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Abstract. In this work, we explore the existence and uniqueness results for a class of bound-

ary value issues for implicit Volterra-Fredholm nonlinear integro-differential equations (IDEs)

with Atangana-Baleanu-Riemann fractional (ABR-fractional) that have non-instantaneous

multi-point fractional boundary conditions. The findings are supported by Krasnoselskii’s

fixed point theorem, Gronwall-Bellman inequality, and the Banach contraction principle.

Finally, a demonstrative example is provided to support our key findings.

1. Introduction

In recent years, research and development have made significant strides
thanks to the fractional calculus (FC) theory, which deals with differential
equations of fractional order. This is mostly due to the FC theory’s ability to
provide models with adequate solutions, particularly for real-world problems.
Additionally, generalized differential equations are considered to be fractional
differential equations. The IDE is an operator that contains both integer-
order integrals and integer-order derivatives as special cases, which is why
FC is becoming more popular and many applications arise from the term in
the present. This field of mathematical physics deals with IDEs in which the
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integrals are of the convolution form and also have predominantly power law
or logarithm type single kernels [1, 3, 5, 8, 12, 13, 14, 18, 20].

By employing the Mittag-Leffler function as its kernel, the nonsingular
Riemann-Liouville and Caputo form of the fractional operator is presented
by Baleanu and Baleanu in [6]. The AB-fractional derivative was used by
Bonyah et al. [7] to create a mathematical model for the illnesses of cancer
and hepatitis coinfection. Ahmad et al. [2] offered the AB-fractional deriva-
tive of the fractional-order vitamin-immune-tumor model and highlighted the
model’s existence, uniqueness, and Hyres-Ulam stability findings. Researchers
employing the dynamical fractional immune-tumor model with AB-fractional
derivative created a chaotic and comparative study of tumour and effector
cells [25]. In [10], the fractional AB-derivative was used to investigate the
numerical solution of the fractional immunogenetic tumour model. Several
applications were cited in reference [4, 28] in a similar manner.

The AB-fractional derivative was used by Logeswari et al. [26] to study
the mathematical model for the global spread of the COVID-19 virus. In
order to predict the impact of the disease spreading throughout India, they
also devised a framework for producing numerical results. A few additional
significant papers that attempted to address the issue of different illnesses
modeled as FDEs employing AB-fractional derivative are [21]. Tidke presented
the following equation in [29]:{

dry
dvr = M(v)y(v) + =(v, y(v)), v ∈ [0, a],

y(0) = y0,

where 0 < r < 1, the unknown y(.) takes values in the Banach space X;= ∈
C(J ×X,X), and M(v) is a linear bounded operator on X and y0 ∈ X.

The authors of [24] worked with the following fractional implicit nonlinear
equations and looked at the uniqueness, existence, and qualities of continuous
dependence as well as the interval of existence and existence of solution{

c∆αy(v) = M (v, y(v)c,∆α(v)) ,

y(0) = y0 ∈ R, v ∈ [0, b],

where c∆α(α ∈ (0, 1)) denotes the Caputo fractional derivative and M ∈
[0, b]× R× R is a given continuous function.

Guo et al. [11] examined the boundary value issues for impulsive fractional
differential equations with the following:

C∆α
v y(v) = M(v, y(v)), v ∈ J ′ \ J : v1, v2, . . . , vm, J = [0,Ω],

∆y (vk) = y
(
v+
k − v

−
k

)
= Ik

(
v−k
)
, k = 0, 1, 2, . . . ,m,

e1y(0) + e2y(Ω) = e3,
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where C∆α
v , 0 < α < 1 denotes the fractional Caputo derivative, M : J×R −→

R is continuous and vk satisfy 0 = v0 < v1 < . . . < vm < vm+1 = Ω, y
(
v+
k

)
=

limε→0+ y (vk + ε) and y
(
v−k
)

= limε→0− y (vk + ε) represent the right and left
limit of y(v) at v = vk. Ik ∈ C(R,R) and e1, e2, e3 are real constants with
e1 + e2 6= 0.

In [30], Yukunthorn et al. investigated the issues of boundary value for the
fractional Hadamard impulsive equations:

C∆pk
vky(v) = M(v, y(v)), v ∈ Jk ⊂ [v0,Ω] , v = vk,

∆y (vk) = ϕk (y (vk)) , k = 1, 2, . . . ,m,

e1y (v0) + e2y(Ω) =
∑m

i=0 γiJ
qi
vi y (vi+1) ,

where C∆pk
vk is the Hadamard fractional derivative of order pk ∈ (0, 1] on in-

tervals Jk = (vk, vk+1] , k = 1, 2, . . . ,m with J0 = [v0, v1] , 0 < v1 < v2 <
v3 < . . . < vk < . . . < vm < vm+1 = Ω which are the impulse points,
J := [χ0,Ω] ,M : J × R −→ R is a continuous and ϕk ∈ C(R,R), Jqivi , qi >
0, i = 1, 2, . . . ,m is the fractional Hadamard integral. The jump conditions
are defined by

Dy (vk) = y
(
v+
k

)
− y (vk) ,

where y
(
v+
k

)
= limε→0+ y (vk + ε) , k = 1, 2, 3, . . . ,m.

