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Abstract. In this paper, we study the existence and multiplicity of nontrivial solutions
for a p-Kirchhoff equation involving critical Sobolev-Hardy exponent by using variational

methods and we need to estimate the energy levels.

1. INTRODUCTION

This paper deals with the existence and multiplicity of nontrivial solutions
to the following Kirchhoff problem

(Py) — (aflull’ +b) Apu = [2]*w”" O f Af(2)ut" in RN
A uEO,UEWLp(RN),
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where a and b are two positive constants, 1 < p < N, 1 < ¢ < p, A is a positive
parameter, f # 0, A, is the p-Laplacian operator, that is,

Apu = div (|VulP"2Vu),

0<s<p,p*(s)=p(N—s)/(N —p) is the critical Sobolev-Hardy exponent
and ||.|| is the usual norm in Wh? (RY) given by

ull? = / Vupde.
]RN

Kirchhoff type problems are often referred to as being nonlocal because of the
presence of the term [px |Vu[Pdz which implies that the equation in (Py) is no
longer a pointwise identity. It is analogous to the stationary case of equations
that arise in the study of string or membrane vibrations, namely,

U — (a/ \Vu|?dx + b) Au =g (z,u),
Q

where Q € RY, u denotes the displacement, g(z, ) is the external force and b
is the initial tension while a is related to the intrinsic properties of the string
(such as Young’s modulus). Equations of this type were first proposed by
Kirchhoff in 1883 to describe the transversal oscillations of a stretched string.

In recent years, Kirchhoff type problems in bounded or unbounded domain
have been studied in many papers by using variational methods. Some inter-
esting studies can be found in [2, 4, 7, 8, 9, 11, 12, 14]. This problems in the
whole space RY considered in general without the critical exponent, when the
difficulty is due to the lack of compactness embedding from W1'?(R¥) into
the space L" (]RN ) for 1 < r < p*(0). In this subcritical case, many authors
considering the following equation

(Pv) — (a|ul| +b) Apu + V(z)u = h(z,u) inRY,

where 1 < p < N, V € C(RN,R) and h € C(RN x R, R) is subcritical.
In such problems, some conditions are imposed on the weight function V (z)
which are key points for recovering the compactness of Sobolev embedding.
See for example [8] and [14].

On the other hand, the problem (P,) without the nonlocal term a ||u|| is
treated by Alves [1], he proves the existence of two nonnegative solutions for
(Py) where a = s =0, b= 1 and f is a nonnegative function.

A natural and interesting question is whether results concerning the solu-
tions of problem (Py) with a = s = 0 remain valid for a # 0 and s # 0. Our
answer is affirmative, but the adaptation to the procedure to our problem is
not trivial at all, since the appearance of nonlocal term. In this context, we
need more delicate estimates. We are concerned in finding conditions on IV,
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s, f and X for which problem (P)) possesses multiple nontrivial solutions by
mean of variational methods and concentration compactness. To the best of
our knowledge, there is no result on the multiple nontrivial solutions to the
critical problem (Py) in RY.

Before stating our results, recall that, the best Sobolev-Hardy constant
[l [

wewtr(®N)\(o} [}

e O
ol = [ bt " )

is attained in RY by a function U(x), see [13]. We introduce the following
condition on f.

Ss =

with

(Hy) f>0and fe L (RY) with go =pN/[(p—q) N + qp].

2. MAIN RESULTS

In this paper, we use the following notation: B, is the ball centered at
0 and of radius 7, — (resp. —) denotes strong (resp. weak) convergence,
u® = max (+u, 0) and o, (1) denotes o, (1) — 0 as n — oo.

The starting point of the variational approach to our problem is the follow-
ing Sobolev-Hardy inequality, which is essentially due to Caffarelli, Kohn and
Nirenberg [6]. Assume that 1 <p < N and 0 < s < p. Then

e\ 1/p
/ T dx <C (/ |Vul? dx) for all u € C5° (RY), (2.1)
RN RN

for some positive constant C'. Since our approach is variational, we define the
functional I by

_ Gy by / —s i) 5 A \q
D) = g a4 2l = s [ el @) P o2 [ ) ()

for all u € Whr (RN).

Using (Hy), it is clear that Iy is well defined in W' (R") and belongs to
ct (Wir (RN, R).
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Definition 2.1. Let u € W' (RY) \ {0}. Then u is said to be a weak solution
of problem (P,) if it satisfies v > 0 and

(‘1Hu||p+b)/ |Vu|p_2 VuVou d:n—/
RN

—s ([ \P*(s)—1
o lz| 7% (u') v dx
- f(zx) (u+)q_1 vdr=0
RN
for all v € WP (RN) .

We need the following lemmas.

