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1. INTRODUCTION

In 1986, Jungck [14] introduced a specified treatment of common fixed
points in metric spaces and defined compatibility of two self-mappings f and
¢ in a metric space (X, d) in its rough sense as lim d(fgzy,gfz,) = 0, when-

n—oo

ever {z,} is a sequence in X such that lim fx, = lim gz, = t, for some ¢
n—oo n—oo

in X. Shrivastava et al. [37] proved some common fixed point theorems for
compatible mappings in metric spaces following the ideas of Jungck [14].

The concept of 2-metric spaces was initiated by [8] and Gahler [13]. Baskaran
et al [10] established some common fixed point theorems for expansive map-
ping by using compatibility and sequentially continuous mappings in 2 metric
space. Dhage [12], generalized the work in [13] to D-metric spaces. These
authors claimed that their results generalized the concept of metric spaces.

In 2003, Mustafa and Sims [20] pointed out that the fundamental topolog-
ical properties of D-metric spaces introduced by Dhage [12] were incorrect.
To overcome these drawbacks about D-metric spaces, Mustafa and Sims [21]
introduced a generalization of metric spaces, which they called G-metric space
and proved some fixed point theorems in this framework. Mustafa et al. [19]
proved some fixed point results on complete G-metric spaces. Mustafa [18],
proved several common fixed points results for pair of weakly compatible map-
pings satisfying certain contractive conditions on G-metric space. Abbas et
al. [1] proved common fixed point theorems for three mappings in generalized
metric spaces and their results do not rely on continuity and commutativ-
ity of any mappings involved therein. In the same sense, Abbas and Rhodes
[2], obtained several fixed point theorems for occasionally weakly compatible
mappings defined on a symmetric space satisfying a generalized contractive
condition.

In 2010, Chistyakov [11] introduced a generalized classical metric spaces
called modular metric space or parameterized metric space with the time
parameter (A > 0, say) and his anticipated outcome were to define the no-
tion of a modular on an arbitrary set, and developed the theory of metric
spaces generated by modular(s), called modular metric spaces. The results
of Chistyakov [11] extended the results given by Nakano [22], Musielak and
Orlicz [34], Musielak [17] to modular metric spaces. Modular spaces are exten-
sions of Lebesgue, Riesz, and Orlicz spaces of integrable functions. Abdou [3]
studied the existence of fixed points for contractive and nonexpansive Kannan
mappings in the setting of modular metric spaces. These are related to the
successive approximations of fixed points (via orbits) which converge to the
fixed points in the modular sense, which is weaker than the metric convergence
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and other fixed point results in modular metric spaces can be found in [27],
[31], [32], [33] and [35] and the references therein.

Azadifar et al. [5] initiated the idea of modular G-metric spaces and ob-
tained some fixed point theorems for contractive mappings defined on modular
G-metric spaces. Azadifar et al. [6] proved the existence of the unique common
fixed point of a pair of weakly compatible mappings satisfying ®-mappings in
modular G-metric spaces and Okeke and Francis [23] proved the existence and
uniqueness of fixed point of mappings satisfying Geraghty-type contractions
in the setting of preordered modular G-metric spaces. The authors applied
their results in solving nonlinear Volterra-Fredholm-type integral equations.
Furthermore, Okeke and Francis [24] proved some interesting fixed point the-
orems for the class of asymptotically T-regular mappings in the framework
of preordered modular G-metric spaces and their result were used in solving
nonlinear integral equations. For other interesting results see ([26]-[29]) and
the references therein.

Our aim in this paper is to define a pair of w-compatible self-mappings in
the setting of modular G-metric space is define. We prove the existence and
uniqueness of some common fixed point theorems for this class of w-compatible
self-mappings in a G-complete modular G-metric space. An example will be
given to justify our claim.

2. PRELIMINARIES

We begin this section by recalling some definitions and results which will
be useful in this paper.
Theorem 2.1. ([9]) Let {an}nen, {bn}nen, {¢n}nen be three sequences in R
such that
(i) lim a, = lim b, = ¢,
n—oo n—oo

(ii) for some positive integer N, an < ¢, < by, for alln > N.

Then lim ¢, = £.
n—o0

Definition 2.2. ([14]) Self-mappings f and g of a metric space (X,d) are
compatible if lim d(gf(zn), fg(xn)) = 0, whenever {z,},>1 is a sequence in
n—oo -

X such that lim f(z,) = lim g(x,) =t, for some ¢ in X.
n—0o0 n—o0

Definition 2.3. ([15]) Let f and g be mappings from a G-metric space (X, G)
into itself. The mappings f and g are said to be compatible if there exists a
sequence {z,} such that

lim G(fgxn,gfx,,9frn) =0
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or
lim G(gfxn, fgon, fgzn) =0,
n—o0
whenever {z,} is sequence in X such that lim fz, = lim gz, =t for some
X n—oo n—oo
te X.

Definition 2.4. ([5]) Let X be a nonempty set and for A > 0, w§ : (0,00) x
X x X x X — [0,00] be a function satisfying;
(1) w/\(x,y,z):Oforallx,y,zEXand)\>Oifm:y:z,
(2) w§(z,2,y) >0 for all 7,y € X and A > 0 with = # y,
(3) wl(z,7,y) <w{(w,y,2) for all 7,y,2 € X and A > 0 with z # y,
(4) wG(x,y,z) = wf(ac,z,y) = wf(y,z,x) = .- for all A > 0 (symmetry
in all three variables),
(5) wﬁru(m,y,z) < wg\;(a:,a*,a*) + wf(a*,y, z), for all z,y, z,a* € X and
A, p > 0.
Then, the function wf is called a modular G-metric on X.

Definition 2.5. ([5]) Let (X,,w{) be a modular G-metric space. The se-
quence {zp}nen in X ¢ is modular G-convergent to x*, if it converges to x*
in the topology T(wg\;).

A function T : X, = X, at 2* € X ¢ is called modular G-continuous if
w§ (T, x*, ) — 0 then wf(Ta:n,Tm* Txz*) — 0, for all A > 0. The sequence

{n}nen modular G-converges to z* as n — oo, if lim w§ (2, 2y, z*) = 0.
TL—)OO

That is for all € > 0 there exists ng € N such that w} (mn, T, ™) < € for all
n,m > ng. Here we say that x* is modular G-limit of {x, }nen.

G

Without any confusion we will take X ¢ as a modular w*-metric space.

Definition 2.6. ([5]) Let (X,,w%) be a modular w-metric space. Then
{z,} C X ¢ is said to be modular w®-Cauchy if for every e > 0, there exists
ne € N such that wf(xn,xm,xl) < e for all n,m,l > n. and X > 0.

A modular G-metric space X, is said to be modular G-complete if every
modular w®-Cauchy sequence in X, ¢ is modular w%-convergent in X c

Proposition 2.7. ([5]) Let (X,,,w%) be a modular w®-metric space, for any
.Y, 2,0 € X, a, it follows that:

()Ifw)\(az,y, z) =0 for all A >0, then x =y = z.
2) Wl (z,y, 2 )<wk(xmy)+wx(xxz)forall)\>()

(2) Wy
(3) w¥(z,y,y) < 2wk(y,x x) for all X > 0.
2
(4) w¥(z,y,2) < wl(x,a,2) +wS(a,y,2) for all X > 0.
2 2
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(5) w§ (@, 2) < 25 (2,9, 0) + S (@0, 2) + wS(a,9,2)) for all A > 0
2 2
(6) wl(z,y,2) <wl(z,a,a) +wS(y,a,a) +w§(z,a,a) for all X >0
2

Proposition 2.8. ([5]) Let (X, w®) be a modular w®-metric space and {x, }nen
be a sequence in X,,. Then the following are equivalent:

G

) {2 }nen is w7 -convergent to x,

{Zn}nen converges to x relative to modular metric wg\;,

(1

(2)

(3) Wl (zn,Tn,x) = 0 as n — oo for all A > 0,

(4) Wl (zn,z,2) — 0 asn — oo for all A > 0,

(5) WS (Tm, Tn, ) = 0 as m,n — oo for all A > 0.

