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Abstract. The purpose of this paper is to introduce an iterative algorithm for finding a
common element of the set of solutions of mixed equilibrium problems, the set of common
fixed point for strictly pseudo-contractive mappings and the set of common fixed points for
nonexpansive semi-groups in Hilbert space. Under suitable conditions, we prove some strong
convergence theorems. Our results improve and extend the corresponding results announced

by many others.

1. INTRODUCTION

Let H be a real Hilbert space with inner product (-, ) and norm || - ||. Let C
be a nonempty closed convex subset of H. We denote the sets of nonnegative
integers and real numbers by N and R respectively.

A mapping T : C — C is called nonexpansive if | Tz — Ty| < ||z — yl,
Vx,y € C. Denote by F(T) the set of fixed points of T, that is FI(T') = {z €
C:Tx=ux}.
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Let S={S(s) : 0 < s < 0o} be a nonexpansive semigroup on C, if it satisfies
the following conditions:

(i) S(0)x =z for all x € C;
(ii) S(s+1t) = S(s)S(t) for all s,t > 0;
(iii) [[S(s)x — S(s)y[l < ||z —yl| for all 2,y € C and 5 > 0;
(iv) for all z € C, s — S(s)x is continuous.
We denote by F'(S) the set of common fixed points of S = {S(s) : s > 0}, i.e.,
F(S) = () F(S(s))-
s>0

Let ¢ : C'— R be a real-valued function and © : C' x C' — R be an equilib-
rium bifunction. We consider the mixed equilibrium problem (MEP)which is
to find 2* € C such that

", y) +¢y) —p(z) 20, VyecC. (1.1)
The set of solutions of (1.1) is denoted by £2.
In particular, if ¢ = 0, this problem reduces to the equilibrium prob-
lem(EP), which is to find z* € C such that
O(z",y) >0, VyeCl. (1.2)

It is well-known that the MEP includes fixed point problem, variational
inequality problems, Nash equilibrium problems and the equililbrium problems
as special cases.

On the other hand, the following optimization problem has been studied
extensively by many authors:

min H(Ax,@ —i—le—uHQ — h(x) (1.3)
zelC 2 2

where C = (02, Cy,, C1,Ca, -+ - are infinitely many closed subsets of H such
that (o~ Cn # 0,u € H, u > 0is areal number, A is a strongly positive linear
bounded operator on H and h is a potential function for v f (i.e.,h'(z) = vf(z)
for all z € H).

In 2009, Wangkeeree [1] studied the strong convergence of the sequence {x,, }
defined by x1 € C,

Tnt1 = Y f(xn) + Bran + (1 — Bp)I — oznA)Si /Osn T(s)xpds.

They prove that under certain appropriate conditions imposed on {«a,}, {8, },
{zn} converges strongly to a point z € F(S) which is the unique solution of
the variational inequality

(A=~f)z,x —2) >0, =€ F(S).
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Recently, Yao [2] introduced the following iterative scheme as below for
finding a common of the solutions of mixed equilibrium problems and a set of
fixed points of an infinite family of nonexpansive mappings in a Hilbert space.

Defined sequence {z,} by

O(yn, =) + o(x) — ©(yn) + (K" (yn) — K'(zn),z — yn)
Tpt1 = an(u + ’Yf(ﬂ”n)) + (1 - ﬁn)xn
+((1 = B)I — an(I + pA)Wyoyn, ¥Yn > 1.

They prove that under certain appropriate conditions the sequence {z,}
converges strongly to a point z* € Q N F(W,), which is the solution of the
following optimization problem:

. K 1 2
Z(A N — — h(z).
errr%I(an) 2< z,7)+ 2H$ ul ()

Motivated and inspired by Wangkeeree [1] and Yao [2], the purpose of this
paper is to introduce an iterative algorithm for finding a common element of
the set of solutions for mixed equilibrium problems and the set of common
fixed points for an infinite family of strictly pseudo-contractive mappings and
the set of common fixed points for nonexpansive semi-groups in a Hilbert
space.

2. PRELIMINARIES

Throughout this paper, we denote by 7 — ” and ” — ” the strong conver-
gence and weak convergence, respectively.

