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Abstract. In this paper, we prove the existence of common fixed point for a pair of a«—n—1-
Geraghty contraction type maps in complete metric spaces using new type of a-admissible.

These results extend and generalize some of the previously known results.

1. INTRODUCTION AND PRELIMINARIES

Fixed point theory is one of the out standing subfields of nonlinear func-
tional analysis. It has been used in research area of mathematics and nonlin-
ear sciences. In 1992, Banach [3] proved a fixed point theorem for contraction

OReceived May 6, 2023. Revised June 5, 2023. Accepted June 13, 2023.

92020 Mathematics Subject Classification: 47H09, 47H10, 54H25.

9Keywords: Complete metric space, (o, n,%)-Geraghty contraction, fixed point.
9Corresponding author: G.V.V. Jagannadha Rao(dr.gvvj.rao@kalingauniversity.ac.in) .



58 P. S. Kumar, G. V. V. J. Rao, R. S. Kumar and P. E. Satyanarayana

mappings is one of the pivotal results in analysis. This theorem that has been
extended and generalized by several authors.

In 1973, Geraghty [6] studied a generalization of Banach contraction map-
ping principle in a complete metric space. In 2012, Samet Vetro and Vetro
[16] introduced a new concept namely (a,t))-contractive type mappings and
established various fixed point theorems for such class of mappings defined
on complete metric spaces. Afterwards, Abdeljawad [1] introduced a pair of
a-admissible mappings and obtained fixed point and common fixed point the-
orems. For more works on a-admissible, we refer [12, 15].

In 2013, Cho, Bae and Karapinar [5] defined the concept of a-Geraghty con-
traction type maps in a metric space and proved the existence and uniqueness
of a fixed point for the mappings satisfying this conditions. Recently, kara-
pinar [11] defined the concept of («,1)-Geraghty contraction type mappings.
For more details we refer [2, 4, 10, 13]. Hussain and Adheel [8] and Hussain
et al. [7] introduced the new contractive-type mapping called §-contraction
and generalized the Banach contraction principle. Balajee et al. [14] estab-
lished a new class category of nonexpansive mappings in a metric space which
is wider than the class category of mappings satisfying contractive condition.
Jagannadha Rao et al. [9] discussed the existence of best proximity points of
certain mappings via simulation functions in the frame of complete metric-like
spaces.

In this paper, we prove the existence of common fixed point theorem for
a pair of (a,n,)-Geraghty contraction type maps in complete metric spaces
using new type of a-admissible.

In this section, we give the definitions which we use in the later development.
Definition 1.1. ([13]) Let X be a nonempty set. A function o : X x X —

R™ is said to be triangular function if a(x,2) > 1 and a(z,y) > 1 implies
a(z,y) > 1 for z,y,z € X.

Definition 1.2. ([13]) Let X be a nonempty set. Let f : X — X and
a: X x X — RT. We say that f is a-admissible if 7,y € X, a(z,y) > 1
implies a(fz, fy) > 1.

Definition 1.3. ([16]) Let X be a nonempty set. Let f,¢g : X — X and
a: X x X = R". We say that f and g are triangular a-admissible if

(i) « is triangular,

(ii) a(x,y) > 1 implies a(fz,gy) > 1 and a(gy, fz) > 1.

Definition 1.4. ([16]) Let X be a nonempty set. Let a,n: X x X — R¥
be two functions. We say that « is n triangular if a(z,y) > n(z,y) and
a(y, z) > n(y, z) implies a(z, z) > n(x, z) for z,y,z € X.
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Definition 1.5. ([16]) Let X be a nonempty set. Let f : X — X and
a,m: X x X — RT be two functions. We say that f is a-admissible with

respect to 1 if 2,y € X, a(z,y) > n(z,y) implies a(fz, fy) > n(fz, fy).