Definition 2.9. ([7]) Let X, be a modular metric space induced by met-
ric modular w. Two self-mappings T, h of X, are called w-compatible if
wx(Thxy, hTxy,) — 0, whenever {z,}>°, is a sequence in X,, such that hz, —
z and T'x,, — z for some z € X, and for A > 0.

Next, we state the definition below following [7], which will play some vital
roles in Section 3 of this paper.

Definition 2.10. ([30]) Let (X_c,w?) be a modular G-metric space. A pair

{T1,T>} is said to be w-compatible if for all A > 0,
lim w§ (T Toxy, Ty Ton, ToT12,) = 0
n—0o0

or

lim W (ToThxy, ToTian, TiTox,) = 0,
n—oo

whenever, {z, },en is a sequence in X ¢ such that lim Tjz, = hm Tox, = x,

n—oo
forx € X ¢

Proposition 2.11. ([30]) Let (X, c,w®) be a modular G-metric space. Let
{an}nen, {bn}nen be two sequences in X, c for which li_>m w§ (an, an, by) = 0
n oo
if and only if lim wg(an,bn,bn) =0 for all A > 0. If lim a, = a for some
n—oo n—oo
a€ X,c, then lim b, =a € X ¢
n—oo

A point x € M is said to be a fixed point of a mapping T if x = Tx. And
the set of fixed points of T" will be denoted by Fix(T), that is, Fix(T) = {x €
M :z =Tz}
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3. MAIN RESULTS

We begin this section with the following results.

Theorem 3.1. Let (X c,w®) be a G-complete modular G-metric space and
let T; : X o = X e fori=1,2,3,4, be four self w-compatible mappings with
T1(X,¢) CTy( X, 0), To(X¢) C T3(X ) in which T3, Ty are continuous and
that the pairs {T1, T3} and {T2, Ty} are compatible so that there is a point yo €
X,6,A >0, such that w?(yl, Y1,Yo) < 00, for which the following condition is
satisfied;

W)C\:(Tl.’ﬂ,le,TQZ) < kwf(T3337T397T42)7 (31)
for each x,y,z € X, c, with k < 1. Then T; have a unique common fized point
in X,c fori=1,2,3,4.

Proof. Let xy € X c. Since T1(X ¢) C Ty(X,¢), there exists 1 € X ¢ such
that Tizg = Tyx1, and also as Thx; € T3(X ¢ ), we choose x5 € X ¢ such that
Tox1 = Tyxo. In general, zon+1 € X ¢ is chosen such that Tixe, = Tyxront1
and zo,42 € X 6 such that Thxo, 1 = T3x2,42, we obtain a sequence {yy, }rn>1
such that yo, = Thx2, = Tywony1 and yon1 = Toxon1 = T3xon42.

Now we show that {y,} C X, is a modular G-Cauchy sequence. Indeed we
proceed as follows;

G _ .G
WY (Y2n> Yons Yont1) = wy (11225, T1x2p, Toxon41)

w
< kw§ (Tsan, TsTon, Tawan11)
= W (Y2n—1, Y201, Y2n). (3.2)
Therefore,

WS (Yon, Yon, Yont1) < kwS (Yon—1, Yon—1, Yon)- (3.3)

Using the above procedure and condition (3) of Proposition 2.7, we have
W?(?ﬁnfla Yon—1, Yon)
< 2w§(y2my2my2n_1)

< 2w)c\;(y2n7 Yon, an—l)
= 20§ (T129n, T1%2n, Totan—1)

ol

G G
< 5 max{wy (T5z2n, T3T2n, Tazon—1), wy (Tozon, Tozon, Toxon—1),

WS (Tyvxan—1, Tizan—1, T3x2n—1), WS (T129n, TiT2n, Toxan—1)}
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k
= 5 maX{wf(wn—l, Yan—1, y2n—2)7w,€(y2m Yons Yon—1), (3.4)
W (Yan—1, Yan—1, Y2n—2), WS (Yon, Y2n, Y2n—1)}
k
=3 max{w§ (Yan—1, Yon—1, Y2n—2), W5 (Y2n, Yon, Yon—1)}-
Then
k
WS (y2ns Yon, Yon—1) < §w§(y2n—1, Yon—1,Y2n—2)- (3.5)
By the above processes, we get
k
WS (Yon, Yon, Yoni1) < §w,€(y2n71,y2n71,y2n). (3.6)

Therefore, for all n and A > 0, we have

N |

W?(QQm Yon, Yont1) < W)?(?/anla Yon—1,Y2n)

IN

(5" (o, v0,11) (3.7

for A > 0 and n > 2.
Suppose that m,n € N and m > n € N. Applying rectangle inequality
repeatedly, that is, condition (5) of Definition 2.4 we have

WS (Y2n Yon, Yam) < Wi%n (Y2n: Y2n+1, Yon+1) + w(% (Y2n+1, Y2n+2; Y2n+2)
+ w% (Y2n+2, Y2n+3; Yon+3) + w% (Y2n+3; Y2n-+4, Y2n+4)
+--t w%(?ﬁm—ly Yom Y2m)

< wg(y%? Yon+1, Yan+1) + Wg(?hnﬂ, Y2n+2; Y2n+2)

+ WS (Yont2, Y2013, Yonts) + WS (Yan+3, Yontd, Yonrd)
+ ..

-+ wg(y2m—1,y2m7y2m)

<G+ G e v )
k\n
< 1(2)(,9009(91,3/1,3/0) (3.8)

for all m >n > N € N, then
k\n
2

1-(5)

WS (Y2ns Yon, Yam) < w§ (y1, Y1, o) (3.9)
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for all m,l,n > N for some N € N, so that by condition (2) of Proposition
2.7, we have

wf(?ﬂm?ﬁm, le) g(mm y2n,y2m) +w g(ygl,ygm, ygm) (3.10)
so that
WS (Y2, Yom, Ya1) < g(mn, Yon, Yom) + Wy S (1> Y2m, Yom)
?( Y2ns Y2n, y2m) + Wy (y2l7 Yom, me)
< ()" w§ (Y1, 91, 90) + ()" w§ (Y1, y1,90)
“1-(%) 1— (%)
(5)" (E)
< : k : k W (Y1, 91, v0)- (3.11)
(5) —(3)
Thus, we have
lim W (Y2n, Yom, y21) = 0 (3.12)
n,m,l—o0
or
lim WS (Yn, Y, y1) = 0. (3.13)
n,m,l—o0

Therefore, we can easily see that {y,}nen is modular G-Cauchy sequence in
X,c. The modular G-completeness of (ch,wG) implies that for any A > 0,
lim  wy C(Yn, Ym,u) = 0, that is, for any € > 0, there exists ng € N such

nm—>oo
that wy C(Yn, Ym,u) < € for all n,m € N and n,m > ng, which implies that
lim y, = u € X_ ¢ as n — 00, or by applying condition (5) of Proposition

n—oo

2.8, such that

lim Tixo, = hm Taxony1 = hm Toxont1 = hrn T3xon 12 = u.
n—oo

Now we show that u is a common fixed point of the mappings, Tl,Tg, T3
and Ty. Recall that T3 is continuous, then it follows that hm T3 Tonto =

T3( lim Tzo,42) = Tsuand lim T3(Th22,) = Tsu. Since {Tl,Tg} and {T», Ty}
n—oo n—oo
are w-compatible and for all A > 0, we have

lim_ W§ (T T3z, T Tsxoy, TsT129,) = 0.
Thus by Proposition 2.11, we have lim T)(T3x2,) = T3u . On putting = =
y = T3xo, and z = T9,41 into inequglﬁ;o (3.1), we have
WS (T Tywan, Ty Tsxan, Toton1) < kw§ (T3T3w2n, T3T329,, Tatoni1)
= koS (TEon, Tiwon, Tatoni1). (3.14)
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Taking the limit of both sides of inequality (3.14) as n tends to infinity, we
have