We explore AB-fractional derivatives of the following form in multi-derivative
nonlinear impulsive FDEs, which are inspired by the aforementioned works:

∗
0D

α
Ξ(Ξ) = =(Ξ,Λ(Ξ),ΨΛ(Ξ),ΥΛ(Ξ)), Ξ ∈ J,

Λ
(
χ+
k

)
=
(
χ−k
)

+ yk, yk ∈ R,
Λ(0) =

∫ Ω
0

(Ω−σ)α−1

Γ(α) ϑ(σ,Λ(σ))dσ,

(1.1)

where J = [0,Ω], Ω > 0, 0 < α < 1, ∗Dα
Ξ is the ABR-fractional differential

operator and = ∈ C(J × R3 −→ R), ϑ ∈ C(J × R −→ R) are nonlinear

functions, and ΨΛ(Ξ) =
∫ Ξ

0 k(Ξ, s,Λ(s))ds, ΥΛ(Ξ) =
∫ Ω

0 h(Ξ, s,Λ(s))ds and
k, h : ∆× [0,Ω] −→ R,∆ = {(Ξ, s) : 0 ≤ s ≤ Ξ ≤ Ω}.

0 = Ξ0 < Ξ1 < Ξ2 < . . . < Ξm = 1, ∆Λ|Ξ=Ξk
= Λ

(
Ξ+
k

)
− Λ

(
Ξ−k
)
, and

Λ
(
Ξ+
k

)
= limh−→0+ Λ (Ξk + h) and Λ

(
Ξ−k
)

= limh→0− Λ (Ξk + h) indicate the
boundaries of the right and left hands of Ξ(t) at Ξ = Ξk.

2. Preliminaries

Now, a few fractional calculus notations, definitions, and known outcomes
are recalled [6, 15, 16, 17, 19, 22, 23, 27].
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Definition 2.1. ([22]) For p ∈ [1,∞) and Λ form an open subset of R, then
the Sobolev space Υp(Λ) can be defined as follows:

Υp(Λ) =
{
= ∈ L2(Λ) : Dβ= ∈ L2(Λ) for all |β| ≤ Λ

}
.

Definition 2.2. ([6]) We assume Λ ∈ Υ1(0, 1). Next, the left AB fractional
derivative in Riemann-Liouville viewpoint of Λ of order 0 < α < 1 (ABR
derivative) characterized by

Dα
Ξ =

B(α)

(1− α)

d

dσ

∫ Ξ

0
Eα
(
−α

(1− α)
(Ξ− σ)α

)
Λ(σ)dσ,

where B(α) > 0 is a normalization function satisfying B(0) = B(1) = 1 and
E is one parameter Mittag-Leffler function.

Definition 2.3. ([6]) Let Λ ∈ Υ1(0, 1). Then, in Caputo meaning, the left
AB-fractional derivative of x of order 0 < ϑ < 1 characterized by

Dϑ
t =

B(ϑ)

(1− ϑ)

∫ t

0
Eϑ
(
−ϑ

(1− ϑ)
(Ξ− σ)ϑ

)
Λ′(σ)dσ.

Definition 2.4. ([23]) A Mittag-Leffler generalized function [γ]ϑ,∆(δ) for the
complex ϑ,∆ with Re(ϑ) > 0 can be defined as follows:

Eγϑ,∆(δ) =
∞∑
k=0

γk
Γ(ϑk + ∆)

δk

k!
,

where γk is the Pochhammer symbol given by

γ0 = 1, γk = γ(γ + 1 . . . (γ + k − 1)), k ∈ N.

We note that
E1
ϑ,∆(z) = Eϑ,∆(z), E1

ϑ,1(z) = Eϑ(z).

Lemma 2.5. ([6]) Suppose L{=(Ξ); p} = F̄ (p). Then

Dϑ
t {=(Ξ); p} = B(ϑ)/1− ϑpϑF̄ (p)/pϑ + ϑ/1− ϑ.

Lemma 2.6. ([23]) L
{
tkϑ+∆−1E(k)

ϑ,∆

(
±atϑ

)
; p
}

= k!pϑ−∆/
(
pϑ ± a

)k+1
and

E(k)t = dk/dtkt.

