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Abstract. In this paper we obtain a unique common fixed point theorem for six mappings

in G-metric spaces.

1. INTRODUCTION

In 1992 Dhage introduced a new class of generalized metric spaces called
D-metric spaces [1-4] as a generalization of ordinary metric function (X, d)
and went on to present several fixed point results for single and multivalued
mappings. Mustafa and Sims [11] and Naidu et al. [7-9] demonstrated that
most of the claims concerning the fundamental topological structure of D-
metric space are incorrect, alternatively, Mustafa and Sims [12] introduce more
appropriate notion of generalized metric space which called G-metric spaces,
and obtained some topological properties. Later several authors like [5, 6, 10,
13-17] obtained some fixed point theorems for a single map in G-metric spaces.

In this paper, we obtain a unique common fixed point theorem for six map-
pings in G-metric spaces and obtain some theorems of [10] and [18] as corol-
laries to our theorem.
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First, we present some known definitions and propositions in G-metric
spaces.

Definition 1.1. ([12]) Let X be a nonempty set and let G : X x X x X — R*
be a function satisfying the following properties :

(Gl) G(:L‘,y,z) =0ifz = Yy ==z

(G2) 0 < G(x,z,y) for all x,y € X with x # y,

(G3) G(z,z,y) < G(z,y,2) for all z,y,z € X with y # z,

(Gy) G(z,y,2) = G(x, 2z,y) = G(y, z,x) = - - -, symmetry in all three variables,
(G5) G(z,y,2) < G(x,a,a) + G(a,y, z) for all x,y,z,a € X.

Then the function G is called a generalized metric or a G-metric on X and
the pair (X, G) is called a G-metric space.

Definition 1.2. ([12]) Let (X, G) be a G-metric space and {z,,} be a sequence
in X. A point z € X is said to be limit of {z,} if lim G(z,zp,zmy)=0.In
n,Mm—00

this case, the sequence {z,} is said to be G-convergent to x.

Definition 1.3. ([12]) Let (X, G) be a G-metric space and {z,,} be a sequence
in X. {z,} is called G-Cauchy if lim G(z;,2n,zmy) = 0. And (X, Q) is

n,m,l—o00
called G-complete if every G-Cauchy sequence in (X, G) is G-convergent in
(X, Q).

Proposition 1.4. ([12]) In a G-metric space (X, G), the following are equiv-
alent.
(1) The sequence {xy} is G-Cauchy.
(2) For every e > 0, there exists N € N such that G(zp, Tm,Tm) < €,
for alln,m > N.

Proposition 1.5. ([12]) Let (X, G) be a G-metric space. Then the function
G(z,y,z) is jointly continuous in all three of its variables.

Proposition 1.6. ([12]) Let (X, G) be a G-metric space. Then for any x,vy, z,
a € X, it follows that

(i) if G(x,y,2) =0 thenx =y = z,

(ii) G(z,y,2) < Gz, z,y) + G(z, 2, 2) ,

(iii) G(z,y,y) < 2G(z,z,y),
() Gle,y.2) < Gle,a,2) + Gla,y, 2),
) Glo.y.2) < 2[G(x,a,a) + Gy, 0.0) +G(z,a,0)].
Proposition 1.7. ([12]) Let (X, G) be a G-metric space. Then for a sequence
{zn} € X and a point x € X, the following are equivalent
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—

Tn} is G-convergent to x,
G(zp, Tn,z) = 0 asn — oo,
G(zp,z,x) — 0 as n — oo,
G(zm, Tn, ) — 0 as m,n — oo.

Definition 1.8. ([12]) Let (X,G) and (X’,G’) be two G-metric spaces, and
let f:(X,G) = (X',G’) be a function. Then f is said to be G-continuous
at a point a € X if and only if, given € > 0, there exists § > 0 such that
z,y € X; and G(a,z,y) < 0 implies G'(f(a), f(x), f(y)) < e. A function f is
G-continuous at X if and only if it is G-continuous at all a € X.

Proposition 1.9. ([12]) Let (X,G), and (X',G') be two G-metric spaces.
Then a function f : X — X' is G-continuous at a point x € X if and only
if it is G-sequentially continuous at x; that is, whenever {xy} is G-convergent
to x we have {f(xy)} is G-convergent to f(z).

We recall that two maps f and g are said to be weak compatible if they
commute at their coincidence point, that is, fx = gz implies that fgx = gfz.

The main aim of this paper is to present a generalization of Theorem 2.1 in
[18].