G . G
wy (Tau, Tsu,u) = r}lj;o wY (T T3xon, T1T329,, Toon41)

<k lim oS (T3 Tsw2n, TsTaa2n, Tatni1)
n—o0
=k lim w§(T5z2n, T30, Tazon+1)
n—o0
= kw§ (Tau, Tyu, u). (3.15)

Hence,
(1 — k)w§ (T3u, Tau, u) <0, (3.16)
where, k < 1 for all A > 0, thus T3u = u. Again, in a similar way, note that

Ty is continuous then lim T42.Z'2n+1 = Tyu and lim TyThx9,+1 = Tyu and
n—oo n—oo

lim T1Ty2x9,+1 = Tyu. Since {T5, T4} is w-compatible and for all A > 0, we
n—oo

have that
Jim w§ (TeTywon+1, ToTuwan 1, TaTowont1) = 0.
Thus by Proposition 2.11, we have that nlglgo To(Tyxon+1) = Tyu . On putting
r =y = xo, and z = Tyway41 into inequality (3.1), we have
WS (Th 290, Tiwon, ToTazont1) < ko (Tswon, Tszon, TaTizon 1)
= kw)c\:(Tgmgn, T390, Tixon11), (3.17)

on taking the limit of both sides of inequality (3.17) as n tends to infinity, we
have

a . G
wy (u, u, Tyu) = nlg{.lo wy (T1@2n, T1xon, ToTuxon41)
. G
<k lim wY (T322n, T372,, TyT4xon11)
n—oo

= kw§ (u, u, Tyu), (3.18)

then we have that Tyu = v for all A > 0 and k < 1.
Furthermore, if we put © = x9,,y = u and z = x9,41, then from inequality
(3.1), we get

WS (Thw2n, Tru, Towont1) < kw (Tswon, Tau, Tawani1) (3.19)
as n — 00, we have
w§ (u, Tyu, u) < kw§ (u, Tau, ),
so that
w§ (u, u, Tyw) < kw§ (u, Ty, u), (3.20)

WS (uyw, Tyw) < kw§ (u, Tyu, u) = kw§ (u, u,u) = 0. (3.21)
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Hence, Tiu = u.

Finally, using the fact that Thu = Tsu = Tyu = u, then inequality (3.1),
becomes

WS (u, u, Tow) = w§ (Tru, Ty, Tou)
< kw$ (Tyu, Tyu, Tyu)
= kw§ (u,u,u) = 0. (3.22)
Hence, Tou = u. Therefore, we have that
Tiu = Tou = Tau = Tyu = u, (3.23)

which shows that v is a common fixed point of 17,75, T3 and Ty.

To prove uniqueness, suppose that there exists another common fixed point
of T1,T%,T5 and Ty that is, there is a u* € X, ¢ such that u* = Tyu* = Thu* =
Tsu* = Tyu*. If u # u*, and for all A > 0, again inequality (3.1) becomes;

W (u, u, u*) = WS (Tyu, Tyu, Tou*)
< k:w)?(Tgu,Tgu,Tz;u*)

= kw§ (u, u, u*).

Therefore,
wg\;(u, u,u) < kwf(u,u,u*), (3.24)
so that
(1 — k)w§ (u, u,u*) <0, (3.25)
where, £k < 1 and A > 0, thus u = v*. Therefore, the proof of Theorem 3.1 is
now completed. O

Remark 3.2. Theorem 3.1 is a generalization of Theorem 3.1 in Agarwal and
Karapinar [4]. Suppose we allow T} = T, and T3 = T}, then we get inequality
(6) of Agarwal and Karapinar [4] in the setting of modular G-metric spaces.
Again, if y = z and 71 = T, and T3 = Ty, in inequality (3.1), then we get
inequality (10) of Theorem 3.2 in Agarwal and Karapinar [4] in the setting of
modular G-metric spaces.

The example below follows from Example 3.1 in Okeke et al. [30].

Example 3.3. Let X ¢ = RTU{oo}. Define w-compatible mappings T4, Ts, T,

Ty : RT U {oo} = RT U {0} by Thz = (%)8p,sz = (%)4p,T3x = (%)21) and
Tyr = (%)p for all z € RT U{cc},p > 1 and n € N. Then the mappings

Ty, T5,T5,T), satisfies inequality (3.1) of Theorem 3.1.
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Corollary 3.4. Let (X c,w%) be a G-complete modular G-metric space. Let
T« X6 = X,a fori =1,2,3,4, be four self w-compatible mappings with
T1(X,¢) CTu( X, 6), To(X,c) C T3(X,c) in which T3,Ty are continuous and
that the pairs {T1,T5} and {T5,T4} are compatible so that there is a point
Yo € Xa, A > 0, such that wf(yl,yl,yo) s finite, for which the following

condition is satisfied for some positive integer, m > 1
S (T, TPy, T3'2) < ko (T3, Ty, Tj"2), (3.26)

for each x,y,z € X o, with k < 1. Then T; have a unique common fized point
for some positive integer, m > 1 in X e fori=1,2,3,4.

Proof. By Theorem 3.1, T7", 15", 13", Ty"* has a common fixed point say u* €
X, for some positive integer m > 1 by using inequality (3.26).

Now T7(Tyu*) = T/ u* = Ty (T"u*) = Thu*, so Tiu* is a fixed point of
TT"w*. Similarly, Tou* is a fixed point of T5"u* , T3u™ is a fixed point of T3"u*
and Tyu* is a fixed point of T u*.

For the uniqueness, suppose that there exists another common fixed point of
T, T8 T30, Ty say v* € X, e, that is, T{"v* = Ty"v* = Ty"v* = T"v* = v*.
Now, we show that u* = v*. Indeed, suppose that u* # v* implies that for
any A > 0, wg\;(u*,u*,v*) > 0, from inequality (3.26), we have

W (u*, u*,v*) = WS (Tu®, Tu®, T ™)
< kWS (T, T, T ™)
= kw§ (u*, u*,v*), (3.27)

hence u* = v* for k < 1. Therefore, T; have a unique common fixed point for
some positive integer, m > 1 in X ¢ for i =1,2,3,4. Il

Corollary 3.5. Let (X, c,w%) be a G-complete modular G-metric space and
let T; « Xy — Xy fori = 1,2, be two self w-compatible mappings with a
point yo € X, a, A > 0, such that wg(yl,yl,yo) < 00, for which the following
condition is satisfied

W?(TlﬁyleaTQZ) < kwg(xaya Z)a (328)

for each x,y,z € X c, with k < 1. Then T; have a unique common fized point
in X, fori=12.

Proof. Now, if we take T3 and Ty as identity mappings on X, which we are
sure that it is continuous, then we conclude quickly from Theorem 3.1 that
and set 17,75, have a unique common fixed point in X . Hence the proof of
Corollary 3.5 is completed. O
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Corollary 3.6. Let (X c,w%) be a G-complete modular G-metric space and
let Ty : X, = Xyo fori = 1,2, be two self w-compatible mappings with a
point yg € X ,a,A > 0, such that wg\;(yl,yl,yo) < 00, for which the following

condition is satisfied for some positive integer, m > 1;
Wl (T}, Ty, T3'2) < kel (2,9, 2), (3.29)

for each x,y,z € X c, with k < 1. Then T; have a unique common fized point
for some positive integer, m > 1 in X c fori=1,2.

Proof. By Corollary 3.5, 17", T;" has a common fixed point say u* € X ¢ for
some positive integer m > 1 by using inequality (3.29). Now T{"(Thu*) =
Tlm"'1 * =T (T{"u*) = Tyu*, so Thu* is a fixed point of T{"w*. Similarly, Tou*
is a fixed point of T5"u*.

