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Abstract. In this paper, we investigate the suitable conditions for the existence results
for a class of $-Hilfer fractional nonlinear Fredholm-Volterra models with new conditions.
The findings are based on Banach contraction principle and Schauder’s fixed point theorem.
Also, the generalized Hyers-Ulam stability and generalized Hyers-Ulam-Rassias stability for

solutions of the given problem are provided.

1. INTRODUCTION

Science and progress have advanced significantly in recent decades thanks
to the fractional calculus theory, which comprises fractional equations. This
is mostly because it has produced adequate models, especially for real-world
issues. Furthermore, generalized differential equations are thought to include
fractional differential equations (FDEs) [1, 6, 8, 14, 16, 17, 18, 20].

The integro-differential equation (IDE) is an operator that contains both
integer-order derivatives and integer-order integrals as special cases, which is
the reason why in the present, fractional calculus gains enormous popular-
ity and many applications arise from the term in the field of mathematical
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physics where The integrals are essentially power law and have a convolution
or logarithm type single kernels [3, 4, 5, 7, 8, 13, 23, 24].

The initial-boundary value difficulties posed by nonlinear parabolic differ-
ential and IDEs may be used to mimic many real phenomena; for examples,
see [8, 15, 16, 17, 25, 26, 27, 28]. As a result, the Caputo fractional operator’s
application and generalization in IDEs are justified.

Through the use of Caputo, Hilfer operators and their generalization, sev-
eral scholars have recently examined the stability, uniqueness, and existence
of various boundary value problems (BVPs). Non-instantaneous impulsive
BVPs and the $-Caputo (or, more precisely, S-Liouville-Caputo) fractional
derivative were explored by Asawasamrit et al. in [2]. The S-Hilfer fractional
derivative including boundary conditions was explored by Ivaz et al. in [12].

The fractional Hilfer derivative under nonlocal boundary constraints was
studied by Nuchpong et al. [19]

BDPaX(g) = E (¢, X(6),I°X(¢)), ¢ € [a1, 0],
X () =0, V+[2X(0)dl =YX (W),

where they have used the the Z°-R-L and TDP:9-Hilfer fractional derivative,
and = is continuous function.

In [22], Salim et al. investigated the BVP for the implicit fractional-order
generalised fractional impulses Hilfer-type of the following form:

("Dp’qX) (¢) =E(¢, X(9),(*DPIX) (¢)), ¢ € &,
X(¢) (¢ X(¢))7 NS (¢Ca rc] , c=1,-- 0
©1 (le E) (1) + 2 (PZ5°) (02) = 3,

where #Z7'7¢ and #DP? are the fractional generalized Hilfer-type integral and
oy T
derivative and the function = is continuous.
As started by Sousa et al. in [25], we examine the existence, and stability of
fractional IDEs using the &-Hilfer fractional derivative in this work. A remark

on the transformation may be found in [25]. Multiple fractional derivatives
are combined into the fractional 3-Hilfer derivative.

Dgf?fg(u) =w (v,&(v),G¢(v), KE(W)), veT:=(a,x], (1.1)
L,7V¢(a) =€, =9+ B — 0B,

where Li;”% is §-fractional integral and Dgf;% is fractional S=Hilfer derivative
of order p and type 3, where w : JxR? = R, ¢,k : Ax R — R are continuous,
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with A = {(v,0) :a <o <v <y}, and

Ge(w) = [ g(v.og@Ndo, Kew) = [ kv,0.8(0))do

2. AN AUXILIARY RESULT

We review several definitions and outcomes from fractional calculus in this
section. The observations that follow are drawn from [8, 11, 12, 16, 20]. Let
¢:J — Rin (o, x] with

1€} = sup{|¢(v)] - v € T}
The ¢y gla, x] is weighted space, let @ on (a, x| is given by
Grslax] ={@: (a,x] = R: (S(v) = $(a))"@(v) € ([, x]}, 0<v <1,
and the norm

1ll¢, s = (S(v) = () @ (V) ¢[a,g = Mmax[(S(v) = H(a)) @ (V)]

The weighted space (7 [a, x] of @ on (a, x] is given by

nyig[a,x] = {w :J = R:w(v) € Cnfl[a,x];w(v) € C%g[a,x]} ,0< v <1,

and the norm

n—1
_ k
RN g L

For n = 0, we get Cg[a,x] = (y[a, xJ.