Definition 1.6. ([16]) Let X be a nonempty set. Let f,g: X — X and a,n:
X x X — R be two functions. We say that f and g are a-admissible mapping
with respect to n if z,y € X, a(z,y) > n(z,y) implies a(fz, gy) > n(fz,gy)
and a(gy, fx) = n(gy, fz).

Lemma 1.7. Let f,g : X — X be triangular «-admissible maps. Assume
that there exists xg € X such that a(xg, fxo) > 1 and a(fzxg,z9) > 1. Define
sequence {xn} by xont1 = fron and Topto2 = gront1 forn =0,1,2,--- . Then
Ty, Ty) > 1 for all m,n € NU{0}.

Proof. Let g € X such that a(zg, fzg) > 1 and «o(fxg,x9) > 1, that is,
a(zg,z1) > 1 and a(zy,z9) > 1. By the definition, we have a(fxg,gzx1) > 1
and a(gzxy, fro) > 1, that is, a(x1,22) > 1 and a(xg, 1) > 1. Now a(zg,z1) >
1 implies a(fx2,gx1) > 1 and a(gz1, fze) > 1, that is, a(zs,z2) > 1 and
a(ze,z3) > 1.

By induction it can be proved that a(x,,x,41) > 1 and a(xpq1,2,) > 1
for all n.

Now a(zp, zp+1) > 1 and a(xp41, Tpi2) > 1 implies a(zy, Tpt2) > 1. By
induction it can be shown that a(x,, ;) > 1 for n < m and similarly, we can
shown that a(xy,,x,) > 1 for m > n. This completes the proof. O

Lemma 1.8. If{P,} is a sequence in R" such that ) (Ppy1) < B(W(Pp))Y(Py).
Then ¢¥(P,) — 0 as n — oo.

Proof. Assume that {¢(P,)} converges to s and {P,} converges to r (say).

Case (i): S(¢¥(P,)) < A <1 (bounded by a quantity less than 1).
Now ¢(Pp41) < A(P,) for large n > N implies that

Y(Ppi2) < Mp(Pot1) < N29(Py).

By induction, we get (Pnyx) < M(P,). Now allowing k& — oo, we have
Y(Pp4x) — 0. Therefore, s = 0 and ¥(r) < s = 0, implies that ¢(r) = 0, so
that r = 0.

Case (ii): Suppose imB3(x)(P,)) = 1. Then there exists n;, such that
lim B(¢(Pn,)) = 1,

which implies that ¢(P,,)) — 0. Hence s = 0. But 0 < (r) < s = 0, so that
Y(r) = 0. Hence r = 0. O
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We write I' = {5 : [0,00) — [0,1)| B(¢t,) — 1 implies ¢, — 0} and ¥ =
{1 : [0, 00) =0, 00)|¢ is continuous, monotonically increasing and v (0) = 0}.

Theorem 1.9. ([6]) Let (X,d) be a complete metric space and f : X — X be
an operator. If f satisfies the following inequality:

d(fx, fy) < Bd(z, y))d(z,y)
for any x,y € X, where 8 € I', then f has a unique fized point.

Definition 1.10. ([10]) Let (X, d) be a metric space and a : X x X — RT be a
function. Two mappings f,g: X — X are called generalized (o, 1)-Geraghty
contraction type mappings if there exist 8 € I" and 1 € ¥ such that for all
z,y € X,

a(z, y)v(d(fz,gy)) < B(M(z,y))v(M(z,y)),
z,9Y)
}

<B
where M(IE, y) = max{d(x, y)’ d(:[;’ f$)’ d(y’ gy)7 %

Definition 1.11. ([10]) Let (X,d) be a metric space and o, : X x X — R*
be two functions. Two mappings f,g: X — X are called generalized (a,n,1)-
Geraghty contraction type mappings if there exist § € I" and ¢ € ¥ such that
for all x,y € X,

a(z,y) > n(z,y) = Y(d(fz,g9y)) < BEH(M(z,y))Y(M(x,y)),

where

d(y, fz) +d(z, gy) }

M(z,y) = max {d(z,y), d(z, fz). d(y. gv), ;

2. MAIN RESULTS

In this section, we prove the existence of common fixed point involving
(a, B,1) and 7 functions in complete metric spaces.