Let H be a real Hilbert space and let C' be a closed convex subset of H,
there exists a unique nearest point u € C such that

|z —ull < lle—yl, vyeCl

The mapping Po : ¢ — u is called the metric projection of H onto C. It is
well known that Pg is nonexpansive, furthermore, for x € H and u € C,

u=Po(r) & (x —u,u—y) >0, VyeC.

Banach space E is said to satisfy the Opial condition, if for any sequence
{z,} in F with x,, = x € E, then for any y € E with y # =, we have

liminf ||z, — x| < liminf ||z, —y|.
n—oo n—oo

Recall that a mapping f : H — H is said to be contractive, if there exists
a constant £ € (0,1) such that

1 () = fWIl <&llz —yll, Yo,y H.
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A mapping V : C — H is said to be k-strictly pseudo-contractive, if there
exists a constant k € [0, 1) such that

IV (z) = V)I? < llz = yI? + k(I = V)e = (I = V)yl*, Va,yeC.

A family of mappings {V; : C — C}?2, is callled a family of uniformly k-
strictly pseudo-contractive, if there exists a constant k € [0, 1) such that

IViz = Viy|? < llz = yl* + k(T = Vi) = (I = Vi)yl]?, Va,ye O, Vi>1.

Lemma 2.1. ([3]) Let V : C — H be a k-strictly pseudo-contractive. Then

(1) the fized point set F(V) of V is closed convex so that the projection
Pry is well defined;

(2) define a mapping T : C — H by Tx = vz + (1 —y)Ve,x € C. If
v € |k, 1), then T is a nonexpansive mapping such that F(V) = F(T).

Definition 2.1. Let {V; : C — C} be a countable family of uniformly k-
strictly pseudo-contractive. Let {T; : C' — C}$°; be the sequence of nonex-
pansive mappings defined by

Tix =~z + (1—v)Viz, v €[k 1) (2.1)

Let {u;} be a nonnegative real sequence with 0 < p; < 1, Vi > 1. For any
n > 1 define a mapping W,, : C' — C as follows

Un,n+1 = I,
Un,n = MnTnUn,n+1 + (1 - Mn)Ia
Un,nfl = /«LnflTnflUn,n + (1 - ,Ulnfl)la

Uk = Tk Up 1 + (1 — pp) 1, (2.2)
Un -1 = th—1Th—1Un g + (1 — pg—1)I,

Una2 = p2ToUy 3 + (1 — p2)l,
Wp=Up1 =mTiUn2 + (1 — 1)l

Such a mapping W, is nonexpansive from C to C called the W —mapping
generated by T, Th—1,---,T1 and iy, fin—1,-- , 1. We have the following
Lemmas concerning W,,.
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Lemma 2.2. ([4]) Let C be a nonempty closed convex subset of a Hilbert space
H {T;: C — C}2, be an infinite family of nonexpansive mappings with

(F(T) #0
=1

{1i} be a real sequence such that 0 < p; <b <1, Vi > 1. Then
(1) W, is nonexpansive and F(Wy) = (i2y F(T;) for each n > 1;
(2) for each x € C and for each positive integer k, the limit lim U, px
n—oo

exists;
(3) the mapping W : C — C defined by Wz := lim Wyx = hm Unaz,

n—o0

x € C, is a nonexpansive mapping satisfying F(W') = ﬂz 1 F( i)

Lemma 2.3. ([5]) Let C be a nonempty closed convez subset of a Hilbert space
H, {T; : C — C} be a countable family of nonexpansive mappings with

(F(T) #0
=1

{wi} be a real sequence such that 0 < p; <b <1, Vi > 1. If D is any bounded
subset of C, then

lim sup |Wx — Wyz| = 0.

n—oo

Lemma 2.4. Let H be a real Hilbert space. Then we have the following
nequality:
lz +ylI* < [|2[|* + 2(y, = +y), Y,y € H.