Definition 2.7. ([23]) Let ρ, µ,Λ, γ ∈ C(Re(ρ),Re(µ) > 0), b > a. On a class
L(a, b), the fractional integral operator Eγρ,µ,Λ;a+ is defined by(

Eγρ,µ,Λ;a+φ
)

Ξ =

∫ t

a
(Ξ− σ)γ−1Eγρ,µ [Λ(Ξ− σ)ρ]φ(σ)dσ, Ξ ∈ [a, b].
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Lemma 2.8. ([27]) Let ρ, µ,Λ, γ ∈ C(Re(ρ),Re(µ) > 0), b > a. Then the
operator Eγρ,µ,Λ;a+ is bounded on C[a, b] such that∥∥∥(Eγρ,µ,Λ;a+φ

)
(Ξ)
∥∥∥ ≤ Q‖φ‖,

where

Q = (b− a)Re(u)
∞∑
k=0

|(γ)k|
|Γ(ρk + µ)|[(Re(ρ)k + ρ(µ))]

∣∣Λ(b− a)Re(ρ)
∣∣k

k!
.

Lemma 2.9. ([23]) Let ρ, µ,Λ, γ ∈ C(Re(ρ),Re(µ) > 0). Then the Eγρ,µ,Λ;a+

is invertible operator in L(a, b) and for all = ∈ L(a, b), is an inversion to the
left ([

Eγρ,µ,Λ;a+

]−1
=
)

Ξ =
(
Dµ+ν
a+ E−γρ,µ,Λ;a+=

)
Ξ, a < Ξ ≤ b,

where v ∈ C, (Re(v) > 0) and Dµ+ν
a+ denotes the RL-fractional operator of

order µ+ v with a.

Lemma 2.10. ([27]) Let n, u,Λ, γ ∈ C(Re(n), Re(u) > 0). Assume
∫ ω
a (ω −

σ)γ−1Eγn,u [x(ω − σ)n]φ(σ)dσ = =(ω), c < ω ≤ d, is solvable in L(c, d). Then

φ(Ξ) =
(
Du+v
c+ E−γn,u,Λ;c+=

)
Ξ, c < Ξ ≤ d,

where v ∈ C, (Re(v) > 0) and Du+ν
c+ is the fractional Riemann-Liouville oper-

ator of order u+ v with a, which is a unique solution.

Lemma 2.11. ([1]) (Krasnoselskii’s Theorem) Suppose Λ is a Banach space.
Suppose S is a bounded closed convex subset of Λ, and Suppose F1, F2 are
operators of S −→ Λ, when F1Λ+ F2v ∈ S for all Λ, v ∈ S. If F1 is contraction
and F2 is completely continuous, then

F1Λ + F2v = Λ

has a solution on S.

Lemma 2.12. ([23]) (Gronwall-Bellman inequality) Suppose y and = are non-
negative and continuous functions defined on J = [0,Ω] and c > 0. Then

y(Ξ) ≤ c+

∫ Ξ

0
=(σ)y(σ)d(σ), Ξ ∈ J

implies that

y(Ξ) ≤ c exp

(∫ Ξ

0
=(σ)d(σ)

)
, Ξ ∈ J.
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Lemma 2.13. The function Λ ∈ C(J) is a solution of the given system, for
any function h ∈ C(J),{

∗
0D

α
ΞΛ(Ξ) = h(Ξ), Ξ ∈ J,

Λ
(
Ξ+
k

)
= Λ

(
Ξ−k
)

+ yk, yk ∈ R,
(2.1)

with condition of the form

Λ(0) =

∫ Ω

0

(Ω− σ)α−1

Γ(α)
ϑ(σ,Λ(σ))dσ (2.2)

if and only if Λ is a solution of equation

Λ(Ξ) =



∫ Ω
0

(Ω−σ)α−1

Γ(α) ϑ(σ,Λ(σ))dσ

+B(α)
1−α

∫ Ξ1

0 Eα
(
−α

(1−α)(Ξ− σ)α
)

Λ′(σ)dσ

+
∫ Ξ

0 h(σ)dσ, for Ξ ∈ [0,Ξ1) ,

y1 +
∫ Ω

0
(Ω−σ)α−1

Γ(α) ϑ(σ,Λ(σ))dσ

+B(α)
1−α

∫ Ξ2

Ξ1
Eα
(
−α

(1−α)(Ξ− σ)α
)

Λ′(σ)dσ

+
∫ Ξ

0 h(σ)dσ, for Ξ ∈ (Ξ1,Ξ2) ,

y1 + y2 +
∫ Ω

0
(Ω−σ)α−1

Γ(α) ϑ(σ,Λ(σ))dσ

+B(α)
1−α

∫ Ξ3

Ξ2
Eα
(
−α

(1−α)(Ξ− σ)α
)

Λ′(σ)dσ

+
∫ Ξ

0 h(σ)dσ, for Ξ ∈ (Ξ2,Ξ3) ,

...∑m
i=1 yi +

∫ Ω
0

(Ω−σ)α−1

Γ(α) ϑ(σ,Λ(σ))dσ

+B(α)
1−α

∫ Ω
Ξm

Eα
(
−α

(1−α)(Ξ− σ)α
)

Λ′(σ)dσ

+
∫ Ξ

0 h(σ)dσ, for Ξ ∈ (Ξm,Ω] .

