of the regularized function has been introduced by Yamashita and
Fukushima in [21]. They also suggested the so-called error bounds for vari-
ational inequalities wvia the regularized gap functions. The concept of error
bounds is referred to as an upper estimate of the distance between an ar-
bitrary feasible point and a particular problem’s solution set. Such error
estimates have played a crucial role in the convergence analysis of iterative
algorithms for solving variational inequalities, see, [2, 9, 10, 20].

The Chang et al. [4, 5] introduce the mixed set-valued vector inverse quasi-
variational inequality problem and to obtain error bounds for mixed set-valued
vector inverse quasi-variational inequality problems in terms of the residual
gap function, the regularized gap function, and the D-gap function, see [11].
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In this paper, we consider a class of nonlinear mixed variationalhemivaria-
tional inequality problems and suggest the gap function and regularized gap
function. We treated the gap functions for the Minty version of these inequali-
ties by utilizing the relaxed monotone mapping and relaxed Lipschitz continu-
ous mapping. Next, we studied the gap function, regularized gap function and
Moreau-Yosida type regularized gap function and provided two new global
error bounds for the nonlinear mixed variational hemivariational inequality
problems. Finally, we illustrate the abstract results of a nonsmooth semi-
permeability obstacle problem described by a nonlinear mixed variational-
hemivariational inequality problem for which we deliver global error bounds.

2. PRELIMINARIES

Let (X, | - |lx) be a real Banach space and (-, )x be the duality pairing
between X and its dual X*.

Definition 2.1. ([5]) A function F': X — RU {+o0} is said to be
(a) convex, if F(tx+ (1—1t)y) <tF(x)+(1—t)F(y), forallz,ye X, t €

[0, 1].
(b) lower semicontinuous (l.s.c.) at z € X, if for any sequence {z,} C X
such that
Ty — T,
it holds

F(z) <liminf F(z,).
(c) upper semicontinuous (u.s.c.) at x € X, if for any sequence {x,} C X
such that
Ty — T,
it holds
limsup F(z,) < F(z).
(d) Ls.c (resp. u.s.c.) on X, if F is l.s.c (resp. u.s.c.) at every z € X.

Definition 2.2. ([6]) Let g : X — R U {+o0} be a proper, convex and lower
semicontinuous function. The convex subdifferential d.g : X — X* of g is
defined by

deg(z) = {z* € X*|(a*,y —x)x < g(y) —g(z), Vye X}, Ve X.
An element z* € J.g(x) is a subgradient of g at x € X.

Definition 2.3. ([16]) A function F' : X — R is said to be locally Lipschitz
continuous, if for every & € X, there exist a neighbourhood U of z and a
constant L, > 0 such that

|F(21) — F(22)| < Lz||z1 — 22|l x, ¥V 21,22 €U.
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Let FF : X — R be a locally Lipschitz continuous function. The Clark
generalized directional derivative of F' at the point x € X in the direction
y € X dened by

F(z—f—ty)—F(z).

F°(z;y) = limsup ,

z—x,t—0t

The generalized gradient of F' at © € X is a subset of X defined by
OF (z) = {z" € X*[F°(x;y) > (z",y)x, Yy € X}.

We can easily prove the following lemma from the definition of the Clark
generalized directional derivative of F.

Lemma 2.4. Let F : X — R be a locally Lipschitz continuous function. Then
the following assumptions are satisfied:
(a) For each x € X, the function X >y — F°(x;y) € R is finite, subad-
ditive, positively homogeneous and

[F°(z59)] < Lallyllx, VyeX,

where L, > 0 is a Lipschitz constant of F near x.
(b) The function X x X 3 (z,y) — F°(z;y) € R is upper semicontinuous.
(c) For every x,y € X, it holds

Fo(z;y) = max{(¢,y)x | ¢ € OF(z)}.

Definition 2.5. ([11]) An operator N : X x X — X* is said to be pseu-
domonotone, if N is a bounded operator and for every sequence {z,} C X
converging weakly to x € X such that

lim sup(N (zy, Tn), zn, — x) <0,
we have

(N(z,z),z —y) <liminf(N(zp,xn), 2, —y), Vy € X.