Lemma 2.5. ([6]) Let {x,,} and {yn} be bounded sequences in a Banach space
E and {Bn} be a sequence in [0,1] with 0 < hmmfﬂn < limsupf, < 1.

n—o0

Suppose that
Tn+l1l = (]- - ﬁn)yn + ann
for all integer n > 1 and

lim sup(||¢n+1 — Ynll = [Tns1 — zal]) <0
n—oo

Then lim |y, — zn| = 0.
n—o0

Lemma 2.6. ([7]) Let {a,} be a sequence of nonnegative real numbers such
that

ant1 < (1 - ’Yn)an + 5717
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where {yn} is a sequence in (0,1) and {0,} is a sequence such that

(i) 3pLiyn = oo;

(ii) limﬁsup % <0 or X2°24|0,] = 0.
n—oo

Then lim a, = 0.
n—oo

For nonexpansive semi-group S={S5(s) : 0 < s < oo}, we need the following
lemmas to prove our main result:

Lemma 2.7. ([8]) Let C be a bounded closed convex subset of H and S={5(s) :
0 < s < o0} be a nonexpansive semi-group on C. Then for any h > 0,

1/; S(s)zds — S(h) <1 /OtS(s)m) H 0.

Lemma 2.8. ([9]) Let C be a nonempty bounded closed convex subset of H,
{zn} be a sequence in C and S={S(s) : 0 < s < oo} be a nonerpansive
semi-group on C. If the following conditions are satisfied:

lim sup
S§—00 xeC

(i) xp — 25

(i) limsup limsup ||S(s)x, — x,|| = 0.
S—00 n—0o0

Then z € F(S).

For solving the mixed equilibrium problem (1.1), let us assume that the
function © : C' x C' — R satisfied the following conditions:

(H1) © is monotone, that is, O(z,y) + O(y,x) < 0 for all z,y € C;
(H2) for each fixed y € C,x — ©(z,y) is concave and upper semicontinuous;
(H3) for each z € C,y — O(x,y) is convex.

Let F/: C — C and n: C x C = C be two mappings. F is said to be:

(i) B—Lipschitz continuous, if there exists a constant 8 > 0 such that
[F(z) = F(y)l < Bllz —yll, Vz,yeC;
(ii) n—monotone, if
(F(z) = F(y),n(z,y)) 20, Vz,ye C;
(iii) n—strong monotone, if there exists a constant a > 0, such that
(F(z) = F(y),n(z,y)) > a|z —y|*, Vz,yeC.
A differentiable function K : C' — R is said to be:
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(i) m convex, if

K(y) — K(z) > (K'(),n(y, 2));
where K'(x) is the Fréchet derivative of K at .
(ii) n—strong convex, if there exists a constant p > 0, such that

K(y) - K(z) = (K'(2),n(y,2)) = (1/2)llz = y|*, Va,y € C.

Let C be a nonempty closed convex subset of H, ¢ : C' — R be a real-valued
function and © : C' x C' — R be an equilibrium bifunction. Let r be any given

positive number. For a given point x € H, consider the following auxiliary
problem for MEP to find y € C such that

Oy 2) + 9(2) — ply) + ~{K'(y) ~ K'(x),n(z9)) 20, VzeC,

where n : H x H — H and K'(x) is the Fréchet derivative of a functional
K : H — Rataz Let S, : H — C be the mapping such that for each
x € H,S,(z) is the solution set of MEP, i.e.,

Sy(x)

r

_ {y €000 2) +9(2) — ply) + LK (y) - K'(2), (=) > 0,Vz € c} ,
for all x € H.

Lemma 2.9. ([10]) Let C be a nonempty closed convex subset of H and ¢ :
C — R be a lower semicontinuous and convex function. Let © : C x C' — R
be an equilibrium bifunction satisfying the conditions (H1)-(H3). Assume that

(i) n: C x C — H 1is A— Lipschitz continuous such that

(a) n(z,y) +n(y,r) =0, Va,yeH;

(b) n(-,-) is affine in the first variable;

(c) for each fixred x € H, the mapping y — n(z,y) is sequentially
continuous from the weak topology to the weak topology;

(ii) K : H — R is n-strongly convex with constant u > 0, and its deriva-
tive K' is sequentially continuous from the weak topology to the strong
topology;

(iii) for each x € C, there exists a bounded subset D, C C and a point
zz € C such that for any y € C\D,,

1
Oy, z2) +¢(z0) = oly) + —(K'(y) = K'(2), n(z,y)) < 0.
Then the following hold:

(i) Sy is single-valued;

(i) (a) (K'(z1)=K'(z2),n(u1,u2)) > (K'(u1)—K'(u2), n(u1, u2)), ¥(z1,72) €
H x H, where u; = Sy(z;),i =1



314 Jingni Ye and Jianhua Huang

(b) S, is nonexpansive if K' is Lipschitz continuous with constant
v > 0 such that p > Av;
(i) F(S,) = 9

(iv) Q is closed and conver.