Proof. Let Λ satisfies (2.1) and (2.2). If Ξ ∈ [0,Ξ1], then

∗
0D

α
ΞΛ(Ξ) = h(Ξ),

Λ(0) =

∫ Ω

0

(Ω− σ)α−1

Γ(α)
ϑ(σ,Λ(σ))dσ

and
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Λ(Ξ) =

∫ Ω

0

(Ω− σ)α−1

Γ(α)
ϑ(σ,Λ(σ))dσ

+
B(α)

1− α

∫ Ξ1

0
Eα
(
−α

(1− α)
(Ξ− σ)α

)
Λ′(σ)dσ +

∫ Ξ

0
h(σ)dσ.

If Ξ ∈ (Ξ1,Ξ2), then we have
∗
0D

α
ΞΛ(Ξ) = h(Ξ),

Λ
(
Ξ+
k

)
= Λ

(
Ξ−k
)

+ yk, yk ∈ R,
(2.3)

and so

Λ(Ξ) = Λ
(
Ξ+

1

)
−
∫ Ξ1

0
h(σ)dσ +

∫ Ω

0

(Ω− σ)α−1

Γ(α)
ϑ(σ,Λ(σ))dσ

+
B(α)

1− α

∫ Ξ2

Ξ1

Eα
(
−α

(1− α)
(Ξ− σ)α

)
Λ′(σ)dσ +

∫ Ξ

0
h(σ)dσ

= Λ
(
Ξ+

1

)
+ y1 −

∫ Ξ1

0
h(σ)dσ +

∫ Ω

0

(Ω− σ)α−1

Γ(α)
ϑ(σ,Λ(σ))dσ

+
B(α)

1− α

∫ Ξ2

Ξ1

Eα
(
−α

(1− α)
(Ξ− σ)α

)
Λ′(σ)dσ +

∫ Ξ

0
h(σ)dσ

= y1 +

∫ Ω

0

(Ω− σ)α−1

Γ(α)
ϑ(σ,Λ(σ))dσ

+
B(α)

1− α

∫ Ξ2

Ξ1

Eα
(
−α

(1− α)
(Ξ− σ)α

)
Λ′(σ)dσ +

∫ Ξ

0
h(σ)dσ.

If Ξ ∈ (Ξ2,Ξ3), then we find

Λ(Ξ) = Λ
(
Ξ+

2

)
−
∫ Ξ2

0
h(σ)dσ +

∫ Ω

0

(Ω− σ)α−1

Γ(α)
ϑ(σ,Λ(σ))dσ

+
B(α)

1− α

∫ Ξ3

Ξ2

Eα
(
−α

(1− α)
(Ξ− σ)α

)
Λ′(σ)dσ +

∫ Ξ

0
h(σ)dσ

= Λ
(
Ξ+

2

)
+ y2 −

∫ Ξ1

0
h(σ)dσ +

∫ Ω

0

(Ω− σ)α−1

Γ(α)
ϑ(σ,Λ(σ))dσ

+
B(α)

1− α

∫ Ξ3

Ξ2

Eα
(
−α

(1− α)
(Ξ− σ)α

)
Λ′(σ)dσ +

∫ Ξ

0
h(σ)dσ
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= y1 + y2 +

∫ Ω

0

(Ω− σ)α−1

Γ(α)
ϑ(σ,Λ(σ))dσ

+
B(α)

1− α

∫ Ξ3

Ξ2

Eα
(
−α

(1− α)
(Ξ− σ)α

)
Λ′(σ)dσ +

∫ Ξ

0
h(σ)dσ.

Assume the case Ξ ∈ (Ξm,Ω]. Then

Λ(Ξ) =

m∑
i=1

yi +

∫ Ω

0

(Ω− σ)α−1

Γ(α)
ϑ(σ,Λ(σ))dσ

+
B(α)

1− α

∫ Ω

Ξm

Eα
(
−α

(1− α)
(Ξ− σ)α

)
Λ′(σ)dσ +

∫ Ξ

0
h(σ)dσ.

Conversely, let Λ satisfies Eq. (2.3). The equation (2.3) to the system (2.1)
and (2.2) is Eγρ,µ,Λ;a+ as given below:

Λ(Ξ) =
m∑
i=1

yi +

∫ Ω

0

(Ω− σ)α−1

Γ(α)
ϑ(σ,Λ(σ))dσ

+
B(α)

1− α

(
E1
α,1,−α/1−α;0+Λ

)
(Ξ) +

∫ Ξ

0
h(σ)dσ.

�

Theorem 2.14. The function Λ ∈ C(J) is a solution of ABR-FDEs (1.1),
for any f ∈ C(J ×R×R×R,R) if and only if Λ is a solution of equation

Λ(Ξ) =
m∑
i=1

yi +

∫ Ω

0

(Ω− σ)α−1

Γ(α)
ϑ(σ,Λ(σ))dσ

+
B(α)

1− α

∫ Ξ

0
Eα
(
−α

(1− α)
(Ξ− σ)α

)
Λ(σ)dσ

+

∫ t

0
=(σ,Λ(σ),ΨΛ(σ),ΥΛ(σ))dσ, t ∈ J. (2.4)

Proof. Proof is provided by using Lemma 2.13,

h(Ξ) = =(Ξ,Λ(Ξ),ΨΛ(Ξ),ΥΛ(Ξ)), Ξ ∈ J.