Let 2 be a nonempty closed convex subset of a reflexive Banach space X.
Let N:QxQ — X* 0:QxQ — Rand J: X — R be the functions, and f €
X. Then we consider the following nonlinear mixed variational hemivatiational
inequality problem for finding = € €2 such that

(N(z,2) — fiy—2)x +o(z,y) — p(z,2) + J°(z;y —x) >0, Vy e Q, (2.1)
together with the following hypotheses:

(A) N: X x X — X* is satisfying
(i) N is pseudomonotone.
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(ii) N is relaxed monotone with respect to the first variable with
constant ay > 0 such that
(N(y1,2) = N(y2,2), 91 —y2)x = —anllyt —w2llX, Vo, € X, (22)

(iii)) N is relaxed Lipschitz continuous with respect to the second vari-
able with constant 8y > 0 such that

(N(z,51) = N(z,92), 51 —y2)x < =Bnllyn —walk, Yoy, e e X (23)
(B) ¢ : Q2 x Q — R is such that
(i) for each x € , p(z,-) : 2 — R is convex and lower semicontinu-
ous.
(i) for all z1,x2,y1,y2 € §, there exists a, > 0 such that
e(x1,y2) — (1, y1) + 0(@2,41) — (@2, 42) < g1 — 22| x (1 — 2l x- (2.4)
(C) J: X — Ris a locally Lipschitz function such that
(i) |0J(y)||x* < Ao+ A1]lyllx, forall y € X and Ag, Ay > 0.
(ii) there exists ay > 0 such that
(s 2 — 1) + J°(y2s 01 — v2) < aullyy —allX, V oy, p2 € Q. (2.5)

(D) Q is a nonempty, closed and convex subset of X and

fex. (2.6)

3. MAIN RESULTS
First, we prove the existing result of equation (2.1).
Theorem 3.1. Assume that (A)-(D) hold and the following condition is sat-
isfied
aj+ o, +ay -y < L. (3.1)
Then (2.1) has the unique solution. Moreover, x solves (2.1) if and only

if it solves the following Minty nonlinear mized variational-hemivariational
inequality problem for finding x € Q such that

(N(y,y) = fry —2)x +o(@,y) —p(z,2) + J°(y;y —x) >0, Vy € Q. (3.2)

Proof. Let x € § be the unique solution of (2.1). We note that (C(ii)) is
equivalent to the following relaxed monotonicity condition of the generalized
gradient

(0J(y) —0J(x),y —x)x > —ojlly — z|%, Vy,zeX. (3.3)
Next, from (3.1), (3.3), and (A(ii))-(A(iii)), we have

(N(y,y) — N(z,2),y — 2)x + ({ — Gy — T)x > (—an + By — o) ||y — z||%,
(3.4)
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for all z,y € Q, §, € 0J(y),(x € 0J(z).
Let y € Q2 be arbitrary. From (3.4), Lemma 2.4(c) and from the concept of
generalized gradient, we have
(N(y,y) = fy —2)x + oz, y) — (@, 2) + J°(y; 9 — @)
(N(y,y) = f + Gy —2)x + @(z,y) — o(z,2)
<N($’$) — [+ Gy — $>X + go(:c,y)
—p(z,2) + (—an + By — ay)lly — =%
> (N(z,2) = f+ (o, y —2)x +9(z,y) — p(z, 7)
= (N(z,z) = f,y —z)x +o(z,y) — oz, 2) + J°(z;y — )
>0,
for all ¢, € 0J(y), (, € 0J(z). Therefore,
Jo(x;y _‘IE) = <Cx,?/_5'3>X, VZU € QaCx € aJ(ﬂf)

Hence, z € €2 is a unique solution of (3.2).
Now we prove the uniqueness of (2.1). Let x1,x2 be the two solutions of
(2.1). Then

(N(z1,21)—f,y—21)x +o(21,y) —@(x1,21)+J°(21;9—21) > 0, Vy € Q, (%)

(N(w2,22) — foy — 22) x + @(w2,y) — p(w2,22) + J°(x25y — 32) > 0, Vy € Q.