For the uniqueness, suppose that there exists another common fixed point
of T, 15" say v* € X ,a, that is, T{"v* = T5"v* = v*. Now, we show that u* =
v*. Indeed, suppose that u* # v* implies that for any A > 0, wf(u*, u*,v*) >
0, from inequality (3.29), we have

w§ (u*, u*, v*) = W (T, Tu*, T ™)
< kw§ (u*, u*, v*), (3.30)

hence u* = v* for k < 1. We can say that T; have a unique common fixed
point for some positive integer, m > 1 in X ¢ for ¢ =1, 2. O

Corollary 3.7. Let (ch,wG) be a G-complete modular G-metric space and
let Th : X6 — X6 fori = 1,2, be two self w-compatible mappings with a
point yo € X, e, A > 0, such that wf(yl,yl,yo) < 00, for which the following
condition is satisfied

W§ (Tyz, Tyy, T 2) < kw§ (x,y, 2), (3.31)
for each x,y,z € X, ¢, with k < 1. Then T} have a unique fired point in X, c.

Proof. If we take T3 and Ty as identity mappings on X ¢, which we are sure
that it is continuous, and set 17 = T5, then we conclude quickly from Theorem
3.1 that 71 have a unique fixed point in X c. O

Remark 3.8. Corollary 3.7 is a generalization of Theorem 3.2 in [16] which
is also Corollary 13 in [36]. To see it, take y = z in

w?(lev, Tvy,T1z) < kw?(w, Y, 2). (3.32)

Corollary 3.9. Let (X c,w%) be a G-complete modular G-metric space and
let Th : Xy — X6 fori = 1,2, be two self w-compatible mappings with a
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point yg € X, a,A > 0, such that w?(ybyl,yo) < 00, for which the following
condition is satisfied for some positive integer, m > 1

WS (T, TPy, T]2) < ke (2,9, 2), (3.33)

for each x,y,z € X, e, with k < 1. Then Ty have a unique fized point for
some positive integer, m > 1 in X c.

Proof. By Corollary 3.7, T1" has a fixed point say u* € X ¢ for some positive
integer m > 1 by using inequality (3.33). Now

T (Tyu*) = T = T (T u*) = T,

so Tiu* is a fixed point of T7"u*.

For the uniqueness, suppose that there exists another fixed point of 77" say
v* € X ¢ that is T{"v* = v*. We claim that «* = v*. Indeed, suppose that
u* # v* implies that for any A > 0, w?(u*, u*,v*) > 0, from inequality (3.33),
we have

W (u*, ut, v*) = WS (T, T, T*) < kwf (u®, u®, v"). (3.34)

Hence, T have a unique fixed point for some positive integer, m > 1 in
X, G. O

w
Corollary 3.10. Let (X c,w®) be a G-complete modular G-metric space and
let T5,Ty : X ,c — X,c be two continuous self w-compatible mappings with an
arbitrary point yo € X, c, A > 0, such that wf(yl,yl,yo) < 00, for which the
following condition is satisfied

W (2, 2) < kw§ (Tsz, Tsy, Tyz), (3.35)

for each z,y,z € X c, with k < 1. Then T3,T, have a unique common fized
point in X c.

Proof. We set T7 and T5 to be identity mappings. Let zp € X ,e. Since
I(X,c) C Ty(X,c), there exists 1 € X ¢ such that Izg = Tyz1, and also
as Iry € T5(X c), we choose zo € X ¢ such that Iz; = Tsxs. In general,
Ton+1 € X,c is chosen such that Ixy, = Thxrons+1 and zo,42 € X, such that
Ixony1 = T3xop12, we obtain a sequence {yn}n>1 such that yo, = Iz, =
Tyzonv1 and yop 1 = I22,41 = T3T2n42.

Now we show that {y,} C X ¢ is a modular G-Cauchy sequence. Indeed
we proceed as follows

w? (an; Yon,, y2n+1) = w)? (1'2717 Ton, x?n—l—l)

G
< kwY (T3xon, T322n, Tazont1)

= W?(wn*b Y2n—1, Y2n)- (3.36)
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Therefore,

wg (y2n7 Yon, y2n+1) < kw}?(y%—l, Yon—1, an)- (337)
By Theorem 3.1, we conclude that 73,7, have a unique common fixed point
in X, . O

Corollary 3.11. Let (X ¢, w%) be a G-complete modular G-metric space and
let T3, Ty : X ,c = X c be two continuous self w-compatible mappings with an
arbitrary point yo € X, a,\ > 0, such that w?(yl,yl,yo) < 00, for which the
following condition is satisfied for some positive integer, m > 1

W (@Y, 2) < kol (T2, T3y, Ti" ), (3.38)

for each z,y,z € X, ,a, with k < 1. Then 13,1y have a unique common fized
point for some positive integer, m > 1 in X c.

Proof. By Corollary 3.10, 75", T;" has a common fixed point say u* € X ¢
for some positive integer m > 1 by using inequality (3.38). Now 13" (T3u*) =
Tg”“ * = T3(T3"u*) = Tyu*, so Tau* is a fixed point of T3 u*. Similarly, Tyu*
is a fixed point of T u*.

For the uniqueness, suppose that there exists another common fixed point of
T30, Ty say v* € X ¢, that is, T3"v* = T"v* = v*. Now, we show that u* =
v*. Indeed, suppose that u* # v* implies that for any A > 0, wf(u*,u*,v*) >
0, from inequality (3.38), we have

< kw§ (Tyu*, Tyu*, Tyo*)
= kwf(u*,u*,v*), (3.39)

hence u* = v* for k < 1. Therefore, T3, Ty have a unique common fixed point
for some positive integer, m > 1 in X c. O

Corollary 3.12. Let (X a,w™) be a G-complete modular G-metric space and
let T5 : X 6 = X e be a continuous self w-compatible mapping with an ar-
bitrary point yo € X, c,A > 0, such that wf(yl,yl,yo) < 00, for which the

following condition is satisfied

w§ (.Y, 2) < kwf (Tsa, Tay, Ts2), (3.40)

“)

for each x,y,z € X, 6, with k < 1. Then T3 have a unique fived point in X, c.

Proof. Set T as an identity mapping, then Corollary 3.10 completes the proof
of Corollary 3.12. Hence T3 have a unique fixed point in X . O
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Corollary 3.13. Let (X c,w%) be a G-complete modular G—metric space
and let T : X, = X o be a continuous self w-compatible mapping with an
arbitrary point yo € X, A > 0, such that wg(yl,yl,yo) < 00, for which the

following condition is satisfied for some positive integer, m > 1
WS (,y,2) < koS (T3, TSy, T4 2), (3.41)

for each x,y,z € X, e, with k < 1. Then T3 have a unique fized point for
some positive integer, m > 1 in X .

Proof. From Corollary 3.12, we conclude that T3 have a unique fixed point for
some positive integer, m > 1 in X . O
Corollary 3.14. Let (X ,o,w™) be a G-complete modular G-metric space and
let T; - X6 — X,a fori=1,23, be three self w-compatible mappings with
T1(X,¢) CTi(X,6), To(X,c) C T3(X,¢) in which T3,Ty are continuous and
that the pairs {Th, T3} and {T»,T1} are compatible so that there is a point yo €
X6, A >0, such that wf(yl, Y1,Yo) < 00, for which the following condition is
satisfied

“)

W§ (T, Tyy, Toz) < kw§ (Tyz, Ti2, Tsz), (3.42)

for each x,y,z € X a, with k < 1. Then T; have a unique common fized point
in X,e fori=1,23.