�

The theorem in following is proven using the characteristics of the fractional
integral operator Eγρ,µ,Λ;a+.
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Theorem 2.15. Let 0 < α < 1. A function F in C(J) according to

(FΛ)(Ξ) =
B(α)

1− α

(
E1
α,1,−α/1−α;0+Λ

)
(Ξ), Λ ∈ C(J), Ξ ∈ J.

Then we have the following statements:

(1) F is a bounded linear operator in C(J);
(2) F is satisfied the Lipschitz condition;
(3) Let S be a bounded subset in C(J). Then F (S) is equicontinuous;
(4) The operator FΛ = = has a unique solution in C(J) for any = ∈ C(J),

and F is invertible.

Proof. (1) As a result of the integral operator E1
α,1,−α/1−α;0+Λ is a bounded

and linear in C(J), as a result, the equation

‖E1
α,1,−α/1−α;0+Λ‖ ≤ Q‖Λ‖, Ξ ∈ Ω,

where we locate

Q =

∞∑
k=0

(1)k
‖Γ(αk + 1)(αk + 1)‖

| − α/1− α|Ωαk

k!

=
∞∑
k=0

α/1− αΩαk

Γ(αk + 2)

= Eα,2
(

α

1− α
Ωα+1

)
.

Then, we have

FΛ =

∣∣∣∣π B(α)

1− α

∣∣∣∣ ∥∥∥E1
α,1,−α/1−α;0+Λ

∥∥∥
≤ Q

B(α)

1− α
‖Λ‖, ∀Λ ∈ C(J).

Thus, the operator F is bounded on C(J).

(2) For any Λ, σ ∈ C(J). Thus, for any Ξ ∈ J , using the linearity of F and
the boundedness of the operator E1

α,1,−α/1−α;0+, we discover that we have:

|FΛ(Ξ)− Fσ(Ξ)| = |(FΛ− Fσ)(Ξ)|

=
B(α)

1− α

∣∣∣(E1
α,1,−α/1−α;0+Λ− σ

)
(Ξ)
∣∣∣

≤ B(α)

1− α

∥∥∥E1
α,1,−α/1−α;0+Λ− σ

∥∥∥
≤ Q

B(α)

1− α
‖Λ− σ‖. (2.5)
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This gives

‖FΛ− Fσ‖ ≤ QB(α)

1− α
‖Λ− σ‖, Λ, σ ∈ C(J).

With constant of Lipschitz ΩB(α)/1 − αEα,2(α/1 − α Ωα ), the operator F
satisfies the Lipschitz condition.

(3) Let S = {Λ ∈ C(J) : ‖Λ‖ ≤ R} be a bounded closed subset of C(J).
Then, for every Λ ∈ S and Ξ1,Ξ2 ∈ J with Ξ1 < Ξ2, we get∣∣∣FΛ (Ξ1)− Fσ (Ξ2)

∣∣∣
=
∣∣∣B(α)

1− α

(
E1
α,1,(−α/1−α);0+Λ

)
(Ξ1)− B(α)

1− α

(
E1
α,1,(−α/1−α);0+Λ

)
(Ξ2)

∣∣∣
=
B(α)

1− α

∣∣∣ ∫ Ξ

0
Eα
(
−α

(1− α)
(Ξ1 − σ)α

)
Λ(σ)dσ

−
∫ Ξ

0
Eα
(
−α

(1− α)
(Ξ2 − σ)α

)
Λ(σ)dσ

∣∣∣
≤ B(α)

1− α

∣∣∣ ∫ Ξ

0

{
Eα
(
−α

(1− α)
(Ξ1 − σ)α

)

−
∫ Ξ

0
Eα
(
−α

(1− α)
(Ξ2 − σ)α

)
Λ(σ)dσ

}∣∣∣
+
B(α)

1− α

∣∣∣ ∫ Ξ2

Ξ1

Eα
(
−α

(1− α)
(Ξ2 − σ)α

)
Λ(σ)dσ

∣∣∣
≤ B(α)

1− α

∞∑
k=0

∣∣∣ ( −α
1− α

)k ∣∣∣ 1

Γ(αk + 1)

∫ Ξ1

0

∣∣∣ (Ξ1 − α)kα − (Ξ2 − α)kα Λ(σ)dσ
∣∣∣

+
B(α)

1− α

∞∑
k=0

∣∣∣ ( −α
1− α

)k ∣∣∣ 1

Γ(αk + 1)

∫ Ξ2

Ξ1

∣∣∣ (Ξ2 − α)kα
∣∣∣Λ(σ)dσ

≤ RB(α)