(%)
Putting y = x2 in (%) and y = x7 in (xx), and adding those inequalities, we
have

>
>

(N(z1,21) = N(22, 22), ¥2 — 1) x + (21, T2) — (1, 21) + (72, ¥1) — (T2, T2)
+J°%(z1; w9 — 1) + J° (225 1 — 2) > 0.
Using the (A(ii)), (A(iii)), (B(ii)) and (C(ii)), we have
—(aj + ap +an — Byl — 22|* >0,
it implies that
”33‘1 — $2|| = 0.
Hence, 1 = x9 and the solution is unique.
Conversely, let € Q be a solution of (3.2). For y € Q and ¢ € (0,1), we
denote y; =ty + (1 — t)x € Q. Inserting y; into (3.2), we have
0 <tN(ye,ye) — fry — x)x + (@, 9) — (@, 2) + J°(ye; ye — @)
< UN (e, p) — foy — x)x + to(,y) — to(x, @) + tJ°(ys y — @)
Now, from the convexity of
y — oz, y)
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and the positive homogeneity of
y— J°(z3y),
we have
(N(ye,ye) = oy —2)x + o, y) — (@, 2) + J°(yy —2) 2 0. (3.5)

Since N is pseudomonotone, it is demicontinuous, see ([13], Theorem 3.69).
Passing to the upper limit as ¢ — 0% in (3.5), we have

(N(z,z) = fy —x)x +o(z,y) — p(z,z) + J°(2;y — x)
> limsup(N (v, yt) — [,y — 2)x + @o(z,y)

t—0+
— @(x,x) + limsup J°(y; y — x)
t—0+
> limsup{(N (ys, y:) — [,y — z)x + ¢(z,y)
t—0+

— oz, )+ J°(y;y —x)} >0, Vy € Q.

Therefore, from Lemma 3.1(b), we conclude that z € € is a solution to (2.1)
and the proof is completed. O

Definition 3.2. ([3]) A function 7 : 2 — R is said to be a gap function for
(2.1), if it satisfies the following assertions:
(a) m(x) >0, Vz € Q.
(b) z* € Q is such that
m(x*) =0
if and only if z* is a solution of (2.1).

Consider the functions A/, Al : Q — R defined by for all x € Q,
A (z) = sup {(N(@,2) = f,x —y)x + ¢(z,2) — (x,y) — J*(z;y — 2)},
ye

(3.6)
A(z) = igg{W(y, y) = frx—y)x + oz, x) —o(z,y) — J(y;y — )}
(3.7)

The following lemma shows that the functions AT and AI are gap functions
for (2.1).

Lemma 3.3. Assume that the assumptions of Theorem 3.1 hold. Then, the
functions AT and AL dened by (3.6) and (3.7) are two gap functions for (2.1).

Proof. First of all, we prove that A/ is a gap function for (2.1). It is not

difficult to demonstrate analogously that the function Al isalso a gap function
for (2.1). We will review the two conditions of Definition 3.2.
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(a) In fact, it is obvious that
AM(z) >0,V zeQ.
Since this property has been retained for all x € ),
A (2) = (N(2,2) - f,z — 2)x + p(,2) — p(z,2) = J°(2;2 — z)
= —j°(x;0)
— 0. (3.8)
(b) Suppose that z* € Q is such that
A () =0,
that is,

21618{<N(w*73:*)—f, ot —y)x +e(@t, a) =t y) = J° (2 y—a")} = 0. (3.9)

This together with the fact
(N(z*,2%)— f,a" —2%)x + o(x*, %) — p(z*,2") — J°(z%;2" —2¥) =0
implies that (3.9) is equivalent to
(N(@*2%) — oy — 2%)x + 9", y) — 9", 2%) — J(@"sy — ) 2 0, ¥V y € Q.
Therefore, z* is a solution of (2.1) if and only if
A (z*) =0.
U

Let v > 0 be a fixed parameter. We consider the following functions
A7 ALY L Q — R defined by for all z € Q,

A @) =sup { (N (@, a)=F.a—=y) x-+p(o o)l )= (=) o=l

yeN
(3.10)
AL () =sup (Vs o—pxrot@ el = G- le—vli )
(3.11)

The functions defined by (3.10) and (3.11) are called the regularized gap func-
tions for (2.1).

