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Abstract. In this work, we will generalize the notion of multivalued (v,C)-contraction
mapping in b-Menger spaces and we shall give a new fixed point result of this type of
mappings. As a consequence of our main result, we obtained the corresponding fixed point
theorem in fuzzy b-metric spaces. Also, an example will be given to illustrate the main

theorem in ordinary b-metric spaces.

1. INTRODUCTION

The b-Menger space is a new concept which was introduced recently by
Mbarki et al. in [5] as a generalization of Menger spaces and many topologi-
cal properties and fixed point theorems have been proved especially for single
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valued mappings [5, 6, 7, 4]. Hadzi¢ in [10] presented the concept of (v,C)-
contraction for multivalued mappings as a generalization of C-contraction
which was presented before by Hicks in [2], a fixed point theorem was proved
by using the notions of H-type and weakly demicompacts functions. A gener-
alization of the results proved by Hadzi¢ was presented by Mihet in [8].

Our main goal on this work is to prove a new fixed point theorem for multi-
valued mapping satisfying (v, C)-contractive condition in b-Menger spaces. As
an extend of these results, we also obtain the analogous fixed point theorem in
the fuzzy b-metric spaces [9]. Our main results generalize and improve upon
the finding of Hadzié¢ [10] and Mihet [8].

This paper is structured as the following. In Section 2, we recall some basic
definitions and topological proprieties from b-Menger spaces that will be used
throughout the work. In Section 3, we will generalize the notion of (v,C)-
contraction in the sense of multivalued mappings in b-Menger spaces which
was introduced before in Menger spaces by Mihet. After that we shall prove
the existence of a fixed point theorem with an extend to the fuzzy b-metric
spaces. Furthermore, an example will be given in usual b-metric spaces to
illustrate our result.

2. PRELIMINARIES

We will now present some fundamental notations, definitions and topologi-
cal proprieties of the b-Menger spaces. For more information, we mention [5]
to the readers.

Definition 2.1. A mapping ¢ : [0,00) — [0, 1] is called a distance distribution
function if the following conditions are verified

(1) € is left continuous on [0, c0),

(2) £ is non-decreasing,

(3) £(0) =0 and &(o0) = 1.
We represent by AT the class of all distance distribution functions. The subset
Dt C At is the set Dt = {g €A lim £(x) = 1}.

As a specific element of DT is the Heavyside function €y given as

@ =0 it z=0,
0= 1, if x>0.
Definition 2.2. ([11]) A mapping 1 : [0,1] x [0,1] — [0,1] is said to be
a triangular norm (shortly ¢-norm) if for each u,v,w € [0,1] the following

conditions are satisfied
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u, -l(v,w)) = -I(-I(U,’U),’U)),
< Nu,w)  for v < w;
="(1,u) =u.

Among the most used t-norms: Ty(u,v) = min(u,v) and Tg(u,v) =
max(u +v —1,0).
Definition 2.3. Let T be a t-norm and {uy, }nen+ is a sequence in [0, 1]. Then
" u; is defined recurrently by

Tljui=u; and T u; = -I(-l?;llui,un)7 Vn > 2.
We are able to extend 71 to enumerable infinitary operation by taking 792, u;
for any sequence {u;}ien+ as lim 17 u,.
n—oo
The operation 1"(u) is defined by

w1, itn=20
1" (u) —{ (T (u),u), otherwise.

Definition 2.4. ([1]) A t-norm 7 is said of H-type if the family {7"(z)}nen
is equi-continuous at the point x = 1, which means that

Vee (0,1), IXNe€(0,1): t>1—-X = T"(t)>1—¢€ foralln>1.