1− α

∞∑
k=0

(
α

1− α

)k 1

Γ(αk + 1)

∫ Ξ1

0

{
(Ξ2 − α)kα − (Ξ1 − α)kα

}
Λ(σ)dσ

+
RB(α)

1− α

∞∑
k=0

(
α

1− α

)k 1

Γ(αk + 1)

∫ Ξ2

Ξ1

(Ξ2 − α)kα Λ(σ)dσ
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≤ RB(α)

1− α

∞∑
k=0

(
α

1− α

)k 1

Γ(αk + 2)

×
{
− (Ξ2 − Ξ1)kα+1 + (Ξ2)kα+1 − (Ξ1)kα+1 + (Ξ2 − Ξ1)kα+1

}
≤ RB(α)

1− α

∞∑
k=0

(
α

1− α

)k 1

Γ(αk + 2)

{
(Ξ2)kα+1 − (Ξ1)kα+1

}
. (2.6)

From above inequality, it follows that, if | Ξ1− Ξ2 |→ 0, then

|FΛ (Ξ1)− Fσ (Ξ2)| → 0.

This establishes the equicontinuity of F (S) on J .

(4) For any = ∈ C(J), we obtain(
E1
α,1,−α/1−α;0+=

)−1
(Ξ) =

(
D1+β

0+ E1
α,1,−α/1−α;0+=

)−1
(Ξ),Ξ ∈ (a, b), (2.7)

where β ∈ C with Re(β) > 0. Thus, by definition of F and (2.7), we get

(
F−1=

)
(Ξ) =

(
Bα

1− α
E1
α,1,−α/1−α;0+=

)−1

(Ξ)

=
1− α
Bα

(
D1+β

0+ E1
α,1,−α/1−α;0+=

)−1
(Ξ), Ξ ∈ (a, b).

As a result, the operator F is shown to be invertible on C(J).

(FΛ)(Ξ) = =(Ξ), Ξ ∈ J

has the unique solution

Λ(Ξ) =
1− α
Bα

(
D1+β

0+ E1
α,1,−α/1−α;0+=

)
(Ξ), Ξ ∈ (a, b).

This completes the proof. �

Therefore we have the following theorem from the above results.

Theorem 2.16. Suppose = ∈ C(J×R,R). Then the system Dα
Ξ = =(Ξ,Λ(Ξ)),

Ξ ∈ J can be solvable on C(J) and has a solution given by

Λ(Ξ) =
1− α
Bα

(
D1+β

0+ E1
α,1,−α/1−α;0+=̄

)
(Ξ), Ξ ∈ J,

where β ∈ C with Re(β) > 0 and
∫ Ξ

0 =(σ,Λ(σ))d(σ), Ξ ∈ J .
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3. Main results

Theorem 3.1. Suppose = ∈ C(J × R3, R) and the Lipschitz condition of
ϑ ∈ C(J ×R) is satisfied.

(1) |= (Ξ,Λ, κ1, h1)−= (Ξ, v, κ2, h2)|≤p(Ξ) [|Λ− v|+|κ1−κ2|+|h1−h2|],
Λ, v, κi, hi ∈ C(J), i = 1, 2,

(2) |ϑ(Ξ,Λ)− ϑ(Ξ, v)| ≤ Lϑ|Λ− v|, Λ, v ∈ C(J),
(3) |ϑ(Ξ,Λ)| ≤ Cϑ|Λ|+Mϑ, Λ ∈ C(J),

where p : J −→ R+ with L = sup(Ξ) and for the real constants Lϑ,Mϑ, CX >
0. If 0 < L < min{1, 1/2Ω}, then the system (1.1) has a solution in C(J)
provided (

Ωα

Γ(α+ 1)
Cϑ +

B(α)Eα,2(α/1− α)Ωα+1

1− α

)
< 1. (3.1)

Proof. Assume that

R =
Ωα/Γ(α+ 1)MC +M=Ω +M∗

1− LΩ− Ωα/Γ(α+ 1)CC −B(α)Eα,2(α/1− α)Ωα+1/1− α
, (3.2)

where M= = sup |=(Ξ, 0, 0, 0)| and M∗ > 0 is a constant such that
∑m

i=1 |yi| ≤
M∗. Then we have R > 0 from the choice of L and condition (3.1).

Assume that

S = {Λ ∈ C(J) : ‖Λ‖ ≤ R}. (3.3)

Then the existence of S as a closed, convex and bounded subset of Λ may be
demonstrated. Let F1 : S → Λ and F2 : S → Λ, both of which are defined by

(F1Λ) (Ξ) =
m∑
i=1

yi +

∫ Ω

0

(Ω− σ)α−1

Γ(α)
ϑ(σ,Λ(σ))dσ

+

∫ Ξ

0
=(σ,Λ(σ),ΨΛ(σ),ΥΛ(σ))dσ,

(F2Λ) (Ξ) =
B(α)

1− α

(
E1
α,1,−α/1−α;0+Λ

)
(Ξ), Ξ ∈ J. (3.4)

The operator equivalent (3.4) to the system (1.1) is as follows:

Λ = F1Λ + F2Λ, Λ ∈ PC(J). (3.5)

The same has been shown using the steps below.