Theorem 3.4. Suppose the assertions of Theorem 3.1 hold. Then, for any
v >0, the functions AT and ALY are two gap functions for (2.1).

Proof. Now, we prove that A7 is a gap function for (2.1). Applying the

analogous techniques, it is not difficult to show that A7 is also a gap function
for (2.1). We will verify the two assumptions of Definition 3.2.
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(a) For fixed v > 0, it is trivial that for each x € 2 and holds
A (z) > 0.
Therefore, for all x € €2,
A (z) = (N(z,2)~ f, 2 — 2)x + p(z,2) —p(z, )

1
— (w2 —2)— e — x|k

2y
— 1 (;0)
=0.
(b) Assume that z* € Q is such that
A7 (z%) =0,

and

sup {<N(w*7 ¥) = f,2" —y)x + (", 27) — p(z”,y)
yeN

. 1
=Pty =) = eyl f =0
This implies that
(N(z*,2%) = fy — 2")x — (2", 2%) + (2", y) + J°(z%;y — 27)
1 *
> —gllfﬂ —yllx, Yy e Q. (3.12)

For any z € Qand t € (0,1), we put y =y = (1 —t)z* +tz € Q in (3.12) to
obtain

t(N(z*,2") — f,z —ax")x — to(z", 2¥) + tp(z”, z) + tJ°(x*;2 — x¥)

> (N2, 2") = fiys —2")x — (@™, 2%) + (™, ye) + J° (2% s — 27)
1 2

> |lz* —

> 27H%‘ yellx
2,

= —ng - ZH%@

where y — ¢(z,y) and y — J°(z;y). Hence, we have
(N(z",2%) = fiz —a")x —p(a”,2") + p(a7, 2) = J°(z"; 2 — 27)
t
> —%Hx* — 2%, Vz € Q.
If t — 0", then
(N(@"2%) = [,z —a)x —p(a®, ") + (a7, 2) + J° (2% 2 — 27) 2 0, Vz € Q.

Hence, x* is a solution of (2.1).
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Conversely, suppose that z* € 2 is a solution of (2.1). Then
(N(@",2") = fy —a") x —p(@",2") +p(a®,y) + J°(a%y —2") 20, Vy € Q.
This ensures that
sup {(N(@”, ") "=y kol o) p(a” yH"(:v*;yw*);!\w*ylli} <0.
The latter combined with the fact
A7 (z) >0, Yz e Q,
then, we conclude that
A (%) =0,
and the proof is completed. O

Later on, we will prove that the regularized gap functions A" and ALY are
lower semicontinuous.

Lemma 3.5. Assume that the assumptions of Theorem 3.1 are satisfied. If
©: Q2 xQ — R is continuous, then, for each v > 0, the functions A" and
AI’7 are both lower semicontinuous.

Proof. We can prove that A7 is lower semicontinuous for each v > 0. It is not

difficult to use a similar argument to verify that Aic’"’ has the same property.
Consider the function A5 : Q x @ — R dened by

M (y) = (N(w,x)—f,m—wxw(z,w)—@(w,y)—J°(fv;y—m)—217||:v—yH§(-

Since the operator NV : X x X — X* is demicontinuous being pseudomonotone,
the function
€= <N(a?,l’),l‘>X
is continuous. The latter together with the lower semicontinuity of
(xay) — _']O(x; y)7
and the continuity of
(z,y) — (z,y) and = — ||| x

guarantees that
T — [\f(Y(aj’ Y)
is lower semicontinuous for all y € Q2.
Next, we see that

A (z) = sup A (2, y), Vx e Q.
yeN
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Let {x,} C Q be such that
Ty — X as n — oo.
Then, we have

lim inf A% (z,,) = lim inf sup A7 (2., y)

> lim inf A7 (2, 2)

n—oo

> Af’V(w,z), Vz € Q.
Passing to supremum on z € ) for the above inequality, given

lim inf A% (x,) > sup AP (z, 2)
n—00 2€Q

= A ().

