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Abstract. If p(z) = ao+>_)_, av2z”, 1 < p < n, is a polynomial of degree n having no zero
in |z| < k, k> 1 and p’(2) its derivative, then Qazi [19] proved
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In this paper, we not only obtain the L" version of the polar derivative of the above inequality
for r > 0, but also obtain an improved L" extension in polar derivative.
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1. INTRODUCTION AND PRELIMINARIES

Let p(z) be a polynomial of degree n. Then, according to a well-known
classical result due to Bernstein [4],

max |p’(z)| < nmax |p(z)|. (1.1)
|z|=1 |z|=1

Inequality (1.1) is sharp and equality holds if p(z) has all its zeros at the origin.

Now, for a polynomial p(z) of degree n, we define for r > 0

o= {5 [ |p<ei9>|fcw}1 . (1.2

We let » — oo in (1.2) and make use of the well-known fact from analysis
[22] that

1
. 1 o W0\ | .
tim {5 [T peras} =it (13
we can suitably denote

IMWZEgW@L (1.4)

Similarly, one can define

1 2 )
oo = eap { o [ gt jan

and show that lim,_q+ |[p[lr = [|pllo. It would be of further interest that by
taking limit as r — 07, the stated results concerning L" inequalities holding
for r > 0, hold for » = 0 as well. Inequality (1.1) can be obtained by letting
r — 0o in the inequality

1]l < nllplly, v > 0. (1.5)
Inequality (1.5) for » > 1 is due to Zygmund [24]. Arestov [1] proved that
(1.5) remains valid for 0 < r < 1 as well.

If we restrict ourselves to the class of polynomials having no zeros in |z| < 1,
then inequalities (1.1) and (1.5) can be respectively improved by

n
1P llo < S lIPlloc (1.6)
and
n
']l < mHPHw r>0. (1.7)
T

Inequality (1.6) was conjectured by Erdds and later verified by Lax [13],
whereas inequality (1.7) was proved by de-Brujin [8] for » > 1, Rahman and
Schmeisser [20] showed that (1.7) remains true for 0 < r < 1.
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n
Let P, , be the class of polynomials p(z) = ag + Zal,z”, 1 <p<n,of

v=p
degree n. As a generalization of (1.6), Malik [14] proved that if p € P, 1 and
p(z) #01in |z| < k, k > 1, then

Moo o- 1.8
P[00 < 1_|_k\|29|| (1.8)

For a polynomial p(z) of degree n, we now define the polar derivative of
p(z) with respect to a real or complex number « as

Dap(z) = np(z) + (a — 2)p/(2).
This polynomial D,p(z) is of degree at most n — 1 and it generalizes the

ordinary derivative p’(z) in the sense that

lim 2oPE) _ P'(2),

a—r00 (03
uniformly with respect to z for |2| < R, R > 0.

Aziz [2] was among the first who extended some of the above inequalities to
polar versions. He, in fact, extended inequality (1.8) to polar derivative of a
polynomial by proving that if p(z) is a polynomial of degree n having no zero
in |z| < k,k > 1, then for any complex number o with o] > 1,

la| + K
a < . 1.
x| Dap()] < n (2L58 ) o) (19)

As an L" analogue of polar derivative of (1.8), Rather [21] proved that for
any complex number « with || > 1 and for every r > 0,

IDap )l < n (512500 ) I (110

Over the last four decades, many different authors produced a large number of
different versions and generalizations of the above inequalities. Many of these
generalizations involve the comparison of polar derivative D,p(z) with various
choices of p(z), o and other parameters. More information on this topic can
be found in the books of Milovanovi¢ et al. [17] and Marden [15], and in the
literatures [6, 7, 10, 12, 16, 23].

Using the class of Lacunary-type polynomial, Mir [18] recently extended
(1.9) by proving that if p(z) = ag + Z ayz’, 1 < p < mn, is a polynomial of

degree n having no zero in |z| < k, k Z 1, then for every r > 0 and for every
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complex number « with |a| > 1,

(ol + )
D, r < n———=p||r- 1.11
I1Dap()l < ny i (111)

Further, Qazi [19] improved (1.8) by proving:
Theorem 1.1. Ifpe P, ,, 1 <p<n andp(z) #0 in |z| <k, k> 1, then
, n
Plloo < ————1IPlloos 1.12
where
nlao|k* T + pla, |k

Ay = . 1.13
= ol la, B )

Dewan et al. [9] also improved Theorem 1.1 by involving |n|1iri: Ip(2)].
z|l=

Theorem 1.2. Ifpe P, ,, 1 <p<n andp(z) #0 in |z| <k, k> 1, then

, n n 1 .
< -l — 1.14
e < ol = e {1 o f i b (19

where Ag is as defined in (1.13).