Lemma 2.2. Assume that a,b > 0, 1 <p < N <2p, 1 <g<p, 0<s<
2p — N and f satisfies (Hy). Then there exist positive numbers Ay, r1 and &
such that for all A € (0, A1) we have

(i) I\(u)>61 >0, forallue Wb (RN) with ||jul| =r,

(i) Iy(u) > —2—4 [(2‘1> 151l go

p/(p—q
p/(p—9q)
» 2 ng/p] A for all u € B,.,.
ities, we have

Proof. Let u € W' (RV)\ {0}. Then by Sobolev-Hardy and Hélder inequal-

—p*(s)/p
a 2 b Ssp *(s) A —q/p
Ly(uw) > — ||| + = ||ul|P - ulP ¥ - =8 ull?.
) 2 5l 4+ 2l = 2 [l = 2557 1,
Let n > 0, r = ||u|| and
a b S*p*(s)/p . b
h(r) = —p2 4 2pp _ 25 pp"(s) _ 2ga/p .
(1) = 5ot 4+ a7 = 2 =537 11
Then
A v “r A
—q/p . np\» ny r —q/p
2S5 Wl = [(Q) ] [(q) >5; !fl,m]
- /(p—a)
_ ga/p p
< W®p P4 [<q>p 0 ”qu()] AP/ (p—a)
q p pn q
Therefore,
_p*(s) ' 2
b * D—q qg\7Sy” r_
hir)> [ = — PP — p*(s) _ () 0 Ap—a,
)= (p n) p*(s) p 2 q o
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Choosing n = b/2p, we get
P (s) ﬁ

¢ -4
b s Tk — 2g\» S, " p
bir) 2 gor? = @ LR (RS Dy ik,

Easy computations show that

1/(p*(s)—p)

b p*(s)
maxh(r) = b 158"
1 (b \" 20\ % 8,7 a
vop—q|(2q\" 5 2
= JR— —Dg J e — _ A —
v (zs) -5t | () 2| a
Taking
* (g 1/(1)*(3)710) N
r = 955’5) 5= L (2s)”
2 ’ 2N \ 2
and
1 (b \» b NF\ T
p p p
ANM=——1(—5 — | =5, .
Yl (2(1 0) <2N(P—Q) (2 > )
Then the conclusion holds. O

Lemma 2.3. Assume that a,b >0, 1 <p < N <2p, 1 <qg<p, 0<s<
2p — N and f satisfies (Hy). If {un} is a (PS), sequence of Iy, then u, — u
in WP (RY) for some u with I} (u) = 0.
Proof. We have

c+on (1) =I(uy) and op (1) = (I} (un) , un) , (2.2)
this implies that

c+o,(l) = I)\(un)—p*l(s)ﬂg (un),un>

1 1 r —q/
(5= ) el A (=2 ) Sl

Then {u,} is bounded in WP (RN ) Up to a subsequence if necessary, we
obtain

Up, — win WP (RN) , Up — uin LP°) (RN, \x]_s) ,
u, — u a.e. and Vu, — Vu a.e. in RN,
then (I} (u,),v) =0 for all v € C§° (RY), which means that I} (u) =0. O
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Lemma 2.4. Assume that 0 <a < S;2,6>0,1<p<N <2p, s=2p— N,
1 < g <p and f satisfies (Hy). Let {u,} C WH? (RY) be a (PS), sequence
for Iy for some c € R such that u, — u in WP (RN). Then

b2

either u,, - u or c> I(u) + ———.
" z ) 2p(Ss_2—a)

Proof. As s = 2p — N, then p* (s) = 2p. By the proof of Lemma 2.3 we have
{un} is a bounded sequence in W'? (RY) . Then by (Hy) we get

() (uf)? dz — f(@) (uh)? da. (2.3)
RN RN

Furthermore, if we write v, = u, — u; we derive v, — 0 in WP (]RN ) , and
by using Brézis-Lieb Lemma [5] we have

lunl® = llonll” + lull” + on(1) (2.4)

+\P*(s) +\P*(s) +\p*(s)
/ [ / (U")d:ch/ %daﬂron(l)- (2.5)
RN RN RN

|z |z |z

and

Putting together (2.2) and (2.3), we get

a 9 b a
ct+on(l) = IA(UH% [[vn | p+5anHp+5 [[vn[? flul?
1 / —s (, +\P"(s)
T T v dzx
) Ju 7 00

and
(1) = a7+ bl + 2alfon P al? = [ el (65" o (26)
Then, as s = 2p — N we have p* (s) = 2p and
c+on(1) > In(u) + 21; lon]l? . (2.7)

Assume that ||v,|| — [ > 0, then by (2.4) and the Sobolev-Hardy inequality
we obtain

P> S, (bIF +al?)?
this implies that

(S;2—a)lP —b>0,
that is,
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From the above inequality we conclude:

b2
c>h(u)+ ————.
2 hiw) 2p(Ss_2—a)
The last inequality completes the proof of Lemma 2.4. O

Remark 2.5. By Lemma 2.4, we ensure the local compactness of the (PS),
sequence for 1.