Therefore, the function Af7 is lower semicontinuous and the proof is com-
pleted. O

Let v,p > 0 be two parameters. Moreover, let us consider the following
functions:

JAme; JAfwm Q=R

defined by
Ipsow(z) = inf {AM(z) +olz— zH%(} L VreQ, (3.13)
zeN
Tno(@) = inf {Af”(z) + ol — zyg(} , Vo e (3.14)

The 54,0 and ] Afe are the Moreau-Yosida regularized gap functions. Sub-
sequently, we will verify that these functions are two gap functions for (2.1).

Theorem 3.6. Assume that the assumptions of Lemma 3.5 are satisfied. The
two gap functions for (2.1) are Iys~., and ]Af,y,p, for all v, p > 0.

Proof. We can show that the gap function for (2.1) is Jyr.,. An analogous
proof can be made that JAf,W is also a gap function for (2.1).

(a) Recall that A7 is a gap function for (2.1), so for any 7,p > 0 is
fixed,

ATP(2) >0, Vo e Q.

In consequence,

JAf,%P(:L') > 07 Ve
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(b) Suppose that z € Q is a solution of (2.1). Theorem 3.4 show that

Afmp(x*) —0.
Moreover, the inequality
Tnsae(@®) = inf {AF7(2) + plla” - 21k |
z€Q
< AP (@*) + plla” - 2%
=0
with
]Af,%p (x*) >0
imply that
JAf,’y,p («T*) — 0
Conversely, let z* € 2 be such that
Inrae(z®) =0,
and

. Iy * 2 _
inf {A9(2) + pll” = 2I% | = 0.

Therefore, there exists a minimizing sequence {z,} in  such that
1
0 < A (zn) + pllz* — 2|k < -
It is obvious that
A (z,) = 0

and
|lu* — zpl|lx = 0 as n— oo,

implies
Zn — ¥ as n — +oo.
From Lemma 3.5 and the nonnegativity of A7, we have
0< Af"y(m*) < lim inf Af”(zn) =0.
n—-+00

Thus
A (%) =0,

(3.15)

(3.16)

because the gap function A/, Therefore, z* is a solution of (2.1), and the

proof is completed.

O
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4. THE GLOBAL ERROR BOUNDS

In this section, we look at two global error bounds for (2.1), one for the
regularized gap functions A77? and the other for the Moreau-Yosida regular-
ized gap function J,f~,. These global error estimates measure the distance
between any admissible point and the unique solution of (2.1).

Theorem 4.1. Let z* € Q be the unique solution of (2.1) and v > 0 be such
that

1
BN —anN —op, —ag > —. (4.1)
P 27

Assume that the assertions of Theorem 3.1 hold. Then, for each x € Q, we
have

Afﬁ(x)

|z — 2% x < (4.2)

T
»BN—OéN—Oé@—OéJ—g
Proof. Let x* € Q be the unique solution of (2.1), that is,
(N(z*,2%)— fy — 2" x + oz, y) — o(x*, 2%) + J°(x*;5y — 2*) > 0, Vy € Q.
(4.3)
For any z € Q fixed, we put y = x in (4.3), we obtain
(N(z*,2")— fe —a")x + oz, x) — p(z*, 2") + J° ("2 — 2¥) > 0. (4.4)

By virtue of the denition of Af7, one has
1
A (z) > (N(ac,x)—f,x—x*>x+cp(x,x)—g0(x,x*)—JO(m;a:*—a:)—ng—x*H?X.
(4.5)
It follows from the assumptions (A(ii)), (A(iii)), (B(ii)), and (C(ii)), we have

1
(N(z,z) = fyo —2")x + ¢z, ) —p(x,2%) = J*(z; 2" —x) - Wllfc S

> (N(e,2") — fr = *)x + 9(@",2) — (et a*) + (a5 — a)
1
(B - an — aj — ap — ) a — a*|
J 2] 27 X
1 *
> (mv—aN—aj . 27) e — 2*|%, (4.6)

where the last inequality is obtained by using (4.4). Combining (4.5) and
(4.6), we have