Proof. Let xg € X,_c. Since T1 (X c) C T1(Xc), there exists z1 € X ¢ such
that Tyzo = Tix1, and also as Thxy € T3(X,¢), we choose x9 € X ¢ such that
Thx1 = T3z2. In general, xo,11 € X, ¢ is chosen such that Thxo, = T122n+1
and xop+2 € X ¢ such that Toxa, 1 = T3x2,42, we obtain a sequence {yn, }rn>1
such that yo, = Thw2n = T1%on+1 and yopt1 = Towont1 = T3r2n12. Now we
show that {y,} C X, is a modular G-Cauchy sequence. Indeed we proceed as
follows

a a
WX (Y2n, Yon, Yon+1) = wy (T12on, T122n, ToTont1)

G
< kwY (Th2ony1, Tixont1, T3%2n41)

= w§ (Y2n—1, Yon—1, Y2n)- (3.43)

Therefore,
WS (Y2, Yons Yan+1) < kWS (Y2n—1, Yan—1, Yon). (3.44)
Following the proof of Theorem 3.1, we have that T; have a unique common
fixed point in X ¢ for i =1,2,3. O

Remark 3.15. We can deduce analogue of Banach contraction mapping prin-
ciple as follows; inequality (3.42) of Corollary 3.14 says that

wg;(Tlsv, Ty, Trz) < kwg\;(le, Tyz,T52), (3.45)
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take y = x, then

W (T, Tz, Toz) < kw§ (Thz, Ty 2, T32), (3.46)
which implies
wi(Thz, Toz) < kwy(Tiz,T3z2). (3.47)
Put 77 = I, so that
wa(z, Trz) < kwy(z,T32). (3.48)
Now take again Tp = T3, we get
wr(z, Tez) < kwy(z,T22). (3.49)

Corollary 3.16. Let (X, c,w®) be a G-complete modular G-metric space and
let Ty - X6 — X,a fori=1,23, be three self w-compatible mappings with
T1(X,¢) CTi(X,6), To(X¢) C T3(X,¢) in which 13,1y are continuous and
that the pairs {Th, T3} and {T»,T1} are compatible so that there is a point yo €
X6, A >0, such that wf(yl, Y1,Yo) < 00, for which the following condition is

satisfied for some positive integer, m > 1
WS (T, Ty, T 2) < kw§ (T2, T2, T32), (3.50)

for each x,y,z € X a, with k < 1. Then T; have a unique common fized point
in X,e fori=1,23.

Proof. By Corollary 3.14 , T7",T3",T3", has a common fixed point say u* &
X, ¢ for some positive integer m > 1 by using inequality (3.50). Now T7"*(T1u*) =
Tlm"'1 * =T (T{"u*) = Thu*, so Tiu* is a fixed point of T7"u*. Similarly, Thu*
is a fixed point of T5"u* , Tyu* is a fixed point of T3 u*.

For the uniqueness, suppose that there exists another common fixed point
of TT", T3, 13" say v* € X ¢ that is T{"v* = T5"v* = T3"v* = v* . Now, we
show that u* = v*. Indeed, suppose that u* % v* implies that for any A > 0,

w)c\"(u*, u*,v*) > 0, from inequality (3.50), we have

Wi (u*, vt v*) = WS (TMu*, T*, T ™)

< kS (T u®, T u*, T ™)

= kw§ (u*, u*,v%), (3.51)
hence u* = v* for k < 1. Therefore, T; have a unique common fixed point for
some positive integer, m > 1 in X ¢ fori=1,2,3. O

Remark 3.17. We now reduced inequality (3.50) of Theorem 3.16 to modular
metric space in which Corollary 10 of [3] becomes a special case. Indeed, from
inequality (3.50) of Theorem 3.16 we have that

WS (T, Ty, T3 2) < ko (T2, T{"2, Ty2), (3.52)
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take y = x, then
WG (T, T, To2) < kw§ (T2, T2, Ts2), (3.53)
which implies
wr(Tmz, T 2) < kw§ (T2, Tyz). (3.54)
Take T7" = I for all m > 1, we get
wA(T 2, z) < kw$ (2, Ts2). (3.55)

Inequality (3.55) is an extension of Corollary 10 of [3]. Indeed, as Tp = T3,
inequality (3.55) becomes

wA(Tz, ) < kw§ (2, Taz). (3.56)

Corollary 3.18. Let (X ¢, w%) be a G-complete modular G-metric space and
let T; : X6 — X6 fori=1,2,3,4, be four self w-compatible mappings with
T1(X,e) CTy( X, 6), To(X,c) C T3(X,e) in which T3,Ty are continuous and
that the pairs {Th, T3} and {T», Ty} are w-compatible mappings, so that there
s an arbitrary point yo € X, 6, A > 0, such that w?(yl,yl, yo) < 00, for which
the following condition is satisfied

wf(Tla:,le,ng) < aw?(Tgm,Tgy,ﬂz) + bw)c\"(Tza:,Tgsc,ng)
+ ew§ (Thz, Thz, Ts2) + dwf (Tyy, Tyy, Toz),  (3.57)

foreachz,y,z € X o, witha+b+c+d < 1,b+d < 1,2d <1 anda+b+d < 1.
Then T; have a unique common fixed point in X e fori=1,2,3,4.

Proof. Let xg € X . Since T1(X c) C Ty(X,c), there exists 1 € X ¢ such
that Thzg = Tyx1, and also as Thx; € T3(X,¢), we choose x9 € X ¢ such that
Thx1 = T3z9. In general, xo,11 € X, ¢ is chosen such that Thxo, = Tyxont1
and zop+2 € X 6 such that Thxo,1 = T3w2,42, we obtain a sequence {yy, }rn>1
such that

Yon = T1T2p = Tyon i1
and

Yont1 = Toxont1 = T3T2,42.
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Now we show that {y,} C X ¢ is a modular G-Cauchy sequence. Indeed
from inequality (3.57)

wf(y%a Yon, Yont1) = wg(TﬂCQn, Ty zop, Toxon 1)
< aw§ (Tsw2n, TsTon, Tazon+1)
+ bw§ (Taman, Towon, Towon 1)
+ cw§ (T1xan+1, Tivant1, Tsont1)
+ dwg(Tmzn, Tixon, Toxont1)
= aw§ (Yan—1, Y2n—1: Y2n) + b (Y2n Yon, Yant1)
+ ew§ (Yon—1, Yan—1, Y2n) + AwS (Y2n, Yons Y2nt1)

= (a4 )w¥ (Y2n—1, Y201, Y2n)

=+ (b + d)wg(anv Yon, y2n+1>- (358)
Hence,
a—+c
W)C\;(y%z, Yon, 92n+1) < mwg(y%hl; Yon—1, an). (3.59)
a—+c
Take k ;= ———  th
e = T hray

WS (Y2n> Y2, Yant1) < kwf (Yan—1, Yan—1, Y2n)- (3.60)

Using the above procedure and condition (3) of Proposition 2.7, we have
WS (Yan—1,Yan—1, Y2n) < 2w§(y2n, Yon, Y2n—1)

< 20§ (

2&))\ Yon, Y2n, y2n—1)
Qw)?(
k

Tixon, T1T2n, Toxon—1)

< §{GW,€(T3$2n, T3xon, Taon—1)
+ b (Towon, Toan, Toxon—1)
+ cw§ (Thvzan—1, Tizan—1, T39n—1)
+ dw§ (Ty29n, Tizon, Toxan—1)}

= §{aw§(y2n—lv Yon—1, Yan—2) + bwS (Yon, Y2n, Yon—1)
+ cw§ (Yan—1, Yan—1, Yon—2) + dw§ (Yan; Yan, Yan—1)}
k

= 5{(a + &)w§ (Yan—1, Yon—1, Yon—2)

+ (b + d)w)c\;(an’ Y2n, yanl)}- (361)
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So that for n > 2,

k(a
¢ n n n— < ¢ n— n— n— 362
W (Y2ns Yon, Yan-1) < 20— 1k + ) (Y2n—1,Y2n-1,Y2n-2),  (3.62)

where k; : k(atc)

- . Take h := max{k, k1}, therefore, for all n and
2(1- 4 (k(b+d)))
A > 0, we have

WS (Y2ns Yon, Yont1) < S (Y2n—1, Yan—1, Yan)

< "o (v, v, o), (3.63)
for A > 0 and n > 2.