Theorem 2.1. Let (X,d) be a complete metric space and o : X x X — R
be a function. Let f,g: X — X be two mappings. Suppose that the following
conditions are satisfied:
(i) f and g is a generalized oo — 1-Geraghty type mappings,
(ii) f and g is triangular a-admissible,
(iii) there exists xg € X such that a(xo, fzo) > 1 and a(fxo, xo) > 1,
(iv) either f or g is continuous.

Then f and g have common fixed point.
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Proof. Let 1 € X such that z1 = fxg and x5 = gx1. By induction, we define
a sequence {x,} by Zopnt1 = fro, and xopt9 = gropyr for n = 0,1,2,--- .
By assumption a(xg,z1) > 1 and f and g are triangular a-admissible and by
Lemma 1.7, we have a(xy,, Tpt1) > 1 and a(xy41,2,) > 1 for all n € NU {0}.
Suppose x2, = xop+1 for some n, that is, xo, = fxo,. Therefore, za, is a
fixed point of f.
Now, we show that z2, = x (say) is a fixed point of g. Consider

w(d($2n+17 xZn—l—Z)) = ¢(d(f1172n7 gfon)) = %b(d(f% gfx)),
then

Y(d(fz,gfz)) < o, fe)(d(fz, gfz)) < B (M(d(z, fz))))»(M(d(z, fr))),
where

M(z, fr) = max{d(z, fo). d(z. f2),d(fz,gfa), 2TV A00T2),

d
= max(0,0,d(z gz). 797} — d(a g,

Therefore, ¥(d(z, gz)) < B(t(d(x, g2)))(d(z, gz)) < ¥(d(x, gx)), which is &
contradiction. Therefore, x = gx. Hence, x is a common fixed point of f and

9

Assume that x,, # x,41 for all n. Now

Y(d(22n+1, Tont2)) = Y(d(fr2n, gr2n+41))
< a(zon, Tont1)V(d(fron, 9Tont1))
< BY(M (220, 2n41))) (M (220, T2ny1)), (2.1)

where

M (zon, Ton+1) =max{d(Ton, Ton+t1), d(T2n, fTon), d(T2n+1, 9T2041),

d(zon, 9Tont1) + d(z2n1, f3?2n)}
2
=max{d(z2n, Tan+1), d(Ton, Ton+1), A(T2n+1, T2n+2),

d(xon, Tant2) + d(Ton+1, Tont1) )

2
=max{d(z2n, Ton+1), d(Ton+1, Ton42) }-

Therefore, from (2.1), we have

¢(d(l‘2n+1, x2n+2)) < ﬁ(w(M(fL?n’ $2n+1)))¢(M($2n7 x2n+1))
< B((d(@2n, 22n+1))) Y (d(22n, T2n41))
< Y(d(z2n, T2n+1)) (2.2)
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and
Y(d(r2n12, T2n13)) < (d(gTany1, frani2))
= Y(d(frant2, 9Ton+1))
< a(zant2, Tont1)Y(d(froant2, 9Ton+1))
< BW(M (z2n42, T2nt1))) 0 (M (22042, Tant1)),  (2.3)

where

M (zon+2, ¥ont1) = max{d(xon+2, Toant1), d(T2n+2, fTon+2), d(Ton+t1, 9Ton+1),

d(Ton+2, 9Ton+1) + d(Ton+1, frony2) )
2
=max{d(z2n+2, Tan+1), AZT2n+2, Ton+3), d(T2nt1, T2nt2),

d(2ony2, Tant2) + d(T2n11, T2n43) )
2
=max{d(z2n+2, Ton+1), d(T2n+2, Tant3)}

and

< B
< B
< (d(
(

d(Tnt1, Tnt2)) < Y(d(xp, Tp41)) for all n €

d(T2n+2, Ton+1))) ¥ (d(T2n+2, T2n+1))
d(z2n, T2n41))) Y (d(22n, T2nt1))
Ton+2; T2nt1))- (2.4)