Definition 2.2. Let A: H — H be a bounded self-adjoint linear operator, A
is said to be a strongly positive operator if there exist a constant 7 > 0 such
that

(Az,z) > 7l=||?, Vo€ H.

Lemma 2.10. ([11]) Assume that A is a strongly positive bounded linear oper-
ator on H with coefficient ¥ > 0 and 0 < p < ||A||=t. Then ||I —pA| < 1—p7.

Lemma 2.11. ([12]) Let C be an nonempty closed and convex subset of a real
Hilbert space H and g : C — R{J{+o0} be a proper lower semicontinuous
differential convex function. If x* is a solution to the minimization problem

g(z") = inf g(z)
then
(¢ (z),z—2*y >0, zeC.
In particular, if ©* solves the optimization problem (1.3), then
(ut (vf =T+ pA))z" z —2%) <0, zeC,

where h is a potential function for vf.

3. MAIN RESULTS

Theorem 3.1. Let C,Cs be two nonempty closed convex subsets of a real
Hilbert space H, f : H — H be a contractive mapping with a contractive
constant £ € (0,1). Let ¢ : C1 — R be a lower semicontinous and convex
function, and let © : C7 x C1 — R be an equilibrium bifunction satisfying
conditions (H1)-(H3) with C replaced by Cy. Let {V; : C; — C1}2, be a
countable family of uniformly k—strict pseudo-contractions and {T; : C; —
C1}52, be the countable family of nonexpansive mappings defined by (2.1) with
C replaced by C1. For eachn > 1, let Wy, : C1 — C be the W —mapping define
by (2.2) with C replaced by C1. Let S={S(s) : 0 < s < 0o} be a nonexpansive
semi-group on Coy. Let p >0, v > 0, r > 0 be three constants and let A be a
strongly positive bounded linear operator on H with coefficient 5 > 0 such that
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0<vy<(1+wy)/§. For given xo € H arbitrarily and fized u € H, {xn}, {yn}
are the sequences generated by
Yn € C1: O(yn, ) + () — ¢ (yn)
+%<K,(yn) - K'(iﬂn)ﬂ](m,yn» >0, Vo e Cy,
Tnt1 = an(u+7f(Yn)) + Bnzn
+((1 = Bo)I — an(I + pA)) fO" $)Po, Wypynds, ¥n > 1,

where {an}, {Bn} are two sequences in (O, 1) and {t,} is a sequence in (0,00).
If the following conditions are satisfied:

(3.1)

(i) n: C1 x C1 — H is A\—Lipschitz continuous such that

(a) n(z,y) +n(y,z) =0, Vz,y€ Cy;

(b) n(-,-) is affine in the first variable;

(c) for each fixzed x € Cq, the mapping y — n(x,y) is sequentially
continuous from the weak topology to the weak topology;

(i) K : H — R is n-strongly convex with constant pn > 0, and its derivative
K’ is not only sequentially continuous from the weak topology to the
strong topology but also Lipschitz continuous with a Lipschitz constant
v>0 and u > Ay

(iii) for each x € Cy, there exists a bounded subset D, C Ci and a point
2z € C1 such that for any y € C1 \ Dy,

Oy, 20) + plza) — oly) + (K" (y) — K'(2), 1z ) < O

(iv) nh—g>10 an =0,>07 g an = 00;
(v) 0< hmlnfﬁ <limsup 8, < 1;
n—o0
(vi) lim ¢, = oo with bounded sup,>1 |tn — tny1l;
n—oo

(vii) I':= F(W)NQOF(S) # 0, F(W) = "2, F(T3).
Then the sequences {x,} and {y,} defined by (3.1) converge strongly to * € T’
which solves the following optimization problem (OP).

1 2
min &4z, 2) + Sz — ul* — h(z)

provided S, is firmly nonerpansive, i.e.,
HS:I:_ T‘yH2 <Sx_S’V‘y7x_y>7 Vﬂ?vyGH-

Proof. We split the proof into five steps.

Stepl. We show that {z,} is bounded.