Dewan et al. [9] extended Theorem 1.1 to L" analogue for » > 1 and for
r > 0 by Chanam [5].

Theorem 1.3. Ifpe P,,, 1 <p<nandp(z) #0 in|z| <k, k> 1, then
for each r > 0,

p n
P — 1.15
where Ag is as defined in (1.13).

2. LEMMAS

For the proof of the theorem, we require the following lemmas. The first
lemma is due to Qazi [19].

Lemma 2.1. Ifpe P, ,, 1 <p<nandp(z) #0 in |z| <k, k> 1, then

Bl pu=l 4
n | ag
k““—u o P'(2)] < 1d'(2)] on |2] =1 (2.1)
1+ n |ao kH
and
RO g < 1, (2.2)
n|agp

=
S—

where q(z) = z"p (
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The next lemma is due to Govil and Kumar [11].

Lemma 2.2. Let p, q be any two positive real numbers such that p > qz,
where x > 1. If v is any real such that 0 <~ < 2w, then for anyy > 1

p+ qe”
T+ ev

P+qy <

< (2.3)

Lemma 2.3. Let z1, zo be two complex numbers independent of «, where a
being real. Then for r > 0,

2w 2m
/ |21 4+ z2€"|"da = / |[21] + ]2:2|em‘r da. (2.4)
0 0

The above lemma is due to Govil and Kumar [11].

Lemma 2.4. Let p(z) be a polynomial of degree n. Then for every v with
0<y<2m andr >0,

27 27 ) ) ) 21 .
/ / ww%+wwwmwwvs%w/'mwmwa (2.5)
0 0 0

where g(z) = 2"p(2).

The above result is due to Aziz and Rather [3].

3. MAIN RESULTS

In this paper, we obtain L" analogue of the polar derivative version of
Theorem 1.2 for r > 0 which further extends both Theorems 1.1 and 1.3.
More precisely, we prove:

Theorem 3.1. Ifpe P,,, 1 <p<nandp(z) #0 in|z| <k, k> 1, then
for every real or complex number o and  with || > 1 and |5| < I%n and for
each r > 0,

n(la] + A)

Dop(2) + namBz""1|, <
D)+ namp=n 1, < A

Ip(2) +mB2"|-, (3.1)

where

nlaglk* L + ula,, +mpBlk* .
= d =m . 3.2
nlag| + pla, + mpB|[kH+L ané m |z|£]1<; Ip(2)] (3.2)
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Proof. We have for any r > 0

21 ) 27 ) )
L s erran} [ [ oo + moeoyral
0 0

_ {/02W|A—|—6m’rd’y}[/O2W|n{p(€i0)+m,8€m9}

+ (Oé - eiG){p/(eiQ) + nmﬁei(”_l)e}VdG

27 2
= {/ |A+ e”]rdfy} {/ |Dap(e®) + namﬁei("_l)e\rde} . (3.3)
0 0

1
If q(z) = 2"p (_), then it can be easily verified that for 0 < 0 < 2,
z

n{p(eiﬁ) + mlBeinQ} o eiG{p/(eie) + nmﬁei(n—l)ﬁ} _ ei(n—l)@@_
Using the above inequality, we have for 0 < 0 < 2,

Da{p(eie) + mﬂeme} = n{p(el‘g) + mﬁei'nﬂ}
+ (a — e {P' (%) + nmBe "0}
= ei(nil)emﬁ— a{p/(eze) + nm/@ei("*l)gh

which implies
1Da{p(e”) +mBe™} < |¢' ()] + |al[p () + nmBe' D7), (3.4)

Using inequality (3.4) in inequality (3.3), we get

2m 2m
{/ |A+ e”]Td'y} {/ |Dap(e®) + namﬂei(”l)al’"dﬁ}
0 0

2 2 r
< {/0 ’A—i—ei’y‘rd’y} [A {’q/(ew)‘ + \aHp’(eie) _'_nm/Bei(nfl)O‘} d(@] )
3.5

By Rouche’s theorem, the polynomial P(z) = p(z) + mfBz" has no zero in
|z| < k,k >1 and if we apply Lemma 2.1 to the polynomial P(z), we have

{n!a0|k“+1 + play, |k

nlao| + play|krt1 }‘p/(ew) + nm e’V < [ (7). (3.6)
m



L" inequalities for polynomials 457

Taking p = |¢'(€)], ¢ = |p'(€?) +nmBe’» V| 1 = A and y = |a| in Lemma
2.2, we have for all v € [0, 27],