Y(d(Tan+2, Tan+3))

(
(

From (2.2) and (2.4), we have v
N U {0}. Therefore,

d(xn-i—lv xn—i—?) < d(SUn, xn—i—l)

for all n € NU {0}. Hence {¢(d(xp+1,2n+2))} is decreasing sequence, and it
converges to say s(>0). And so, {d(xn+t1,Znt2)} is decreasing sequence, and
it converges to say r(> 0). Now,

P(d(@ni1,Tnt2)) < BOOM (20, Tni1))) (M (20, Tni1))
< B(d(zn, tn11)))P(d( 20, Tnir))-

By Lemma 1.8, we have s = 0 and hence r = 0.

Now, we show that the sequence {x,} is Cauchy. Suppose {z,} is not
Cauchy. Then there exists € > 0 and sequences {z,,, } and {z,,} such that
for all k£ > 0, we have my, > ng >k, d(xm,,, Tn,) > € and d(Tpm,—1,Tn, ) < €.

Suppose ng is even and my, is odd for infinitely many n. Now

¢(d(95nk+17 .%'karQ)) = ¢(d(f$nk7g$mk+1))
< a(xnk ) xkarl)w(d(fxnk ) gxmk+1))
< 5(¢(M($nk7xmk+1)))w(M($nk7xmk+l))
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On letting k£ — oo, we have
¥(e) < MmpB(Y(M (2n, , Tmy41))) Y (€)
< (e).
Therefore, the limit exists and equal to 1. Hence (M (zy,, Zm,+1)) — O,
implies that 1 (e) = 0. Hence we have e = 0 which is a contradiction.

Similarly, we can proceed in the above manner for other cases. Therefore,
sequence {zy} is Cauchy.

Since X is complete, there exists * € X such that x,, — z* implies that
Top+1 — =¥ and xo,49 — ¥, Since f and g are continuous, we get xop+1 =
fxon — fr* and xop+2 = gron+1 — gx*. Hence by uniqueness of limit, we
have fo* = x* and gz* = z*. Therefore, fz* = gx* = x*. Hence f and g have
a common fixed point z* in X. O

Theorem 2.2. Suppose hypothesis of Theorem 2.1 except (iv) holds. Fur-
ther assume that {z,} is a sequence in X such that o(zn,zp+1) > 1 and
a(znt1,2n) > 1 for alln € NU {0} and z, — 2" as n — oo, then there
exists a subsequence {zy, } of {zn} such that oz, ,2*) > 1 and o(z*, z,,) > 1
for all k. Then f and g have common fized point.

Proof. Following the proof of Theorem 2.1, we get the sequence {z,,} is Cauchy
and hence convergent to z* (upto this stage we did not use the continuity of
either f or g). Also we have shown that o(zy,zp+1) > 1 and a(zpy1,2,) > 1
forn=0,1,2,--- .

Now from our assumption there is a subsequence {z,, } of {z,} such that
a(xy,,z*) > 1 and az*, z,,) > 1 for all k. Then, there exists a subsequence
{ng,} of {ni} such that either ny, even for all [ or ny, odd for all I. Without
loss of generality, we may suppose that ny, is even for all [. Hence ny, can be
written as ng, = 2m;. Since a(z2m,,,z*) > 1, suppose gz* # z*. Now

w(d(mez-i-h g[lf*)) - ¢(d(fx2mza9$*))
CM(l'le ) w*)¢(d(f$2ml ) gx*))
B (M (z2m;, %)) (M (22m,, 7)),