Definition 2.1. ([21]) The fractional integral left-sided of w in relation to &
on [a, x| is given by

;S 1 Y &/ Cx 83 -
(Ig; )w(v) - F(p)/a I (0)(3(v) — () Lw(o)do, v>a. (2.1)

Definition 2.2. ([21]) Let ¥'(§) # 0(—o0 < v < x < 00). The fractional
Liouville-Riemann derivative of w in relation to & of order p > 0 correspon-
dent to the Liouville-Riemann, is given by

(s =)0 =t (520 ) [, SO0 (0o 22

where n = [p| + 1, n € N.
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Definition 2.3. ([21]) Let ¢ > 0, I = [a, x], (00 < v < x < ), @, €
¢("([ev, x], R) be two functions, & be increasing and 3/(§) # 0 for all & € 1.
The left 3-Caputo derivative of w of order p as
(D3%) () = 177 (s o " (o) (2.3)
ot ot ' (v) dv ’

where n = [p| + 1, for p ¢ N and p =n for p € N.

Definition 2.4. ([21]) According to function w of order p has the following
fractional I-Hilfer derivative:

S 1—p);S 1 d 1-8)(1-p):S
DS (v) = 17179 (S‘s’(v)dt) [P0 5 (), (2.4)

As previously stated, the 3-Hilfer fractional derivative may be expressed as
follows:

DY m(v) = 795D w(v).

Lemma 2.5. ([8]) Assume p,3 > 0. Then we get
(157173 ) (0) = (1577 )

and
(Dgf‘fgfw) (v) = w(v).

Lemma 2.6. ([8]) Let p,8 > 0.
(1) Ifw(€) = (S(v)SI(a))?~ 1, then

o

199(3(0) — 3(0))7 " (0) = P (5(v) - 3(a)) ",

(2) If g(&) = (S(v)S(a)*~ ", then

(12°D8%) (v) = w(v) - <

for all € € (a, x].
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Lemma 2.8. ([11]) Assumen —1 <y <n and w € (5[, x]|. Then

<I§;§w> () = lim (Igjﬁ) w(v) = 0.

v—at

The weighted space is shown below as follows.

¢ slonx] = {w € Gslox], DY w € Cy;s[a,x]}
and
sz'y;S[O“X] = {w € Cl—v;%[oéx]a Dgfyw € Cl—v;%[av X]} .
There is no denying

CI/_%%[O[, X] C Cipiﬂ»y;g[av X]

Lemma 2.9. ([11]) Let 0 < B < 1,0 < p < landy = p+ B — pB. If
Cl’y—’y,%[a7 X]7 then

D w = 199D (2.5)
and
S ;S B(l—p);S
DY I8 w = DP9, (2.6)

Lemma 2.10. ([28]) Let @w € LY(a,x). If Dgil_p);%w exists on L'(a,x).

Then
DS [0 = [P0 pAl=0)S o

Lemma 2.11. ([28]) Suppose @ € (o, x], ¢ > 0 and 0 < B < 1. Then we
get

DRI w = w.
Lemma 2.12. Let p > 0,a(v) be an integrable on a < v < x (some x < 00),
and let g(v) be nondecreasing, continuous and nonnegative on a < v < x such
that g(v) < Q* for some Q. Let £(v) be locally integrable on oo < v < x with

(%

€(0)] < a(v) + g(v) / ' (0)(S(v) — (o) e(0)do, v

«

with some @ > 0. Then

@l <at)+[

[0

[e.e]

> S o)(3(0) - (o) élo)dora < v < x.

Proof. Theorem 1 in [28] is identical to the proof in this case. O

v

n=1
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Lemma 2.13. ([28]) Assume that v = p + [ — pf, where 0 < f < 1 and
0<p<l Ifw:JxR> =R and w(-,&() € Gy, X] for all € € (14 [a, X].
A function £ € CLW[O‘»X] is a solution of (1.1) if and only if £ satisfies

£(0) = =2 (S() - (a))"!

4 [ 80) = 3000 (0, 6(0), Gelo), Kelo)do. (27

3. EXISTENCE RESULTS
To back up our primary findings, we propose the following hypothesis.

(H1) Assume that @ : J x R — R is a function and @(-,£(-)) € ¢y 3[J, R]
for any & € (1 [J,R] for all &,y € R and there exist L > 0 with

@ (v,§) — @w(v,y)| < LI§ — yl.
(H2) Assume that g,k : AXR — R are continuous and there exist G*, K* >
0, and
v
[ ot~ gv.ovlds < 67le -~y
«

and N
/ (v, 0, ) — k(v, 0, y)lds < K*|¢ — .