2. MAIN RESULT

Let ® denote the class of all functions ¢ : RT — R™ such that ¢ is non
[e.°]

decreasing, continuous and Y, ¢"(t) < oo for all t > 0. It is clear that ¢"(t) —
n=1

0 as n — oo for all ¢ > 0 and hence, we have ¢(t) < t, for all ¢ > 0.

Theorem 2.1. Let (X, G) be a G-Complete metric space and A, B,C, S, T, R :
X — X be satisfying:

(i) A(X) C T(X), B(X) C R(X), C(X) C S(X) and either one of T(X),
R(X) or S(X) is a closed subset of X,

(ii) the pair (A,S), (B,T) and (C, R) are weakly compatible,

(i)

G(Sz, Ty, Rz), %G(Sa:, Az, By),
G(Az, By,Cz) < ¢ <max{ 1G(Ty, By,Cz), 3G(Rz,Cz, Az) (2.1)

for all x,y,z € X, where ¢ € ®. Then the maps A, B,C,T,R and S have a
unique common fixed point, say p € X and if T, R and S are G-continuous at
p then A, B and C' are G-continuous at p.
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Proof. Choose zg € X. Define the sequence y3, = Axs, = T3n+41, Ysnt1 =
Bwspi1 = Rrsnt2, Ysn+2 = Crsnio = ST3p43, n=0,1,2,---. Denote dp1 =
G (Yns Yn+1,Yn+2)- Then in general we have

d3n+1 = G(Y3n, Y3n+1, Y3n+2)
= G(Az3n, Br3ny1, Cr3ng2)

< <max{ G(Sx3p, T3n11, Rosni2), 3G(Swsn, Avgn, Brgny1), })
- $G(Tz3041, Brant1, Canta), 3G (Rrsnt2, Cranio, Axsy)
G(Y3n—1, Y3 Y3n+1)> 3G (Y3n—1, Y3n, Ysnt1),

3G (Y3n: Y3n+1, Ysn+2), 3G (Ysn+1, Ysnt2: Ysn)

< ¢ (max {dsn, 3dsn, 3d3n+1, 53041 }) -

= ¢ | max

Hence, we must have ds, 11 < ¢(dsy,). Similarly, we will have ds,, 12 < ¢(d3n+1)
and ds,4+3 < ¢(dsps2). Thus dpi1 < ¢(dy),n=1,2,3, -, so,

G(yn,yn+1,yn+2) < ¢(G(yn71aynayn+1))
< ¢*(G(Yn—2+ Yn—1,Yn))

< ¢"(G(Y0,Y1,Y2))- (2.2)
From (G3) and (2.2), we have
G(Yn: Yns Ynt+1) < G(Yns Ynt1: Ynt2) < 8" (G (Yo, Y1, y2))- (2.3)
For m > n, since ) ¢"(t) < oo for all ¢t > 0, we have
n=1
G(ynvynvym)

Hence, {y,} is a G-Cauchy sequence from Proposition 1.4. Since X is G-
complete, there exists p € X such that y,, — p (n — 00), that is, lim, 00 yn =
'z

lim y, = lim Ax3, = lim Bzs,11 = lim Cxg,q0

n—oo n—oo n—oo n—oo

= lim Tx3,11 = lim Rx3pyio = lim Szs,i3 =p.
n—oo n—oo n—oo
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Let T'(X) be a closed subset of X. Then there exists v € X such that Tv = p
We prove that Bv = p. For

G(Ax?m,a B’U, C$3n+2)
G(Sx3n, Tv Rx3n+2) 5G(Sw3n, Az, Bv),
<
=¢ <max{ 1G(Twv, Bv C$3n+2) G(R$3n+270$3n+2714x3n)
G(Y3n—1,P, Y3n+1), G(ysn—l,y:ava), })
= max .
¢< { 3G(p, Bvay3n+2)>%G(y3n+lvy3n+27y3n)
Letting n — oo, we get

1 1
G(p7 Bv7p) S d) <max{0, §G(papa B’U), iG(p’ Bv,p),O}) )

and we have Bv = Tv = p, since ¢(t) < t for all t > 0. Since p = Bv €
B(X) C R(X), there exists z € X such that Rz = p. Similarly, putting
T = T3p,Y = T3nt+1,2 = p in (1) and letting n — oo, we get C'z = p. Since
p=Cze C(X)C S(X), there exists u € X such that Su=p

Similarly, putting * = p,y = 23p+1, 2 = T3n4+2 in (1) and letting n — oo, we
get Au = p. By weak compatible the pair (A, S), we have ASu = SAu, and
Ap = Sp. Also, Bp = Tp and Rp = Cp. We prove that Ap = p. If Ap # p,
then