Definition 2.5. A ¢t-norm 7 is said to be k-convergent if for all k € (0,1) we
have

lim 7%, (1 — k") = 1.

n—oo

We should note if 7 is k-convergent then,
Vo e (0,1), IweN: T, (1-k"")>1-46, VneN.
As well, if the t-norm T is k-convergent then supg<,.q 1(z,z) = 1.
Definition 2.6. A quadruple (&, F, 1, s) is called a b-Menger space if £ is an

arbitrary set, f is a mapping from £ x £ into AT, Tis a t-norm and s > 1 is
a real number, such that for all a,b,c € £ and u,v > 0 we have

(1) Fa,a = €0,
(2) Fa,b?éEO Zfa#bv
(3) Fa,b = Fb,aa

(4) Fap(s(utv)) = WFaclw), Fep(v)).

It is obvious that a Menger space is also a b-Menger space with the constant
s = 1. Mbarki et al. in [5] proved that if (€, F, T, s) is a b-Menger space with
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a continuous ¢t-norm 1, then (&, F, T, s) is a Hausdorff topological space in the
topology induced by the family of (e, A)-neighborhoods

N ={Ny(e,\): pe &, e>0 and A >0},

where

Np(e,A) ={qge&: Fpqle) >1—A}.

Definition 2.7. Let (€,F,7,s) be a b-Menger space with 7 is a continuous
t-norm, a sequence {u,} in & is

(1) Convergent to u € & if for any given € > 0 and A > 0 there exist
nex € N such that £, () > 1 — €, whenever n > n, ).

(2) A Cauchy sequence if for any € > 0 and A > 0 there exist n,y € N
such that F o, v, (A) > 1 — €, whenever n,m > n, .

A b-Menger space (&, F,,s) is complete if each Cauchy sequence in & is
convergent to some point into &£.

Definition 2.8. A quadruple (&, R, 7, s) is said to be a fuzzy b-metric space
if £ is an arbitrary nonempty set, 1 is a continuous ¢-norm, s > 1 is a real
number and R is a fuzzy set on £ x € x (0, 00) such that following conditions
are verified:

(1) R(’LL, v, 0) =0,

(u,v,7) =1 for all r > 0 if and only if u = v,

(u,v,7) = R(v,u,r),

(u,w, s(r 4+ q)) > T(R(u,v,r), R(v,w,q)),

(u,v,.):[0,00) — [0, 1] is left-continuous and nondecreasing
for all u,v,w € £ and r,q > 0.

When we take s = 1 then (€, R,1,1) became a fuzzy metric space in the
form of Kramosil and Michalek [3].

Afterward, we assume for the b-Menger space (£, F,1,s) that the t-norm
T is continuous, and we represent by C(&) the class of all nonempty closed
subsets of &, also we consider the gauge functions among the class ' of all
mapping v : [0, 00] — [0, oo] such that v(u) < u for all u > 0.

Definition 2.9. Let (&, F, T, s) be a b-Menger space, a multi-valued mapping
f: &€ — C(€) is continuous if for each € > 0 we can found A € (0, 1) such that

FayAN)>1=X = Vpe fa, g€ fy: Fpqle) >1—e
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3. MAIN RESULT

Here we will prove a new fixed point theorem of multivalued (v, C)-contraction
in b-Menger spaces, and before stating the principal result, we introduce the
next definition.

Definition 3.1. Let (&, F, T, s) be a b-Menger space and v : [0, 00) — [0, 00).
A mapping f: £ — C(€) is said to be a multi-valued (v,C)-contraction if for
each x,y € £, and u > 0 we have

Faoyu)>1—u = Vpe fodge fy: Fpqsw(u)>1—-v(u).

Theorem 3.2. Let (€,F,71,s) be a complete b-Menger space and f : £ —

C(€) a multi-valued (v,C)-contraction in which the series Y 7, s"v™(u) is

convergent for some u > 1 with v € T'. If li_)rn T2, (1 — v (w)) = 1, then
n oo

f admits a fized point.