(H3) Assume that w : J x R — R is a function and there exists M, N with
(0, &) < MIE|+ N, VoeJ, € R,
Theorem 3.1. Assume that both (H1) and (H2) are met. Then, there is at
least one solution to the Eq. (1.1).

Proof. Incorporate the map N : (1 gf[o, x] = (i—v,sla, x]. The operator-
form representation of the Eq. (2.7)

§(v) = N§(v),
where
B9 = (a0 =) (3.)
1 U@a%v—%a “1o(s. (o o Ndo
+r(p)/a (@)(S(v) = () w(s,{(0), GE(0), KE(a))do.

Consider the ball
Cr={¢eCslax]: €] <7}
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The operator A is obviously well defined. It is obvious that the problem’s
solutions are the fixed points of the operator A. Then, for all £ € (1_~ glo, X]
and v € J we get,

(A ()(S(v) = S()' 77

ga i S(v) — (o 1-
<167 T (W) = S
x [ S(0)(S) —3(0))° Hew(o, &(0))|do
ga L S(v) — S(a 1—
=1y T (e W 3@
x [ §(0)(S() = S(@)H(MIE(0)] + N)do
bo | M RREIN N .
< T0T T Ty (S — S!S ) = S(@) B o)l o
i 90~ 3@ 760~ S
o 1
< 107+ 1y 900 — 3@ BG o€l s
* P(@A+ 5y (S0 = F(a))P .

This demonstrates how the G, = {& € (15 g, x] : 1€llc_yq < r} is trans-
formed by A into itself. The proof is broken down into different steps:

Step 1: A is continuous.
Let &, and &, — £ in (1 s[o, x]. Then for all v € J,

| (A&) () = (A9 (1)) (S() = (@) 7|

(S(v) = ()7

<|

S(v) — S(a))p_lw (0,&n(0), GE(0), K&y (o)) do

35
e
|
=2

Bl —Ste) / $(0)(S0) - 3(0)) (0, (0), GE(0). KE(0))dor
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I'(p)
x |@ (0,60(0), Génl0), K&n(0)) — (0, £(0), GE(0) dor
S(v) = ()i~
<O SO 50) - 9(@) B

Cl—’y,%

This means that A is continuous.
Step 2: A (CT) is uniformly bounded.
It is obvious that A (Cr) c C, is bounded
Step 3: A (ET) is relatively compact.
It makes sense when A (CT) c G, that A (ET) is uniformly bounded, and to

demonstrate that A is an equicontinuous operator. Assume that vy, vy € J,
U1 < vy, b, is bounded in Ci—y,plo, X]. Then,

[((AE) (v1) = (AE) (v2))]

éa X Cx - o o~ _
¢ 0056 -0 -3
Iy (300 =377 3 w2) = (@) ) Il

As v1 — v, The aforementioned inequality’s right side goes to zero. We may
infer that A : (1 g, X] = Ci—,5(a, x] is continuous and totally continuous
as a result of Steps 1 through 3 and the Arzela-Ascoli theorem. O

4. GENERALIZED STABILITY

Let ¢ > 0 and ¢ : I — R be continuous. We consider the following
inequalities:

|DEI(w) = @(v,n(v), Gy(o), Kn()| <e, ved,  (41)
DEF(w) = (v, n(), ), Kn(W))| S epv), ved,  (42)

|DEI(w) = @(v,n(v), Gn(v), Kn()| < ¢lv), ve (4.3)



Analysis of existence and stability results 173

Definition 4.1. ([9]) The problem (1.1) is said to be Hyers-Ulam stable if for
all € > 0, there exist (5 > 0 and for each solution 1 € (;_- g[o, x| of the (4.1)
there exists a solution £ € (;_~ g[o, x| of the problem (1.1) such that

In(v) — ()| < (me, v E

Definition 4.2. ([10]) The problem (1.1) is said to be generalized Hyers-
Ulam stable if there exists ¢ € (1_~ g[e, x| with ¢ (0) = 0 such that for all
n € (-], x] solution of (4.1) there exists a solution § € (;_- gla, x] of
(1.1) with

In(v) — E()] < pme, v E

Definition 4.3. ([10]) The problem (1.1) is said to be Hyers-Ulam-Rassias
stable in relation to ¢ € (1_ g[a, x| if there exists a real number (5, > 0 and
for all € > 0 and n € (1 g[c, x] of the inequality (4.2) there exists a solution
of (1.1), £ € (1—ygla, x] with

n(v) — ()] < Copp(v), veT

Definition 4.4. ([9]) The problem (1.1) is said to be generalized Hyers-Ulam-
Rassias stable in relation to ¢ € (1_~ g[o, x] if there exists (5, > 0 such that
for each solution 7 € (1_ gfor, x| of (4.3) there exists & € (14 gla, x] is a
solution of (1.1) with

In(v) — ()] < Copp(v), vE

Remark 4.5. Clearly, we have the following implication:

(1) The Hyers-Ulam stability is the generalized Hyers-Ulam stability.