By the conditions (iv) and (v), we may assume, without loss of generality,
that ay, < (1 — B,)(1+ pl|A|])~! for all n > 1. Since A is a strongly positive
bounded self-adjoint linear operator on H and Lemma 2.10, we have

[A]l = sup{|[{Au, w)| : u € H, ||ul| = 1}.
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Obeserve that

<((1 - /Bn)I - an(l + MA))U7U> 1- /Bn — O — an,U/<Au7 u>
1= Bn—an— an/LHAH

0.

VIVl

This shows that (1 — 3,)I — (1 + pA) is positive. It follows that

||(1 - ﬁn)I - an(l + MA)H
= sup{(((1— Bu)] — an(1L+ )} w € H, | = 1)

= sup{L— B —  — aa(Au,) : u € H, Jul] =1} 32
< 1_5n_an_an,uﬁ-
Taking p € I', we have
lyn = pll = [|Srzn = Spp|| < [lzn — pl|- (3.3)
Set S, := i Jo" S(s)xzds and A := (I 4 pA). Since
1 [t 1 [t
|SnPeyx — SnPeyy|| = || — S(s)Pc,xds — — S(s)Pc,yds
tn 0 tn 0 (34)

< [lz =yl

so Sp P, is nonexpansive. Put M; = max{||z1 — p||, %ﬂz”““}. Clearly,
||lx1 — p|l| < Mj. Suppose that ||z, — p|| < Mj, it follows from (3.2), (3.3) and

(3.4) that

[Zn+1 = p|
+((1 - Bn)l - anA))gnPCQWnyn - p”
| + Oén("Yf(ynL_ Ap) + Bn(zn — p)
+((1 = Bn)I — anA))(SnPey Wayn — p)|
an|ull + anllvf(yn) — Apll + Bullzn — pll
+(1 = B — an — O‘nﬂi)ﬁ)Hxn =l
apllull + anl[vf(yn) — Ap|| + (1 — an — anp)) || — pl|
anllull + anllvf(yn) — v (@) + anllvf(p) — Ap| (3.5)
+(1 _an_an,ulﬁ))”xn_pHH _
allull + anyéllzn — pll + anllvf(p) — Ap||
+(1 — an — anp))|lzn — pll _
= [1= Q0+ —v)anlllzn —p| + cnllull +[17vf(p) — Apl)
= [1-Q+py - an]lzn —pl

- 4
1+ 7 — 7€), QDL )

[1— (14 w7y — v oMy + (1 + p7y — vE)an My
M.

IA I

ININ

IA

IA
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It follows from (3.5) by induction that ||z, —p|| < Mj, for all n > 1 and hence
{zy} is bounded. We also obtain that {y,}, {Wrxn}, {SnPo,Wnxn}, {Wnyn},
{SnPc,Wnyn} and {f(yn)} are bounded. Denote by

Mo = sup{|lzall, [ynl 1 @)l [Waznll, [Waynl

15 (s) Py Wnnl|, [|5(s) Po, Waynll}-

(3.6)

Step 2. We prove that ||z,+1 — 2,|| = 0 and ||yn+1 — ynl| = 0 as n — oc.
Define xy, 41 = Bran + (1 — )2y for all n > 1. We observe that

mn+27ﬂn+lxn+1A7 In+1fﬁnmn
1=PBn+1 1—Bn B
@nt1(uYf (Yn+1))+H(1=Brnr1) [ —an1+1A]Sn4+1Poy Wit 1Yn+1
B 1Bt
17571, _
13%1; [u+7f (Yn+1) = ASns1Poy Wagaynia]

+ 12%71 [ZSnPCQWnyn —u-— 'Yf(yn)]
+Snr1PosWhi1ynt1 — SnPo,Wayn.

Zn+1 — 2Zn =

IN

That is

An+1

lzne1 = znll < =5 llull + (17 (Ynsall)

+‘|ZSn+LPCQWn+lyn+1|’] (3'7)
+ 128 [|ASh Po, Wayn || + [lull + (17 (yn) ]
+HS7’L+1PCQ Wn+1yn+1 - SHPCQ Wnyn”

On the other hand, it follows from (2.2) that

”Wn+lyn - WnynH
I T1Unpy1,2%0 + (1 — pa)xn — paT1Un 220 + (1 — p1) 2, ||

< N1||Un+1,233n - Un,233n||

< pnp2||Ungr,32n — Un s (3.8)
< M1 - MnHUn—i—l,n-‘rlxn - xn”