1
M) > (Bx —an -0 ag - o Y=o (D)

Hence, the desired inequality (4.2) is valid. O
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Theorem 4.2. Let z* € Q be the unique solution of (2.1) and v > 0 be such
that

BN —an —aj — (4.8)

> —.
< 9
Assume that the assumptions of Theorem 3.1 hold. Then, for each x € Q) and
all p > 0, we have

2:|Af,»y,p (x)

. 1
min /BN_OZN_ago_OZJ_Z,p

o —2%|x < (4.9)

Proof. Let * €  be the unique solution of (2.1). By the definition of the
function

JAf,’y,p (33‘) = lnf

I3

m

2
—

M) + pllz — 2113 }

1 *
(B —ax —ar—ag - o) ls* —lfs +plle - 215

\%
E.
=

1
v —an = s —ag - 5ol int (" = <l + o = 21%)

1 1
> 2min{6zv —an —ay—a, - 277p} lz = 2*[|%, Vo € Q,
we have
2]
o~ a*llx < vl - veeq
min{ﬁN —aN —Qp —ay — 277/)}
which completes the proof. O

5. APPLICATIONS

The object of this section is to investigate a boundary value problem with
the generalized gradient and obstacle effect, which illustrates the applicability
of the abstract results.

Let & be a bounded domain with a Lipschitz continuous boundary T" in
R (d = 2,3). The boundary is divided into two mutually disjoint measurable
parts, I'; and T'g, with the result that meas (T'y) > 0.

Consider the following nonlinear mixed boundary value problem with con-
straints. For finding a function z : 8 — R such that

—div a(u, Vz) + 0g(u,x) 3 f(u),in R, (5.1)
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where dg and O.F denote the generalized gradient and the convex subdiffer-
ential of the functions g : R x R = R and F : I's x R — R, respectively with
respect to their second variables, while the conormal derivative

ox
oy,

represents the heat flux through the part I'o, and v stands for the outward unit
normal on I'. The function x represents the electric potential, the function
a = a(u, V) is the dielectric coefficient, and f = f(u) is a given source term.
The material which occupies R is non-isotropic and heterogeneous, and thus
a effectively depends on u.

= (a(u, V), V)pd

2(u) < Y(u), in R, (5.2)
represents an additional unilateral constraint for the solution,
x=0, on I (5.3)
0
T k()0 F (u, ), on I's. (5.4)
v,
We remark that in general there is no function F' such that
OF = k0,F.

This means that if g = 0, then the weak form of (5.1), stated in (5.2) below,
reduces to quasi-variational inequality.

We need the following standard functional space. Let X be defined by
X:{yEHl(gﬁ)‘ y=0onTy}.

Since meas (I';) > 0, the space X is endowed with the inner product and
corresponding norm given by

(z,5) = /zn (Va(w), Vy(u))pa du
and

1
2
Illx = ( / HVy(u)Héddu> VayeX.

Let 70 : X — L?(T) be the trace operator and Q be the admissible set
defined by
Q= {ye X|y(u) <Y(u) for ae. u € R}.

For the unique solvability of (4.1), we suggest the following hypotheses:

(A) a: R x R? — R? is such that
(i) a(-,w) is measurable on R for all w € R? with

a(u,0) =0 for a.e.u € R. (5.5)
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(ii) a(u,-) is continuous on R? for a.e. u € R.
(iii) for all w € R?, a.e. u € R with a, > 0, we have

la(u, w)[re < @a(1 + [lwl|ga)-

(iv) for all wi,ws € R? and a.e. u € R with a, > 0, we have

(a(u,w1) — a(u,wq)) - (w1 —wa) > —ag|lwy — wgﬂéd.

(v) for all wi,ws € R and a.e. u € R with B, > 0, we have

(a(u,w1) — a(u,ws)) - (w1 —wa) < —Pq||lw — w2||]%d.