A+ e {1g/ ()] + allp () + nmae =7}
< (A+ laf) [lg' ()] + €1p/(¢) + nimpe’ 17| (3.7)
Further, it can be easily verified that
14/ ()] + 1o/ (¢) + nmge’ =17
= [lp/(e) + nmBe 19+ g (7). (3.8)
Now, inequality (3.7) and inequality (3.8) give
A+ e[ {1d ()] + lallp () + nmpe D7)}
< (A+ laf) [IP/ () 4+ nm e D% + Mg/ ()| (3.9)

Applying inequality (3.9) to the right hand side of inequality (3.5), we have
for any r > 0

27 27
{/ ]A—l—ei'y\rd'y} {/ |Dap(e'?) —i—namﬁei("_l)a\rdﬁ}
0 0
2 27 . . . . r
< (A+laly { [ [ ey enmpee- e )| d’de}- (3.10)
0 0

Using Lemma 2.3 and then applying Lemma 2.4 to the right hand side of
inequality (3.10), we get

2m 2m
{/ |A+ ei7|’”dfy} {/ |Dap(e) + namﬁei("1)9|’”d0}
0 0

2
< (A+ Jal) 2’ { [ e+ mﬁe""e\’”d'ydﬁ} |
0

which is equivalent to

1 2 )
{/ |A+€”|Td7}
27T 0

1

1 2w . . T

<+labn{g [+ mpemran}”
2T 0

1

T

3=

1 2 ) )
{%/0 | Dap(e®) +namﬁel("1)9|rd9}

which completes the proof. O
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Remark 3.2. If we take 5 = 0 and divide both sides of inequality (3.1), by
|a| and letting |a| — oo, Theorem 3.1 reduces to the integral analogue of
Theorem 1.1.

If we let r — oo in (3.1), we get the following result.
Corollary 3.3. Ifpe P, 1 <p<nandp(z) #0in |z| <k, k> 1, then
for every real or complex numbers o and 5 with |a| > 1 and |5]| < ;%n;

_ n(|lal + A)
max |Dop(2) + namBz""1 < ——— max |p(z) + mBz"|. 3.11

Remark 3.4. If we take § = 0, Theorem 3.1 reduces to the following inter-
esting result which provides the polar version of Theorem 1.3.

Corollary 3.5. Ifpe P, ,,, 1 <p<mnandp(z) #0in |z| <k, k> 1, then

for every real or complex number o with || > 1 and for each r > 0,
n(|la| + A)
Dyp(2)|r < ———= ) 3.12
I1Dep(2l; < T Il (3.12)

where A is as defined in Theorem 3.1.

Remark 3.6. If we divide both sides of (3.12) of Corollary 3.5 by |«| and
take limit as |a] — oo, we obtain inequality (1.15) of Theorem 1.3, which
corresponds the L" analogue of Theorem 1.1.

Remark 3.7. By (2.2) of Lemma 2.1, it is evident that
_ nlaglk*H! + pla, [k

> kH
nlao| + play |kt

for 1 < p < n and hence for || > 1 and for each r > 0,
(ol +4) _ (o] + &)
[A+zllr = [lk# + 2]l

Using (3.13) to Corollary 3.5, we get inequality (1.11).

(3.13)

Remark 3.8. Dividing both sides of inequality (3.1) by |«| and taking limit
as |a| — oo, we have the following result independently proved by Chanam
[5].

Corollary 3.9. Ifpe P, ,,, 1 <p<mnandp(z) #0in |z| <k, k> 1, then
for every real or complex number B with |5| < % and for each r > 0,

n— n n
1p'(z) + mnBz""", < m”?(z)erﬂz [ (3.14)

where A and m are as defined in Theorem 3.1.
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Remark 3.10. If we let » — oo on both sides of (3.14), we have

max |p/(z) +mnf""!| < ¢ i max|p(z) + mBz"
n
< 1
< rg{mabelme )

where A and m are as defined in Theorem 3.1.

Let zp on |z| = 1 be such that

max |p'(z)| = |p'(20)|-
|z]=1

Then, in particular, inequality (3.15) becomes

! n—1 n
< — .
[P'(z0) +mnBzy™"| < 7 {rgglp(Z)ler\Bl}

Choosing the argument of g suitably such that

' =10 (z0)| + mnlB,

and finally making limit as |3 — ,%n, we get as cited earlier, the best possible
inequality due to Dewan et al. [9].

1P/ (20) + mnBzy~
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