Proof. Let take pg € £ and p1 € f(po). Since u > 1 we obtain that f, (u) >
1 — u for each p,q € &, then we get [ p, () > 1 —u. And by using the
contractivity relation we obtain that there exists po € f(p1) such that

Fpips (v(u) > 1 —v(u).
Hence, inductively we can construct a sequence {p,} that satisfy
Pnt1 € f(pn) and Fp, po (V" (w) > 1 —=0"(u), ¥neN. (3.1)

Subsequently, we show that {p,} is a Cauchy sequence.
Let € > 0 and A > 0. Since lim T1%°,(1 — »""1=%(u)) = 1, there exists
n—oo

nq1 € N such that
(=" W) > 1—€, Vn>ny.

On the other hand we have that the series > >, s"v"(u) is convergent, so
there exists no € N such that

Z s"VM(u) < A

n=ng

We take j = max(ni,ng2), then for each n > j and [ € N we have

n+l—1
Fonpnsi(N) Z Fpopas < Z 31”(“)) .

=n

And by the b-Menger triangle inequality we get

n+li—1
Fpn,pn+z(>‘) > (Fpnvanrl(sn1Vn(u))7Fpn+17pn+l( Z SZlVZ(“))) .

i=n+1
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Continuing in this way, we obtain

Fpnyanrl()\) 2 —Il (Fpnyanrl (Sn_ll/n(u))7 Fpn+17pn+2 (Sn_lyn+1(u))7 ceey
Fpn+z—1,pn+z(SnianH*l(u)))
> (Fpn,pn+1(l/n(“))> Fpmsrpnis (V" TH @), .o

Fpn+l—17pn+l (VTLJrl*l (u)))
27%1—wwm1—w”%wwﬂl—””“%@)

> 2 (1 — V”+i_1(u))
>1—ce

Finally we conclude that {p,} is a Cauchy sequence, and from that £ is com-
plete, then it follows that {p,} converges to some h € £.

It left to show that h € fh. As fh is closed, then it suffice to show that
h € fh, which is mean to prove that for every A > 0 and € > 0 there exist
y € fh such that f () > 1 — A. From the condition that 7 is continuous it
follow that supg<,<; 1(a,a) = 1, which is implies that for every A\ > 0 there
exists 6 € (0,1) such that

T1-0,1—6)>1— A

Let € > 0 be given such that 5. < 6 and n} € N satisfying

Fpn,h(é)>1—2is>l—9, Vn > nj.

Since pr+1 € f(pn), we get by the (v,C)-contraction that there exists y € fh
such that for all n > n} we have

€

>1—v(—

21-v(3;)
>1- -
2s
>1-0

From that lim p,4+1 = h, it follows that there exists n), € N that satisfy
n—oo

€
Fhaanrl(%) >1—-6, Vn> n/2



Multi-valued Hicks contractions in b-Menger spaces 483
By taking 7/ = max(n},n}), then for every n > j’ we get

Fira© = T (F i () Frusra32))

2s
>T(1-0,1-0)
>1-A\
Therefore the theorem is proved. O

Example 3.3. Let (G, d) be a complete separable b-metric space with a con-
stant s = 2, (2,11, P) be a probability space and £ the space of measurable
mappings from II to G. We assume that (£, F, Tz,2) is a complete b-Menger
space, where

Faplu)=P(weQ, daw),s(w) <u) forapec.

Indeed, it’s obvious that [, g satisfies the conditions (1), (2) and (3) of defi-
nition 6, it left to prove that the b-Menger triangular inequality hold. Since

S (a(v), x(v) < d(0(v), Bv)) +d (Bw),x(1), ¥a,8,x€E and veD
it follows that
HNLcC{veQ, da),x)) <z+y},
where H={v € Q, d(a(v),3(v)) < 3z} and L={v € Q, d(B(v),x(v)) < 3y}
From that P(HNL) = P(H)+ P(L)—P(HUL), it implies that P(HNL) >
P(H)+ P(L) — 1. Hence

Fan(@+9) = max (Fap(3) + Fan(5) = 1,0) =T (Fap(3) Fax(3))