Suppose that m,n € N and m > n € N. Applying rectangle inequality
repeatedly, that is, condition (5) of Definition 2.4 we have

WS (Y2ns Yons Yom) < W (Y2ns Yons Yont1) + w0Os (Yont1s Yont1, Yans2)

+ WGA (y2n+2, Yan+2, y2n+3)
_|_ ..

m—n

+ w9 (Y2043, Y2n+3s Yanta)
4w (Yom—1, Y2m—1, Yom)

m—n

< WS (Wan, Yoan, Yans1) + WS (Yont1, Yont 1, Yoni2)

G
+ WX (Y2n+2, Y2n+2, Y2n+3)

=+ Wg(yzn%’ Yon+3, Yonta) + 0+ w(i(yszl, Y2m—1, Y2m)

< h" 4 prtl 4+t hmfl)wf(yhyhyo)

n

S w)?(yl, Y1, yO)v (364)
1—-~h
for all m >n > N € N, then

hn

WS (Y2n, Y2n, Yam) < . hwf(yl,yl,yo),

(3.65)

for all m,l,n > N for some N € N, so that by condition (2) of Proposition
2.7, we have

W)C\;(anv Yom, y2l) <w (y2n7 Yon, me) +w

v Q)
o> Q)

(Y21, Y2m, Yom), (3.66)
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so that
G <G G
Wy (Y2n> Y2m, Y21) <wy (Y2n, Y2n, Yom) + w3 (Y215 Y2ms Yom)

Swg\; (an’ Yon, y2m) + w}(\; (y2l7 Yam, me)

n n

S thG(yl’yl’yO) + mwg(yl,yhyo)
h" h" o
_(1—h +1_h)WA (y1,91,90)- (3.67)
Thus, we have
lim wg(yzna Y2m, le) =0 (368)
n,m,l—o0
or
Hm WS (Yn, Ym, w1) = 0. (3.69)
n,m,l—oo

Therefore, we can easily see that {y,}nen is modular G-Cauchy sequence in
X,c. The modular G-completeness of (X,c,w®) implies that for any A > 0,
lim wf(yn, Ym, ) = 0, that is, for any € > 0, there exists ng € N such that

n,Mm—00

wf(yn, Ym,u) < € for all n,m € N and n, m > ng, which implies that li_>m Yn =
n o

u € X, ¢ as n — 00, or by applying condition (5) of Proposition 2.8, such that

lim Tlxgn = lim T4$2n+1 = lim T21‘2n+1 = lim T31‘2n+2 = u. Now we
n—00 n—r00 n—00 n—00

show that u is a common fixed point of the mappings, 11,75, T3 and Ty. Recall
that Ty is continuous, then it follows that lim T§wa,io = T5( lim T3z9,42) =
n—oo n—oo

T3u and nh_g)lo T5(T1x2,) = Tyu. Since {11,T3} and {T5,T,} are w-compatible
mappings and for all A > 0, we have
Jim W (T1Tsa2n, Ty T322p, TsTiw2,) = 0.
Thus by Proposition 2.11, we have lim T3(T3x9,) = T3u. On putting z =
y = T3xa, and z = T9,41 into inequzﬁi?;o(&’é?), we have
W (T1 Tywon, Ti Tawon, Tovoni1) < aw§ (T3T3xon, TsTawon, Tazont1)

+ bw§ (T2 Tsa2n, TaTs22m, ToTont1)

+ w§ (T122n 41, Ti®an+1, TsT2n11)

+ dw§ (T1 Tazon, Ti T30, ToTon 1)

= GWE(T?,QiﬂZna T32$2n, Tyoni1)

+ bw§ (To T3, ToT3w20, ToTont1)

+ w§ (T1@on+1, Ti®ant1, TsToni1)

+ dwS (Ty Tswon, Ty Tswan, Tawons1) (3.70)
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Taking the limit of both sides of inequality (3.70) as n tends to infinity, we
have

G : G
Wy (T3U, Tgu, U) = nh—>Igo Wy (T1T3£B2n, T1T3x2n, T2$2n+1)

< a lim w§ (T3Ts29n, T3T3220, Tazon 1)
n—oo
+b lim WS (T2T3220, ToT3w20, ToTont1)
n—oo
+ ¢ lim WS (T1x2n+1, T1%2n41, TsTon41)
n—oo
+d lim omegaf(Tngan, T1T3332n, T2132n+1)
n—oo
=a nh—>Holo wg(Tngzn, T32562n, Tyx2n+1)
+b lim WS (T2T3220, ToT3w20, Towont1)
n—oo
+ ¢ lim W (Tizoni1, Tizont1, Tstoni1)
n—oo
+ d lim omega?(Tnga:Qn, T1T3£L’2n, Tgxgn_H)
n—oo
= aw§ (Tzu, Tyu, u) + bw§ (Tyu, Tsu, u),
+ cw§ (u, u, u) + dw§ (Tu, Tu, u)
= ng(Tgu, T3u7 U) + bW?(Tgu, T3ua U),
+ dw$§ (Tyu, T3u, )
= (a + b+ d)w§ (T3u, Tzu, u). (3.71)

Hence T5u = v as a+b+d < 1. Again, in a similar way, note that T} is contin-
uous then lim T42$2n+1 = T4u and lim T4T2$2n+1 = T4’U,, lim T1T4£L‘2n_|_1 =
n—oo n—oo n—oo

Tyu. Since {T»,T,} is w-compatible mapping and for all A > 0, we have
lim W (ToTyxons1, ToTazon i1, TaTowan 1) = 0.
n—oo
Thus by Proposition 2.11, we have li_}m To(Tyxon+1) = Tyu. On putting z =
mn o
Yy = T and z = Tyxa,11 into inequality (3.57), we have

W (T12n, Tiwon, ToTatoni1) < aw§ (Tswan, Tswon, TaTiTon 1)
+ bw§ (Taan, Toxon, ToTyzan 1)
+ cw§ (T Tuwans 1, TiTazans 1, TsTazon 1)

+ dw§ (Tywon, Tizon, ToTiTont1)
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= aw§ (T322n, TsT2n, TiTon+1)
+ bw§ (Towan, Towon, ToTazon 1),
+ CWE(T1T4$2n+1, T Tyxont1, TsTyxont1)
+ dw§ (Tixon, T1on, ToTiTon41)- (3.72)

On taking the limit of both sides of inequality (3.72) as n tends to infinity, we
have

a . G
wy (u, u, Tyu) = nh_)fglo wy (T1x2n, T1xon, ToTaxon41)

. a
< a lim wy (T3xon, T3x2n, TaT42on+1)
n—oo

+b lim WS (Towon, Towon, ToTawoni)
n—oo
+ ¢ lim wf (T Tywont1, TiTuwons1, TsTuwoni)
n—oo
+d lim w§ (T1220, T12on, ToTyoni1)
n—oo
= aw§ (u, u, Tyu) + bw§ (u, u, Tyu) + cw§ (u, u, u)
+ dw§ (u, u, Tyu)
= aw§ (u, u, Tyu) + bw§ (u, u, Tyu)
+ dw§ (u, u, Tyu)
= (a4 b+ d)w§ (u, u, Tyu), (3.73)

so that Tyu =u forall A >0anda+b+d < 1.
Furthermore, if we put © = x9,,y = u and z = x9,41, then from inequality

(3.57)

W (T1on, Tiw, Toxon 1) < aw§ (T3xon, Tsu, TyZony1)
+ b (Toaon, Towan, Towani1)
+ cwS (Thzons1, Tizons1, Tson41)
+ dw§ (Tyu, Tyu, Tyxontr) (3.74)

as n —» 0o, we have

WS (u, Tyu, u) < aw§ (u, Tsu, u) + bw§ (u, u, u)
+ cw§ (u, u, u) + dw§ (Tiu, Ty, u), (3.75)
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so that
w§ (u, u, Tiu) < aw§ (u, u, Tsu) + bw§ (u, u, u),