Theorem 2.6. Assume that a,b > 0,1 <p< N <2p, 1 <qg<p 0<s<
2p— N and f satisfies (Hy) . Then there exists Ay > 0 such that problem (Py)

has at least one nontrivial solution for any X € (0, Ay).

Proof. By Lemma 2.2, we define

Cc1 — in_f I)\ (u) .
’U,EBrl

AsU > 0and f >0 f #0, we have [pn f(2)U%z > 0. Then there exists
to > 0 small enough such that ||teU|| < r1 and

a b
Litow) = ot U1+ e U1
() . ¢
—-0 / 2| S UP ) dg — AL (2)U%dx:
p*(s) Jry q JRN

< 0,

which implies that ¢; < 0. Using the Ekeland’s variational principle [10], for
the complete metric space B,, with respect to the norm of WP (]RN ) , We
obtain by Lemma 2.3, the result that there exists a (PS),, sequence {u,} C

B, such that u, — u; in WhP (RN) for some uy with ||u1]| < r;. After a
direct calculation, we derive Hul_H = <If\ (u1) ,ul_> = 0, which implies u; > 0.
As I,(0) = 0 > ¢y, then u; # 0. Assume u, — u; in WP (RN). Then
HufH < liminf ||uy|| , which implies that

n—+o0o

ce < Iy(up)

= L(w) - ——
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_A(jl pl() f (@) ()7 da
< st o (-t 43 )

- (2 - p*l(s)) ! (z) (Ul)qdw]
~ :I* (1) = s {74 () ,un>]

"6

which is a contradiction. We conclude that u, — up strongly in WHP(RV).
Therefore, I§ (u1) = 0 and I (u1) = ¢ < 0 = I, (0). Hence u; is a positive
solution of (Py) with negative energy. O

Theorem 2.7. In addition to the assumptions of Theorem 2.6, we assume
that a < S72, N < 2p and s = 2p — N. Then there exists A, > 0 such that
problem (Py) has at least two nontrivial solutions for any X € (0, Ay).

Proof. Note that I(0) = 0 and I(t3U) < 0 for t3 large enough, also from
Lemma 2.2, we know that

Iy (u)\aBrl >0, >0 forall Xe(0,A).

Then, by the Mountain Pass theorem [3], there exists a (PS),, sequence,
where

c2 = inf tren[gf]f A (v (1))

with
T = {yec(o, 1], WHR")), (0) = 0 and v(1) = t3U} .
Using Lemma 2.3, we have {u,} has a subsequence, still denoted by {u,} such

that u, — ug in W'P(RY), for some ug. As ||uy || = (I} (u2),uy ) = 0, we
conclude that ug > 0. We consider the functions

Pyi(t) = HUH2p+b 1Ul® - tp*(S)/ | U D da
p*(s) Jrn
and
4
Dy (t) = P1(t) — A\ — f(x)Uddz.

q JrN
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So, for all A € (0, A2) we have
4 p/(p—q) 9
®5(0) =0 < _r~4q (2(1) g % AP/ (p=a) 672
p b ) qsiP 2p (Ss° —a)

Hence, by the continuity of ®5(t), there exists t; > 0 small enough such that

q p/(p—a) 9
Oy(t) < L1 <2q> : ”f|;10 AP/ (0—a) 4 €72
p b ) qsyP 2p (Ss° —a)
for all ¢t € (0,t1).
Moreover, U satisfies
P*(s) N
o = [ e =S¢ 2.9
RN

Then, the function ®;(t) attains its maximum at

1
. _ b P
()

b2
2p (552—a)'

Therefore
Py (tmax) =
Thus we deduce that
b2
On the other hand, using Lemma 2.2, we see that

p—q 2q v ”f”qo e /(p—q)
C1 Z —T 3 W )\p p—a for all A S (O,Al),
)

(I)l(t) for t > 0.

furthermore, if

q —-p/a (r—q)/
9 p—a)/a
A< <q> ! % [ (l‘)quSL':| ,
b ) qsy” q(p—aq) Jan
we get
c1 > —)\t—l f(z)U? dx.
q JrRN
Taking
a -t p—q
Ay =min ¢ Ay, A, <2q>p 171, { P (z)U? dx] "y
b) qs¥|  lalp—aq) Jry
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then we deduce that

b2
supl((tU) < ¢1 + ————
>0 () 2p(SS2—a)
Then from Lemma 2.4 we deduce that u,, — ug in WP(RY). Thus we obtain
a critical point ug of I satisfying I (u2) > 0, and we conclude that usy is a
nontrivial solution of (Py) with positive energy. O

for all A € (0,A,).

Corollary 2.8. Let s =0, N =2p anda < SO_Q. Then there exists A, > 0 such
that problem (Py) has at least two nontrivial solutions for any A € (0, K*) .

Proof. Using the Sobolev inequality, we give the proof similarly to that of
Theorem 2.7. 0

Remark 2.9. In Theorem 2.7, if s = 0 we have N = 2p, then our results

imply that suitable real s can realize the restriction on the spatial dimension
N.
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