<
<

where

—

M(.’Ele ) SU*) = max d(fEle ) SU*), d(CCle, fl‘2ml)7 d(fE*, gﬂf*),

1

5 [d(:@ml,gm*) + d(z¥, fa:le)} }

Therefore, M (2o, , x*) = d(x*, gz*) for large I. Hence, for large ,

ld(xam 1, 927)) < B(Y(d(z", g27)))e(d(z7, gz7)).
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On letting | — oo, we have

Pld(a”, gz7)) < B((d(z", gz7)))p(d(z", gz7))
< (d(z”, gz7)),

which is a contradiction. Therefore, x* = gx*. Similarly, we can show that
x* = fa*. Which shows that z* is the common fixed point of f and g. O

Theorem 2.3. Let (X,d) be a complete metric space and o : X x X — R
be a function. Let f,g: X — X be two mappings. Suppose that the following
conditions are satisfied:

(i) f and g are generalized («,n,v )-Geraghty type mappings,
(ii) f and g are triangular a-admissible with respect to n,
(iii) there exists xog € X such that a(xo, fzo) > n(xo, fxo) and

a(fx07 1‘0) > 77(f1»’0» 330)7
(iv) either f or g is continuous.

Then f and g have common fixed point.
Proof. Let 1 € X such that x1 = fxg and x9 = gz;. Then, by induc-
tion, we define a sequence {x,} by zo,+1 = fro, and zo,42 = grop+1 for
n =0,1,2,--- . By assumption a(zg, fzo) > n(xo, fxo), that is, a(zo,z1) >
n(zp, 1) and f and g are triangular a-admissible with respect to 7, we have
a(fxo,gz1) > n(fxo, gz1) and a(gz1, fro) > n(gr1, fxo), that is, a(z1, z2) >
n(z1,x2) and oz, 1) > n(x2, x1). By induction, we get

oz(xn,an) > 77(35717 l'n—&—l)
and

A(Tpt1,Tn) = N(Tnt1, Tn)
for every n. Assume that z, # z,41 for all n. Now

Y(d(r2n41, Tant2)) = Y(d(fron, gT2n11))
< BU(M (22n, 2n41)) )10 (M (T2n, T2n41)), (2.5)

where

M (zon, xont1) =max{d(Tan, Ton+t1), d(T2n, fon), d(Tant1, 9Z2n41),

d(T2n, 9T2n+1) + d(T2n41, f22n) )
2
= maX{d(SCQn, x2n+1)7 d(wQTla x?n—}—l)a d($2n+1, x2n+2)7

d(xon, Tant2) + d(Z2n+1, Tant1) }

2
=max{d(x2n, Tan+1), A(T2n41, T2n42) }-
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Therefore, from (2.5), we have

T/J(d($2n+1, $2n+2)) < 5(¢(d($2n7 x2n+l)))¢(d(x2n’ x2n+1))
< Y(d(w2n, T2n+1)) (2.6)

and
Y(d(2n+2, Tant3)) = Y(d(9T2n41, fTons2))

Y(d(froant2, 9Ton+1))
B (M (z2n+2, Ton+1))) (M (2042, T2nt1)),  (2.7)

IN

where

M (zon+2, ¥ont1) =max{d(xon+2, Tant1), d(T2n+2, fron+2), d(Tont1, 9Ton+1),

d(Ton+1, fronye) + d(T2nt2, gT2n+41) )
2
= max{d(T2n+2, Tan+1), A(T2n+2, Tan+3), d(T2n+1, T2nt2),

d(Zon 1, Tant3) + d(Tant2, T2nt2) }
2
=max{d(T2n+2, V2n+1), d(T2n+2, T2n+3) }-

Therefore, from (2.7), we have

Y(d(z2ny2, Tont3)) < BY(d(x2n+1, Tant2)))Y(d(T2n41, Tong2))

< YP(d(w2n11, T2n+2))- (2.8)
From (2.6) and (2.8), we have, for every n,
Y(d(z2nt1, T2nt2)) < Y(d(T2n, Tant1))- (2.9)

Hence, {¢(d(xp+1, Tnt2))} is a decreasing sequence, so converges to say s(> 0).
Hence, {d(zn+1,%n+2)} is a decreasing sequence, so converges to say r(> 0).
Now,

Y(d(Znt1, Tnt2)) < BO(M (T, Trg1)) )0 (M (Tn, Tny1))
< B (d(2n, Tnt1))(d(Tn, Tny1))-

By Lemma 1.8, we have s = 0 and hence r = 0.