= g2 pntintt | Tot12n — 2|

< IS,
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where M3 = sup,,>1 ||Th+12, — 2, || is some positive constant. Notice (3.6) and
(3.8), we obtain

IN

ININCIN DA

1Sn41 P Wi 1Yn+1 — SnPCQWnynH
Hm Otn+1 S(8) Py Wh1Yn41ds — fon s) P, Wnynds||
Hﬁ fg”“ S(S)PCQWn+lyn+1dS + t +1 fonﬂ S(s) P, Whynds
ﬁ (;tnﬂ S(5)Po,Wnynds — fo (8)Po, Whynds||
o f(f"“ ||S( ) Pe, Wi 1Yns1 — S( )Po, Whyn||ds
—l—”t — fO" PCQI/Vnynds—Fft"+1 (8) Poy Wy ynds) (3.9)
fon ) Poy Whynds||
HWn—&-lyn—&-l nynH + 2%]\@
IWat1yn+1 — Wagaynll + [[Was1yn — Waynl| + 2‘t’bj1ﬂt”|M
Iyt = Ynll + [Was1n — Wagal| + 220l p,

tnt1
g1 — @ + 0" M3 + Q%M _

Substituting (3.9) into (3.7), we get

Hence

HZn-H—ZnH
< 12l + 17 F (nrall) + [ASn 11 Poy Wi 1yn ]
+ 12 IASn Poy Wayn | + llull + [17.f (yn) I

Hleass = @l + 67 My 4+ 21npitela,,

(3.10)

lowss = znll = l@nst =zl
15’51; el + 117 @nrall) + [ASni1 Po, W 1yn ]
|| ASh Poy Wayn || + [Jull + 17 (yn) ]
_|_bn+1M +2|tn+1 tn‘M

tnt1

IN

(3.11)

which implies that

lim sup(||zn+1 — 2nl| — [|Zn+1 — 2nl]) =0
n—00

Hence by Lemma 2.5, we obtain

lim ||z, — 2,/ = 0.
n—o0

By the definition of {z,}, we have

Notice

nhj{.lo [Znt1 — 20| = nlggo Bnllzn — znl| = 0. (3.12)

[yn+1 = ynll = [[Srent1 = Sran| < [|2ntr — @al|- (3.13)
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This implies that
lm ||yn+1 — ynl = 0.
n—oo
Step 3. We show
lim |z, — S(s)Poyxn|| =0, lim ||y, — S(s)Peyyn| =0, Vs> 0.
n—oo n—oo
Note that
Tp4+1 = an(u + ’Yf(yn)) + ﬁnxn + ((1 - /Bn)l - anZ)SnPCQWnyTw

we obtain that

|zn — SnPCQWnZ/nH < en = zpga || + [[2ngr — SnPCbWTLZJnH
< Hxn - xn-i-lH + anHu + Vf(yn) - ASnPCQWnynH
+5’ﬂ”xn - SnPCQWnynH7
that is,
la% —
||':E’I’L_S7’LPCQW7Lyn|| < | Zn—2n 1]+ - ||U+'7f(yn)_ASnP02WnynH'
1- /Bn 1- Bn
By the assumpation (iv) and (3.12), we get
lim (@, — SnPo, Wayn| = 0. (3.14)
n—o0

Since { Po, Wy yn } is a bounded sequence in Cs, from Lemma 2.7, we can obtain

lim ||SnPoy Wt — S(h)SnPoy Waynl| =0, Vh > 0. (3.15)
n—oo

So for each s > 0 we have
|2 — S(s)Pc,an|

< n = SuPoyWadnl| + |0 Poy Wayn — S(8)SnPo, Waynl|
+115(8)Sn Py Winyn — S(8) Poyn |
< Hxn - SnPCQWnynH + HSnPCzwnyn - S(S)SanzwnynH

+”S71PC2WTLZ/H - Pc2an

= ||xn - SnPCQWnynH + ”Snpczwnyn - S(S)SnpczwnynH
+||PCQSnPCQWnyn - PCgl'nH

< 2||$n - SnPCQWnynH + HSTLPCQWTLyn - S(S)SnPCQWnynH

Hence from (3.14) and (3.15), we have

lim ||z, — S(s)Pc,xn| = 0. (3.16)
n—o0
For given p € T', we have
lyn —pI? = | Sran — pl
S <Sr$n - Srp7 Tp — p>
< <yn — D, Tn _p>

3(lyn = pI* + llzn = 21 = llzn — yal®),
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and hence

yn = pII* < lzn — Dl = Iz — Yl

From Lemma 2.9 and (3.2), we have

|Zns1 — plI? B
Han(u + lf(yn) - Ap) + Bn(xn - SnPCQWnyn)
+(I — anA)(Sn Po,Woyn — p)||?