Step 1. F1 is contraction.
For every Λ, v ∈ PC(J) and Ξ ∈ J , we have using the Lipschitz on =,

|=(Ξ,Λ(Ξ),ΨΛ(σ),ΥΛ(σ))−=(Ξ, v(Ξ),Φv(Ξ),Υv(Ξ))| ≤ p(Ξ)|Λ− v|. (3.6)
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This gives

‖F1Λ− F1v‖ ≤ (Lϑ + LΩ) ‖Λ− v‖, Λ, v ∈ PC(J). (3.7)

Step 2. Next, we demonstrate that F2 is a fully continuous variable. Using
the Ascoli-Arzela Theorem and Theorem 2.15, it is simple to show that the
operator F2 is entirely continuous.

Step 3. We have to prove that F1Λ + F2v ∈ S for any Λ, v ∈ S.
For any Λ, v ∈ S, from Theorem 2.15, we have

|(F1Λ + F2v) (Ξ)|

≤ |(F1Λ) (Ξ)|+ |(F2v) (Ξ)|

≤
∣∣∣∣∫ Ω

0

(Ω− σ)α−1

Γ(v)
ϑ(σ,Λ(σ))dσ

∣∣∣∣+

m∑
i=1

yi

+

∫ Ξ

0
|=(σ,Λ(σ),ΨΛ(σ),ΥΛ(σ))|dσ +

B(α)

1− α
Eα,2

[
α

(1− α)
Ωα+1

]
‖v‖

≤
∫ Ω

0

(Ω− σ)α−1

Γ(α)
|ϑ(σ,Λ(σ))|dσ +M∗

+

∫ Ξ

0
|=(σ,Λ(σ),ΨΛ(σ),ΥΛ(σ))| − =(σ, 0, 0, 0) | dσ

+

∫ Ξ

0
|=(σ, 0, 0, 0)|dσ +

B(α)

1− α
Eα,2

[
α

(1− α)
Ωα+1

]
R

≤ Ωα

Γ(α+ 1)
(Cϑ‖Λ‖+MC) +M∗ + L

∫ Ξ

0
|=(σ,Λ(σ),ΨΛ(σ),ΥΛ(σ))|

+M=

∫ Ξ

0
dσ +

B(α)

1− α
Eα,2

[
α

(1− α)
Ωα+1

]
R

≤ Ωα

Γ(α+ 1)
(CϑR+Mϑ) +M∗ + LRΞ

+M=Ξ +
B(α)

1− α
Eα,2

[
α

(1− α)
Ωα+1

]
R

≤ Ωα

Γ(α+ 1)
(CϑR+Mϑ) +M∗ + LRΩ

+M=Ω +
B(α)

1− α
Eα,2

[
α

(1− α)
Ωα+1

]
R, (3.8)

that is, by condition (3.1) with (3.2), we have
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Ωα

Γ(α+ 1)
(MC) +M=Ω +M∗ = R1− LΩ− Ωα

Γ(α+ 1)
Cl

−B(α)Eα,2(α/1− α)Ωα+1

1− α
. (3.9)

From (3.8) and (3.9), we get

|(F1Λ + F2v) (Ξ)| ≤ R, Ξ ∈ J.

This gives

‖(F1Λ + F2v)‖ ≤ R, ∀Λ, v ∈ S.
This shows that F1Λ + F2v ∈ S for Λ, v ∈ S. Thus,

Λ = F1Λ + F2Λ,

which is the solution of the system (1.1) has a fixed point in S. The evidence
is now complete. �

The following theorem provides two ways to show the uniqueness of solutions
to the system (1.1). Using the Gronwall-Bellman inequality and the character-
istics of the fractional integral operator E1

α,1,−α/1−α;0+, we first demonstrate

the conclusion.

Theorem 3.2. The system (1.1) has a unique solution in C(J) under the
conditions of Theorem 3.1.

Proof. The equivalent fractional integral equation to the ABR-FDEs (1.1) in
operator equation form is(

E1
α,1,−α/1−α;0+Λ

)
(Ξ) = =̃(Ξ), Ξ ∈ J,

where

=̃(Ξ) =
1− α
B(α)

(∫ Ω

0

(Ω− σ)α−1

Γ(α)
ϑ(σ,Λ(σ))dσ − ΛΞ

+

∫ Ξ

0
=(σ,Λ(σ),ΨΛ(σ),ΥΛ(σ))dσ

)
+

m∑
i=1

yi, Ξ ∈ J.

Theorem 3.1 states that the operator (1.1) can be solved in C(J). Applying
Lemma 2.10 yields, the operator (1.1) has a unique solution in C(J), which is
the system (1.1).