Now we show that the sequence {x,} is Cauchy. Suppose {z,} is not
Cauchy. Then, there exists ¢ > 0 and sequences {z,, } and {z,, } such that
for all k£ > 0, we have my > ng > k, d(zp,,2n,) > € and d(zpm,—1,%n,) < €.
Suppose ng is even and my is odd for infinitely many n. Now

¢(d(95nk+1a .%'karQ)) = ¢(d(f$nk79$mk+1))
< ﬂ(w(M(wnlwxmk+1)))w(M($nk7xmk+1))
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On letting k£ — oo, we have

¥(e) < LmB(Y(M (2, Tmy+1))) ¥ (€)
< ().

Therefore, the limit exists and equal to 1. Hence (M (zp,,Zm,+1)) — O,
implies that ¢(¢) = 0. Hence € = 0, which is a contradiction.

Similarly, we can proceed in the above manner for other cases. Therefore
sequence {x,} is Cauchy. Since X is complete, there exists z* € X such
that x, — 2 implies that zo,+1 — z* and x2,49 — x*. Since f and g
are continuous, we get Topt1 = fro, — fo* and xop+2 = gxony1 — gzt
Hence by uniqueness of limit, we have fz* = z* and gx* = x*. Therefore
fr* = gx* = x*. Hence f and g have a common fixed point z* in X. O

Theorem 2.4. Suppose hypothesis of Theorem 2.3 except (iv) holds. Further
assume that {z,} is a sequence in X such that a(zn, zn+1) > 1(2n, 2n+1) and
a(zn+1,2n) = N(2Znt1,2n) for allm € NU{0} and z, — z* as n — oo, then
there exists a subsequence {zp, } of {zn} such that oz, ,z*) > n(zn,, 2*) and
a(z*, zn,) > (2", 2, ) for all k. Then f and g have common fized point.

Proof. Following the proof of Theorem 2.3 we get the sequence {x,} is Cauchy
and hence convergent to x*. Also we have shown that a(zy,, Tp+1) > N(Tn, Tni1)
forn=0,1,2,---.

Now from our assumption there is a subsequence {z,, } of {z,} such that
a(zp,, x*) > n(y,, ") for all k. There exists subsequence {ny, } of {n} such
that either ny, is even for all [ or ng, is odd for all I. Without loss of generality,
we may suppose that ny, is even for all I. Then ny, can be written as ny, = 2m;.
Since a(zam,,z*) > n(xom,, "), suppose gz* # x*.

Now

Y(d(zam+1,92")) = (d(fram,, gz™))
< BY(M (z2m,, 7)) (M (22m,, 7)),
where

M(Z‘le ) JJ*) = max d(.fl?le ) SL'*), d(mela foml)a d(x*; gl’*),

—

(2, 93°) + A", fm, )]}

Hence M(zopm,,z*) = d(z*, gx*) for large [. Therefore, for large [,
Y(d(@om41, 977)) < B(d(z™, ga7)))Y(d(a”, gz¥)).
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On letting | — oo, we have

P(d(z®, ga™)) < p((d(z”, g™)))p(d(z", gz™))
< (d(z”, gz7)),

which is a contradiction. z* = gz*. Similarly, we can show that z* = fx*.
Thus z* = fz* = go*. Which shows that z* is the common fixed point of f
and g. This completes the proof. O
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