Therefore (€, F,1,2) is a b-Menger space.
It clear that if (G, d) is complete then (&, F, 11,2) is complete. Let ds be
the function defined by
da(a, B) =sup{u >0,P(v € Q, d(a(v),B(w)) >u) >u}, Va,B€f.
It’s not hard to show that ds is a b-metric with the constant s = 2.
We consider f: £ — C(€) a multivalued mapping that verify

sup inf da(p,q) < v ((dz2(a,B)),
pEf(a) 9€F(B)

where v € T is strictly increasing and the series > > | 2"™(u) is convergent.
It’s clear that for every «, 8 € £ we have

da(o, B) =sup{z >0, Fop(xr) <1—x}.

So if we suppose that f o g(z) > 1 — z, then we get da(cr, 8) < x. And by the
monotonicity of ¥ we obtain that

v(da(a, B)) < v(z).
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Therefore,

sup inf ds(p,q) < v(x).
pef(a) €S (B) ( ) ( )
That means for every p € f(«) there exists ¢ € f(3) such that da(p, q) < v(x),

which implies F p4(v(z)) > 1 —v(x). Hence, by Theorem 3.2 f admits a fixed
point.

Remark 3.4. It should mark that in our proof of Theorem 3.2, the condition
of H-type was not necessary as in [10]. Also note that if f is (v, C)-contraction
then f is a continuous multi-valued mapping. In fact, let € > 0 be given and
A € (0,1) be such that v(\) < e, if F,,(A) > 1 — X then for each p € fx
there exists ¢ € fy such that [, 4(v(X)) > 1 — v(X), which implies that
Fpqgl€) > Fpq(v(A) >1—v(X) >1—e Hence f is continuous.

In what follows, we give some consequences of Theorem 3.2. Taking up
s =1, we get the result proved by Mihet in [8].

Corollary 3.5. ([8]) Let (£,F,T) be a complete Menger space with

SUPg<z<1 W@,2) = 1 and f : € — C(E) a multi-valued (v,C)-contraction in

which the series Y -2, V" (u) is convergent for some u > 1. If li_)m %, (1 —
n—oo

vl (0)) =1, then f admits a fived point.

If we take v(u) = ku with v > 0 and k € (0,1), then a (v, C)-contraction
becomes a C-contraction, i.e., for any z,y € £ and u > 0 we have:

Faylu)>1—u = Vpe fx, g€ fy : Fpq(ku) >1—ku.

Corollary 3.6. Let (E,F,71,s) be a complete b-Menger space and f : € —
C(€) a multivalued C-contraction with k € (0, %) If 71 is k-convergent then
there exists h € € such that h € fh.

Since the condition f  4(c0) = 1 have been not used in the proof of Theorem
3.2, we give the corresponding result in fuzzy b-metric spaces where [, ,(u) =
R(z,y,u) for all u > 0.

s

tinuous t-norm 1 and f : € — C(E) be a multi-valued (v,C)-contraction in
which the series Y -~ | s"v™(u) is convergent for some u > 1 with v € T'. If
lim 7%, (1 — """ (u)) =1 for all u > 0, then f admits a fized point.

n—oo

Corollary 3.7. Let (£, R, ™, s) be a complete fuzzy b-metric space with a con-
0

)
f
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4. CONCLUSION

In this work, we defined the multi-valued (v,C)-contraction mapping and
proved a fixed point theorem in b-Menger space which is a recent space of the
literature. As a consequence of our result, we obtained Hicks’s theorem for
multivalued C-contraction in b-Menger spaces by modifying the assumptions on
the constant k € (0, 1) with the extended version on the b-fuzzy metric spaces.

s

Also an example was presented in a particular b-metric space to support the
results thus obtained. The results presented develop and generalize in a sense
the fixed point theorems for multi-valued (v, C)-contraction proved by Hadzié
and Mihet.
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