+ cw§ (u, u, u) + dw§ (Tyu, Tyu, )
= dw§ (Tyu, Tyu, u). (3.76)
Now, using condition (3) of Proposition 2.7, we get
G G
wy (u, u, Tyu) < dwy (Tru, Thu, w)
< 2dwS§ (u, u, Tyu)
2
< 20§ (u, u, Thu). (3.77)
Hence, Thu = u for all A > 0 and 2d < 1. Finally, using the fact that
Tyu = Tsu = Tyu = u, then inequality (3.57), becomes
WS (u, u, Tyu) = Wi (Tru, Ty, Tru)
< aw§ (Tyu, Tyu, Tyu) + bw§ (Tou, Tou, Tou)
+ cw)cf(Tlu, Tyu, Tsu) + dwf(Tlu, Tyu, Tou)
= aw§ (u, u, u) + bw§ (Tou, Tou, Tou)

+ cw§ (u, u, u) + dw§ (u, u, Tou)

= dw§ (u, u, Tyu). (3.78)
So that
WS (u, u, Tou) < dw$§ (u, u, Tou), (3.79)
hence,
(1 — d)w§ (u, u, Tou) < 0, (3.80)

where, d < 1 and for all A > 0. Hence, Thu = u. Therefore, we have that
Tiu = Tou = Tau = Tyu = u, (3.81)
which shows that u is a common fixed point of 17, T, T3 and Tj.
To prove uniqueness, suppose that there exists another common fixed point

of Th,T»,T3 and Ty, that is, there is a u* € X_ ¢ such that

v =Tu" = Thu* = Tyu" = Tyu™.
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If u # u*, and for all A > 0, again inequality (3.57) becomes
Wl (u, u, u*) = W (Tyu, Tyu, Tou®)
< aw/c\*'(Tgu, Tsu, Tyu™) + bwf(Tgu, Tou, Tou™)
+ cw§ (Tyu*, Tiu*, Tsu®) 4 dw§ (Tru, Tiu, Tou™)
= aw§ (u, u, u*) + bw§ (u, u, u*)

G
+ cwy

(u*, u*, u*) + dw§ (u, u, u*)
= aw$§ (u, u, u*) 4 bw§ (u, u, u*)

+ dw§ (u, u, u)

= (a+ b+ d)w§ (u, u,u"). (3.82)
Therefore,
WS (u, u,u*) < (a+ b+ d)w§ (u, u,u*), (3.83)
so that
(1—(a+b+d)w§ (u,u,u*) <0, (3.84)
where, a+b+d < 1 and A > 0, thus u = u*. Therefore, the proof of Theorem
3.18 is now completed. O

Remark 3.19. Inequality (3.57) of Corollary 3.18 can be reduced to modular
metric which may generalized or complements other existing results as follows:

WS (Thz, Tvy, Toz) < aw§ (Taz, Tsy, Tyz) + b (Tox, Tox, Thz)
+ cw§ (T2, T2, T3z) + dwf (Tiy, Thy, Toz),  (3.85)
taking x = y, then
W (T, Tz, Toz) < aw§ (Tsx, Tz, Tyz) 4+ bw§ (Tax, Tox, Thz)
+ cw§ (T2, Ty 2, T32) 4 dw§ (T, Ty, Toz).  (3.86)
Again, put z = y, we get
wf(Tlx, Tz, Toy) < awf(ngn, Tsz, Tyy) + bwf(Tgm, Tox, Toy)
+ S (Tvy, Thy, Tay) + dw§ (Thz, Tiz, Toy),  (3.87)
which gives
wr(Tiz, Toy) < awx (T3, Tyy) + bwx(Toz, Toy)
+ cwn(Thy, Tsy) + dwy(Thz, Toy). (3.88)
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Inequality (3.88) is a modification of condition (3) of Theorem 15 in [36]. Now
from inequality (3.85) put T3 = Ty = I, we get
WS (Tyz, Tyy, Toz) < aw§ (x,y, 2) + bw§ (Tox, Tox, Trz)
+ewl (Thz, iz, 2) + dwf (Thy, Try, Tz2), (3.89)
letting T2 = Tl,
w)?(TII'? Ty, TIZ) < awg\;(;p, Y, Z) + bw)c\;(Tlx7 Tz, TIZ)
+ cw§ (Ty2, Tz, 2) + dw§ (Tvy, Thy, T 2). (3.90)
Now inequality (3.90) is a modified inequality (3.6) of Theorem 3.3 of [5], if
a = 0 in inequality (3.90), then we get modified condition (/1) of Theorem
3.2 in [5]. Furthermore, Theorem 3.4 follows from inequality (3.90) as a = 0.

Lastly, if a = 0 and b = ¢ = d = k, then inequality (3.90) modified condition
(II-1) of Theorem 3.6 of [5].

Corollary 3.20. Let (X, c,w®) be a G-complete modular G-metric space and

let T; - X6 = X,e fori=1,2, be two self w-compatible mappings with an
arbitrary point yo € X, a, A > 0, such that w?(yl,yl,yo) < 00, for which the
following condition is satisfied

wf(Tla:,le,ng) < awf(x,y, z) + bwf(Tgm,Tgx,ng)
+ s (T2, Tz, 2) + dwf (Tiy, Ty, Toz),  (3.91)

foreachz,y,z € X a, witha+b+c+d <1,b+d <1,2d <1 and a+b+d < 1.
Then T; have a unique common fixed point in X c fori=1,2.

Proof. Take T3 and T} to be an identity mapping, then by Corollary 3.18, we

conclude that T; have a unique common fixed point in X e for i = 1,2. O

Remark 3.21. As remarked in Remark 3.19 above. Again, we can deduce
from inequality (3.91) of Corollary 3.20 an analogue of Banach contraction
mapping principle in modular metric space as pointed out in Theorem 3.2 in
[16] as follows take z = y, then inequality (3.91) becomes

W (T, Ty, Toy) < aw§ (z,y,y) + bw§ (Tox, Tox, Toy)
+ s (Tvy, Tvy, y) + o (Thy, Thy, Toy), (3.92)
so that on taking 1o = T, we get
Wi (T, Ty, Tvy) < aw§ (z,y,y) + b§ (Thz, Tyz, Tyy)
+ cw§(Tvy, Thy, y) + duw$ (Tyy, Try, Tyy). (3.93)
This implies
wr(Thz, Tvy) < awx(z,y) + bwx(Tiz, Try) + cwr(Try, y)- (3.94)
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Therefore,
i Ti) < - (wnen) +onTinn)). (95)
Hence,
wx(Thz, Ty) < %_wa(:v,y) + %_bw,\(y,le), VA>0. (3.96)
Corollary 3.22. Let (X ¢, w®) be a G-complete modular G-metric space and

let T; - X6 = X,c fori=1,2, be two self w-compatible mappings with an
arbitrary point yo € X, a, A > 0, such that wf(yl,yl,yo) < 00, for which the
following condition is satisfied for some positive integer, m > 1

WS (T2, Ty, Ty 2) < aws (2,y, 2) + bwf (T3, Ty, Ty 2)
+ cw§ (T2, Tz, 2) + dw§ (TMy, Ty, T 2), (3.97)

foreach z,y,z € X, witha+b+c+d <1,b+d < 1,2d <1 and a+b+d < 1.
Then T; have a unique common fixed point for some positive integer, m > 1
in X, fori=12.

Proof. By Corollary 3.20, 17", T5" has a common fixed point say u* € X ¢
for some positive integer m > 1 by using inequality (3.97). Now T7"(Tiu*) =
T{"H *=Ti(T{"u*) = Tiu*, so Thu* is a fixed point of T{"u*. Similarly, Tou*
is a fixed point of T5"u*.