< Hﬂn(xn - SnPCQWnyﬁ) + (I - anA)(SnPCQWnyn - p)”2
+200 (u + 7 f(yn) — AP, Tni1 — p)

< |lBn(zn — SnPCQWnyﬁ) + (1 = an — anp¥) (yn — p)II?
+20a,(u + v f(Yn) — Ap, Tni1 — p)

S B%H(.In - SnPCQWnyQHZ + (1 — Qn — anﬂ7)2”yn - pH2
+20m[lu + v f(yn) — Apll[|zn1 — pll
+2(1 = an — an i) Bullrn — SnPoy Waynlll|yn — pll

< 67'21,”(:1"71 - SnPCzwnyn||2 + (1 —an— O‘nﬂﬁ)Q[Hl‘n - p”2 = [|zs,
+2(1 — o — O‘nﬁﬁ)ﬁgumn = Sn P Wayn|| lyn — pl|
+2an |lu+7f(yn) — Ap|[||2n41 — pl|

<l = pl* + o (14 p73)?|Jzn — pl* — (1 — an — anpd)? |20 —
+2(1 — o — O‘nﬂi)ﬂguxn — SpPo, Waynllyn — |
200 |[u + 7 f (yn) — Apl||zn+1 — Pl
+/872L||xn - SnPCQWnynHQ'

Therefore

(1 — Op — anﬂ7)2H$n - yn||2

< lzn = pl* = llzns1 —p)* + o (1 + 17)?|J2 — pl)?
+2(1 - Qp — anﬂi)ﬁﬂnxn - SnPCQWnynHHyn - p”
+2an|[u+ 7 f(Yn) = Apll[|ent1 — pll + Bollzn — SuWaya|?

IA

+2(1 — an — i) Ballwn — SnPo, Waynlllyn — |

(3.17)

— ynl?]

yﬂHZ

1z = pll + l2ns1 = plllEnta — 2n] + @i (1 + 7)) |2n — p|1?

+20m[w +7f (yn) = Apllllzni1 = pll + B3 llzn — SnPo Wayn|*.

From (3.12) and (3.14), we have

Since

lim ||z, —yn| = 0.
n—oo

|yn — SnPC’zwnyn” < yn — znll + |70 — SnPCzwnynHv

from (3.14) and (3.18), we have

lim |y, — SnPo,Waynl|| = 0.
n—oo

(3.18)

(3.19)
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Since
[yn = S(8)Peyynll < lyn — @all + |20 — S(5) Poywnl|
+[1S(s) Peywn — S(8) Poyynl|
< 2[yn — 2l + llzn — S(s) Poy@all,

from (3.16) and (3.18), we have
Timn_ [l — () Peyyiall = 0. (3.20)

Step 4. Now we show that limsup(u + [vf — (I + pA)]z*, x, — z*) <0,
n—oo
where z* is a solution of (OP).

To show this, we can choose a subsequence {yn,} C {yn} such that
lim (u-+ (f = (T + pA)a” g, — )
— timsup{u + [rf — (I + pA)Ja", o — 2°).

n—o0

(3.21)

Since {yn} is bounded, there exists a subsequence {ymj} of {yn,} which con-
verges weakly to p. Without loss of generality, we can assume that y,, — p.
From (3.19), we have Sy, Pc, Wy, yn, — p. Since {yn} C C1 and {S, Pc, Wnyn}
C (5 and Cq,C5 are two closed convex subsets in H, we have p € C7 N Cs.
Next we prove that

pel :=FW)[(Q[F(S).