(2) The Hyers-Ulam-Rassias stability is generalized Hyers-Ulam-Rassias
stability.

(3) If the problem (1.1) is generalized Hyers-Ulam-Rassias stable with
¢(v) =1 then it is Hyers-Ulam stable.

Remark 4.6. Let a function 7 € (1 g, x]. Then 7 is a solution of the
inequality (4.1),

D En(v) — w(v,n(v), Gn(v), Kn@))| <€, veT

if and only if there exists g € (1— g[a, x| such that
(i) [g(v)| <eveld
(ii) DELSn(v) = @ (v, n(v), Gn(v), Kn(v)) + g(v), ve.J.
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Remark 4.7. If the inequality (4.1) has a solution of 7, then the following
inequality has a solution of 7.

) = 5 (80) =30 = i [ V(@) (0) = ()
(S(v) = 3(@))*
X (w(0,1(0), Gn(o), Kn(v))do| < = p =8

Indeed, by Remark 4.6 we have that

DEI¥n(v) = w(v,n(v), Gn(v), Kn(v)) + g(v), v e J.

Then
n(v) zrqz‘f‘y) (S(v) — S(a)) !
i r(lw / Y (0)(S(v) - S(0)" (= (0, 1(0), Gn(0), Kn(v)) +9(0)do.

From this it follows that

We make similar observations about inequality (4.2) and inequality (4.3).

The major findings of generalized Hyers-Ulam-Rassias stability are now
presented in this section.

(H4) There are rising functions (A, > 0) such that for each v € J, ¢ €
Cl—v,p [O[, X]7

I§50(v) < App(v).

Theorem 4.8. If the hypotheses (H1) and (H4) are true, then the issue (1.1)
is Hyers-Ulam-Rassias stable in general.

Proof. Assuming that 7 is the solution to (4.3). Then ¢ is the only possible
solution to the
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DEPSE(w) = w(v, (v), Gn(v), Kn(v), v e J,
L77%¢(@) =17 n(a),

when

L(1+ G* + K*)
L(p

] By 9)(S(x) = S(a))” < L.

Then we have

$(0))" (0, £(0), GE(0), KE(0))do.

_l’_
h
Q
S
%
=
|

By differentiating inequality (4.3), we have
n(v) = 5= (S(w) = S(a))"?

I'(p)
1 ° &/ x Iy _
- r<p>/ F(0)(3(v) = ()" w(0,n(0), Gu(0), Kn(o))do
< App(v).
Hence it follows
In(v) —&(v)|
= ‘77(0) - F?Z)) (S(v) — S(a))7
LU%IO‘%’U—%O‘ “Lo(o. tlo - Ndo
 T(p) / (0)(S(v) = $(0)" (0, £(0), GE (), KE())do]
< ‘77( ) — ;(7;) (S(v) — S(a))
1 ’ % x ISy _
- F(@)/a §'(0)(3(v) = ()" (o, (o), Gn(o), KT](U))dU‘
i |, F @O = 30)7 w0, 1(0),Gnto). Kn(o))do
1 v

- | S OEE) - 30 w0, £(0), GE(0). Ke(o))do]

<Al + HEEE @0 - 300 (o) - o)l

According to Lemma 2.5, there exists a constant M* > 0 that is not reliant
on Ay¢(v) such that

[n(v) = &(V)] < M App(v) := (o pp(vV).
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As a result, the problem (1.1) is Ulam-Hyers-Rassias stable in its generalized
form. 0

Remark 4.9. Clearly, we have the followings:

[1]
2]

(1) We take into consideration the inequality (4.2) as well as the issue (1.1)
under the premise of Theorem 4.8. The Ulam-Hyers-Rassias stability
of the issue (1.1) may be confirmed by repeating the same procedure.

(2) We take into consideration the inequality (4.1) and the issue (1.1)
under the premise of Theorem 4.8. The same procedure may be used
to confirm that the Ulam-Hyers stability of the issue (1.1) can be
established.
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