For the uniqueness, suppose that there exists another common fixed point of
T, 15" say v* € X ¢ that is T1"v* = T3"v* = v* . Now, we show that u* = v*.
Indeed, suppose that u* # v* implies that for any A > 0, w?(u*,u*,v*) > 0,
from inequality (3.97), we have

Wi (u*,u*,v") < (a+ b+ d)w§ (u*, u*,v*), (3.98)

so that
(1—(a+b+d)w§(u*, v, v*) <0, (3.99)
where, a+b+d < 1 and A > 0, thus u* = v*. Therefore, the proof of Corollary
3.22 is completed. O

Corollary 3.23. Let (X a,w™) be a G-complete modular G-metric space and
let Th : X6 = X, e be a self w-compatible mapping with an arbitrary point
yo € X, a,A >0, such that w?(yl,yl,yo) < 00, for which the following condi-

tion is satisfied
w)c\:(Tlxﬁ Ty, TIZ) < awf\;(:r, Y, Z) + bw}?(Tlxa Tz, le)
+CLO§(T12,T12,Z) —i—dw)C\J(le,le,TlZ), (3100)

foreach z,y,z € X, witha+b+c+d <1,b+d < 1,2d <1 and a+b+d < 1.
Then T have a unique fized point in X c.

“)
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Proof. We set T3 and Ty as an identity mappings, 17 = T», then by Corollary
3.18, we conclude that 77 have a unique fixed point in X . O

Corollary 3.24. Let (ch,wG) be a G-complete modular G-metric space and
let T : X6 = X6 be a self w-compatible mapping with an arbitrary point
yo € X,a, A > 0, such that wf\;(yl,yl,yo) < 00, for which the following condi-
tion is satisfied for some positive integer, m > 1

WS (T2, Ty, T 2) < aw (2, y, 2) + b (T7x, T{ 2, T{2) (3.101)
+ s (T{"2, T{"2, 2) + do§ (T{"y, Ty, T{"2),

foreachz,y,z € X a, witha+b+c+d < 1,b+d <1,2d <1 and a+b+d < 1.
Then 11 have a unique fized point in for some positive integer, m > 1 X .

Proof. By Corollary 3.23, T" has a fixed point say u* € X ¢ for some positive
integer m > 1 by using inequality (3.101). Now T/*(Tiu*) = T/ lu* =
T (T{"u*) = Thu*, so Tyu* is a fixed point of T7"u*.

For the uniqueness, suppose that there exists another fixed point of 77" say
v* € X ¢ that is T{"v* = v* . We claim that v* = v*. Indeed, suppose that
u* # v* implies that for any A > 0, wf(u*, u*,v*) > 0, from inequality (3.101),
we have

W (u*,u*,v*) < (a+ b+ d)wf (u*, v, v*), (3.102)

so that
(1—(a+b+d)w§(u* v, v*) <0, (3.103)
where, a + b+ d < 1 and A > 0, thus u* = v*. Hence, T1 have a unique fixed
point in for some positive integer, m > 1 X . O

Corollary 3.25. Let (X c,w®) be a G-complete modular G-metric space.
Let T; : X6 — X,c fori = 1,2,3,4, be four self w-compatible mappings
with T1 (X e) C Ty(X,0), To(X,¢) C T3(X ) in which Ty, Ty are continuous
for all positive integer, m > 1 and that the pairs {T1,T5} and {T2, T4} are
w-compatible mappings, so that there is an arbitrary point yo € X, a, A > 0,
such that wf(yl,yl, Yo) < 00, for which the following condition is satisfied

WS (T, Ty, T3 2) < aw§ (Ta, Ty, Ty 2) + b (T3, Ty a, T3 2)

+ e (72, T{"2, T3 2) + dwf (T1"y, Ty, T3 2),
(3.104)

foreachz,y,z € X a, witha+b+c+d <1,b+d <1,2d <1 and a+b+d < 1.
Then T; have a unique common fixed point for some positive integer, m > 1
in X,e fori=1,2,3,4.
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Proof. By Corollary 3.18, T1",T5", 13", Tf" has a common fixed point say
u* € X,_c for some positive integer m > 1 by using inequality (3.104). Now
T (Tywu*) = T = Ty (T w*) = Tyu*, so Tyu* is a fixed point of T{ u*.
Similarly, Tou* is a fixed point of T5"u* , Tau* is a fixed point of 73" u* and
Tyu* is a fixed point of T} u*.

For the uniqueness, suppose that there exists another common fixed point of
T, T30 T30, Ty say v* € X, e, that is, T"v* = Ty"v* = T3'v* = T"v* = v*.
We want to show that v* = v*. Indeed, suppose that u* # v* implies that for
any A > 0, wf(u*,u*,v*) > 0, from inequality (3.104), we have

w§ (u*,u*,v") < (a+ b+ d)w§ (u*, u*,v), (3.105)

so that
(1—(a+b+d)w§(u*, v, v*) <0, (3.106)
where, a+b+d < 1 and A > 0, thus u* = v*. Therefore, the proof of Theorem
3.25 is now completed. O

Remark 3.26. Corollary 3.25 is a variant form of Corollary 3.18 above.

Corollary 3.27. Let (ch,wG) be a G-complete modular G-metric space and
let T; : X6 — X e fori=1,2,3,4, be four self w-compatible mappings with
T1(X,¢) CTy(X,0), To(X o) C T5(X,¢) in which T3, Ty are continuous and
that the pairs {T1, T3} and {Ta, T4} are compatible so that there is an arbitrary
point yg € X, a, A > 0, such that wf\;(yhyl,yo) < 00, for which the following
condition is satisfied

WS(TL%, Ty, Trz) < CLCU)C\;(Tg.T, Tsy,Tyz)
+ bw§ (Tox, Tow, Thz)
+ dw§ (Try, Try, Toz), (3.107)

for each z,y,z € X6, witha+b+d <1,b+d < 1,2d < 1. Then T; have a
unique common fixed point in X ¢ fori=1,2,3,4.

Proof. Observe that if ¢ = 0, then from Theorem 3.18, T; have a unique
common fixed point in X, ¢ for i =1,2,3,4. O

Corollary 3.28. Let (X,c,w%) be a G-complete modular G-metric space.
Let T; : X6 — X,c fori = 1,2,3,4, be four self w-compatible mappings
with T1 (X ,e) C Ty(X,0), To(X,¢) C T3(X c) in which Ty, Ty are continuous
for all positive integer, m > 1 and that the pairs {T1,T5} and {T2, Ty} are
w-compatible mappings, so that there is an arbitrary point yo € X, a, A > 0,
such that wf(yl,yl, Yo) < 00, for which the following condition is satisfied
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w§ (T2, Ty, T5"2) < aw§ (T5'x, T3y, T7"2)
+ 0§ (T, T, To" 2)
+ dw§ (T, Ti"y, T5"2), (3.108)

for each x,y,z € X, e, witha+b+d < 1,b+d <1,2d <1 . Then T; have
a unique common fixed point for some positive integer, m > 1 in X e for
i=1,2,3,4.

Proof. By Corollary 3.27, 17", 15", 13", T/" has a common fixed point say
u* € X, ¢ for some positive integer m > 1 by using inequality (3.108). Now
T (Tyw*) = TPt = Ty (T u*) = Tiu, so Tyu* is a fixed point of TJ™u*.
Similarly, Tou* is a fixed point of T5"u* , Tau* is a fixed point of 73" u* and
Tyu* is a fixed point of T u*.

For the uniqueness, suppose that there exists another common fixed point
of T1™, T5™, T3, Ty" say v* € X ¢ that is TT"* = T5"v* = T3"* = T"v* = v*.
We want to show that u* = v*. Indeed, suppose that u* # v* implies that for
any A > 0, wf(u*,u*,v*) > 0, from inequality (3.108), we have

W (u*, u*,v*) < (a+ b+ d)w§ (u*, u*, v"), (3.109)
so that
(1—(a+b+d)w§(u,u*,v*) <0, (3.110)
where, a+b-+d < 1 and A > 0, thus u* = v*. Therefore, the proof of Corollary
3.28 is now completed. O
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