G(Ap, Brsni1, Cr3ny2)

< (max{ G(Sp, Tx3n+1, Rrsni2), G(Sp, Ap, Bxgny1), })

- 5G(Tx3p i1, Brani1, C$3n+2) 3G (Ra3n12, Csnya, Ap)

_ G(Ap y3n7y3n+1)7 QG(Ap7 Ap y?m-‘rl)

=@ (max{ 2G(Y3n, Ysnt1, Y3nt+1)s 3G (Yant1, Ysnt2, Ap)
Letting n — oo, we get

Glapp) < o (max {GUApp.). {G AP Ap.)0. 56000, A0) } )

< ¢<max{ (Ap,p,p),G(Ap,p,p%O,2G(p7p,Ap)}>

and we have Ap = p, since ¢(t) < t for all ¢ > 0. Similarly, putting = =
T3, Y =D, 2 = T3pt+2 and & = T3y, Yy = T3p+1,2 = p in (1) and letting n — oo,
we get Bp = p and Cp = p, respectively. Thus p is a common fixed point of
A, B,C,T,R and S.

Suppose p ’ is another common fixed point of A, B,C,T, R and S. Then
from (1), we have

1 1
G(Ap,Bp,Cp') < ¢<maX{ (p,p,p’),0,2G(p,p,p’)7QG(pﬁp’,p)})-

Thus, G(p,p,p ') < &(G(p,p,p ') so that p = p ’. Thus, p is the unique
common fixed point of A, B,C,T,R and S. Let {y,} be any sequence in X
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such that {y,} is G-convergent to p. Then we have
G(Ayn, Ap, Ap) = G(Ayn, Bp, Cp)

G<Syn7pap)7lG(SyﬂnAyn’p)a })
< 2
=¢ (max{ 0. 3G (p.p. Ayn)

G(SYn,p, D), G(Syn, 0, p) + 3G(p, Ay, p), }>
< a 2 2 .
=0 (m X{ 0,1G(p, p, Ayn)

Letting n — oo, then since S is G-continuous at p we get, a < d)(%a), where
a = lim G(Ayny, Ap, Ap).
n—oo

This implies that o = 0. Then from Proposition 1.9, we deduce that A is G-
continuous at p. Similarly, we can show that B and C are also G-continuous
at p. [l

Corollary 2.2. (Corollary 2.1 of [18]) Let (X,G) be a G-Complete metric
space and A, B,C : X — X be satisfying:

G(z,y,2), LG(x, Ax, By)

< yYr#)s 9 ) ) 9 )
G(Az,By,Cz) < ¢ <max{ %G(y, By, C2), %G(z,Cz,Aa?) (2.4)
for all x,y,z € X, where ¢ € ®. Then the maps A, B,C have a unique
common fixed point, say p € X and A, B and C are G-continuous at p.

Proof. Take T'= R = S = I identity map in Theorem 2.1. O

Corollary 2.3. Let (X,G) be a G-Complete metric space and A,B : X — X
be satisfying:

(i) A(X) C B(X), B(X) is a closed subset of X and the pair (A, B) is weakly
compatible,

(i)

G(Bw, By, Bz), G(Bz, Az, Ay),
GAz, Ay, 4z) < ¢ (ma"{ 1G(By, Ay, Az), AG(Bz, Az, Ax) (2:5)

for all x,y,z € X, where ¢ € ®. Then the maps A, B have a unique common
fized point, say p € X and if B is G-continuous at p then A is G-continuous
at p.

Proof. Take B=C=Aand T = R =S5 = B in Theorem 2.1. O

The following example illustrates Theorem 2.1 with ¢(t) = %
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Example 2.4. Let X = [0,1] and G(z,y,2) = |z —y| + |y — 2| + |z — x| for
all x,y,z € X. Define A,B,C,T,R,S: X - X as Ax = Cz =1, Bx:?’me,
Tx:x,Swzﬁ%,Rx:#forallmeX.

G(Az, By,Cxz)
— 1y

- 2

= 72(1-y)

16y, By,c2) = 1361y, By, C2))

< 5 max {G(S:U, Ty,Cz), %G(Sz, Az, By), %G(Ty, By, Cz), %G(Rz, Cz, Al‘)} .
Also, it is easy to see that A(X) CT(X), B(X) C R(X), C(X) C S(X) and

T(X) = X is a closed subset of X. Moreover, the pair (A,S), (B,T) and

(C,R) are weakly compatible. Hence the all of conditions of Theorem 2.1 are

hold and 1 is the unique common fized point of A, B,C,T, R and S.

=
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