Let Λ and v be two ABR-FDEs solutions that is (1.1). Using the linearity
of the fractional integral operator, we get for every Ξ ∈ J ,
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|Λ(Ξ)− v(Ξ)|

=
(∫ Ω

0

(Ω− σ)α−1

Γ(α)
ϑ(σ,Λ(σ))dσ − B(α)

1− α

(
E1
α,1,−α/1−α;0+Λ

)
(Ξ)

+

∫ Ξ

0
=(σ,Λ(σ),ΨΛ(σ),ΥΛ(σ))dσ

)
−
(∫ Ω

0

(Ω− σ)α−1

Γ(α)
ϑ(σ, v(σ))dσ − B(α)

1− α

(
E1
α,1,−α/1−α;0+v

)
(Ξ)

+

∫ Ξ

0
=(σ, v(σ),Ψv(σ),Υv(σ))dσ

)
≤ Ωα

Γ(α+ 1)
(Lϑ|Λ(σ)− v(σ)|)

+
B(α)

1− α

∫ Ξ

0
Eα
(∣∣∣∣ −α(1− α)

(Ω− σ)α
∣∣∣∣) |Λ(σ)− v(σ)|dσ

+

∫ Ξ

0
pl1(σ)|Λ(σ)− v(σ)|dσ

≤ Ωα

Γ(α+ 1)
(LC |Λ(σ)− v(σ)|)

+
B(α)

1− α

∫ Ξ

0
Eα
(

α

(1− α)
(Ω)α

)
|Λ(σ)− v(σ)|dσ

+

∫ Ξ

0
pl1(σ)|Λ(σ)− v(σ)|dσ

≤
∫ Ξ

0

[
(Ω− σ)α−1

Γ(α)
Lϑ+

B(α)

1− α
Eα
(

α

(1− α)
(Ω)α+pl1(σ)

)]
|Λ(σ)− v(σ)|dσ.

By Lemma 2.12, we have

|Λ(Ξ)− v(Ξ)| ≤ 0, Ξ ∈ J.
This demonstrates that for any Ξ ∈ J , Λ(Ξ) = v(Ξ). This proves that the
system (1.1) has a unique solution. �

4. Illustrative example

Example 4.1. Let us consider the following integro-differential system:
∗
0D

1/2
Ξ Λ(Ξ) = cos(|Λ(t)|)

35 + 1
25

∫ t
0

(
t2 + s2

)
Λ(s)ds+ 1

15

∫ 1
0 s

2Λ(s)ds, t ∈ [0, 1],

∆Λ(t) =
Λ(1/2−)

3+Λ(1/2−)
,

Λ(0) =
∫ 1

0
1
30σ

2Λ(σ)dσ,

where
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=(Ξ,Λ(Ξ),ΨΛ(Ξ),ΥΛ(Ξ)) =
cos(|Λ(t)|)

35
+

1

25

∫ t

0

(
t2 + s2

)
Λ(s)ds

+
1

15

∫ 1

0
s2Λ(s)ds,

ϑ(σ,Λ(σ)) =
1

30
σ2Λ(σ).

As Ω = 1, α = 1/2, let Λ, v ∈ PC(J) with integral boundary condition

|=(Ξ,Λ(Ξ),ΨΛ(Ξ),ΥΛ(Ξ))−=(Ξ, v(Ξ),Ψv(Ξ),Υv(Ξ))|

≤
∣∣∣cos(|Λ(t)|)

35
+

1

25

∫ t

0

(
t2 + s2

)
Λ(s)ds+

1

15

∫ 1

0
s2Λ(s)ds

− cos(|v(t)|)
35

− 1

25

∫ t

0

(
t2 + s2

)
v(s)ds+

1

15

∫ 1

0
s2v(s)ds

∣∣∣
≤
[

1

35
+

2

75
+

1

45

]
(Λ(t)− v(t)),

|ϑ(σ,Λ(σ))− ϑ(σ, v(σ))| ≤
∣∣∣∣ 1

30
σ2Λ(σ)− 1

30
σ2v(σ)

∣∣∣∣
≤ 1

30
|Λ(t)− v(t)|,

|ϑ(σ,Λ(σ))| ≤
∣∣∣∣ 1

30
σ2Λ(σ)

∣∣∣∣
≤ 1

30
|Λ(t)|+ 1

30
.

Then, we get L = 0.077, Cϑ = 1/30,Mϑ = 1/30,M= = 1/35,M∗ = 1/3, let
k = 1, (

B(α)Eα,2(α/1− α)Ωα+1

1− α
+

Ωα

Γ(α+ 1)
Cϑ

)
= 0.73 < 1,

R =
Ωα/Γ(α+ 1)Mϑ +M=Ω +M∗

1− LΩ− Ωα/Γ(α+ 1)Cϑ −B(α)α,2(α/1− α)Ωα+1/1− α
= 1.92.

As a result, the requirement of Theorem 3.1 is met.
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