(B) g: R xR — R is such that

(5.8)

(i) g(-,r) is measurable on R for all 7 € R and there exists € € L*(R)

such that
g(-&(-)) € L'(R).
(ii) g(u,-) is locally Lipschitz on R for a.e. u € R.
(iii) there exist Ko, A1 > 0 such that
10g(u,7)| < Xo+ Xi|r|, Vr € R and ae. u € R.
(iv) there exists oy > 0 such that
9° (w1579 = 1) + g° (u,ra5 71 — 72) < gy — 2,
for all 71,79 € R and a.e. u € R.

(C) F:T9 xR — Ris such that
(i) F(-,r) is measurable on I'; for all r € R.
(ii) F(u,-) is convex on R for a.e. u € R.
(iii) there exists L > 0 such that

’F(u,rl) — F(ujrg)‘ < Lp|ri —ral,

for all 71,70 € R and a.e. u € I's.
(D) k:T'y x R — R is such that
(i) &(-,r) is measurable on I'y for all r € R.
(ii) there exists L, > 0 such that
’H(u, r1) — /@(u,rg)} < Lglry — 1o,
for all 71,70 € R and a.e. u € T's.
(iii) k(u,0) =0 for a.e. u € R.
(E) ¢ € X and
feL*R).

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)
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Now, using the standard method based on the Green theorem, see [18], we
have the following variational formulation of (5.1) for finding = € Q such that

/ (a(u,Vz),V(y — x))pa du + / (k(2)F(u,y) — k(z)F(u,x))dl’
R

I

+/mg°(u,x;y$)du2 /mf(yx)du, Yy € Q. (5.15)

Theorem 5.1. Assume that the assumptions (A)-(E) are satisfied. If the
iequality holds

Ba — g — ag — LrLg|yol*> > 0, (5.16)
then (5.15) has a unique solution z* € €.

Proof. Consider the operator NV : X x X — X* and the functions ¢ : QxQ2 — R
and J : X — R defined by

(N(z,2), y)x = /% (a(u, V), Viy)gad,

o(r,y) = /F K(z)F(y)dr,

3w = [ gtu)du. e,y € X,
R
It is simple to demonstrate that all conditions of Theorem 3.1 are met with
aN = Qq, ﬂN = BGJ Qg = O[g, AO = 107 A1 — 11 and a(p = LFLK‘|70‘|2

From Theorem 3.1, we have
J(z;y) < / 9°(z;y)du, Yo,y € X.
R

Therefore, we can conclude that (5.15) admits a solution. Moreover, the con-
dition (5.16) guarantees that (5.15) is uniquely solvable.

Next, for any parameter v > 0, we introduce the function A7 QSR
defined by

1~\f’7(az) = 21618 { /éRa(u, Vz)-V(z— y)du—i—/F (k(x)F(u,z)—k(z)F(u,y))dl’

- [ se—nau= [ gz == le-ul} 617
[l

The following error estimates are obtained directly from the Theorems 3.4-
3.6, 4.1-4.2 and Theorem 5.1.



32 A. A. H. Ahmadini, Salahuddin and J. K. Kim

Theorem 5.2. Let z* € Q be the unique solution of (5.15). Under the hy-
potheses of Theorem 5.1, we have
(i) for each v > 0 and f € L*(R), A" : Q — R is a regularized gap
function for (5.15).
(ii) If v > 0 is such that
1
Ba — g — ag — LrLg||v0|* > o (5.18)
i
Then for each x € 2, it holds

A (z)

|z — 2% x < (5.19)

T
Ba — Qg — Qg — LFL/{H’YOW - g

Theorem 5.3. Let z* € Q be the unique solution of (5.15). Under the hy-
potheses of Theorem 5.1, we have

(i) for any ~y,p > 0, the function .:l]\fmp : Q) — R defined by

~ J— ~f7’Y _ 2
Tnsen(@) = inf {A9(2) + plle — 2% } (5.20)

is the Moreau-Yosida regularized gap function for (5.15).
(ii) for any p > 0, if v > 0 is such that

1
Ba — g — ag — LrLg|yol* > 2 (5.21)
Then for each x € § the following bounds holds
ij\ﬁ s
lz — 27|l < ) - (5.22)
win{ 6, — 0w — ay = LeLulloll = 5.
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