Indeed, from Lemma 2.8 and (3.16), we can obtain that p € F(S). Next we
show that p € Q. Since y,, = S,z,, we derive

1
O(yn, @) + (@) = @(yn) + —(K'(yn) = K'(@n),n(w,yn)) 2 0, Va € H.
From the monotonicity of ©, we have
1

and hence

{

By conditions (i)-(c), (ii), and y,, — p, we have

K/(ym) — K/(‘Tm)

(T Yn,)) + 2(2) = 0(Yn;) > O(2,Yn,)-

O(z,p) + ¢(p) — p(r) <0, VzeH.
For 0 <t <1, let xy =tz + (1 — t)p. It implies that

O(x, p) + ¢(p) — w(zt) < 0.
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From the convexity of equilibrium bifunction O(x,y) in the second variable y,
we have

0 = Oz, x) + @(xr) — ()
< 10(wy, x) + (1= 1)O(z1,p) + tp(w) + (1 = t)e(p) — ¢ (a1)
< UO(xs, ) + () — p(ah)],
and hence ©(x¢, z) + ¢(z) — ¢(z¢) > 0. This implies that

O(p,z) +¢(x) —p(p) 20, Vze H.

Therefore, p € Q. Finally we prove p € F(W) = (°_; F(W,,), where F(W,,) =
Moy F(T3), n > 1 and F(Wy41) C F(W,,). In fact, if p ¢ F(W), then exists a
positive integer m such that p ¢ F(T,,), and so p ¢ Ni~, F(T;). Hence for any
n>m,p ¢ e F(T;) = F(W,), i.e., p ¢ Wyp. This together with p = S(s)p,
Vs > 0 shows p = S(s)p # S(s)PCQWnp, Vs > 0. Therefore p # S, Pc, Wyp,
Vn > m. By Opial’s condition and (3.19), we obtain that
lim inf {|y,, — pl|
1—00
hl.rgcigf ”ym - SﬂiPC2me”
lim inf {|yn, — S, Py Wi, yn, || + lim inf || Sp, Po, Wi, yn, — Sn, Pos W, pl|
1—00 1— 00

ININ A

liminf [y, — pl|-

1—00
This is a contradiction. Hence we get p € I'. The conclusion p € F(W)[)
QN F(S) is proved. Therefore, from Lemma 2.11, (3.18) and (3.21), we have
hrn sup(u + [vf — (I + pA)|z*, z, — z*)
hm Sup<u + f = I+ pA)]a”, yn — 27)
~ lim (u+[7f = (I + pA)a*, yo, — %)

1—r 00

(ut[f =+ pA)z",p—a7)

IA I

0.
Step 5. We prove that {z,} and {y,} converge strongly to z*.
”xn—i-l - iL'*H2

= Han(u"i_fyf(yn) Az )+5n(xn —.CC*)
+((1 = Bu)I — anA)(Sn P, Wnyn — z*)|1?

< Bn(zn —2%) + (1 = Bu) ] — oy, )(S Pe,Whnyn — :U*)HZ
+2an(u+7f(yn) — Az* Tyl — Z¥)

< Balln — 1+ (1= B — an(1 + g D)llen — 22
20 {u+1f (%) — A2} + oy (yn) — 1/ (), Tns1 — )

< (1= an( 4+ w7 lzn — =17 + 2007E |20 — 2 ||| @ng1 — 2|
P20+ 1f(5%) — A, Ty — )

< (1= an(1+ W7 lan — 2 + anr€{llon — 22 + llonss — 2|}

+2an(u+vf(x*) — Ax*, zpp — x¥).



An iterative method for mixed equilibrium problems 323

Hence

2741 — 22

(1- an(i—i-zlw)g—i-om’vfum — H2 + 1 23:')/6 (u+yf(x*) — Az*, Tpgq — 2*)

[1 Ww ((1+M)an"/n)
1—any€ 1—anvE

_|_

20 4y f () — Aa*, s — 2)

Illzn — 272 + ln — 2|2

[1— ((ltu)w “25 an *H2 + 2((A+p)7—yE)an
an'y

1—anvy§
n(1+p)y?) M. % — o« N
X{ 2 ((1+MM’YA/ zyi)4 + (1+M)7*‘Y§ (u+f(2¥) - Az", a1 — 2},

IN

]Hmn—ﬂ:

where My = sup{||x, — x*[| : n > 1||}.

Taking an = |zn — %29 = 2((1J£u)7—7§£)an and & — 2((1?07—25)% %
n n ) In —omy n Zomy

Qn 2)M. * TA Ak *
{(2(((11:5))%_)75)4) + (1+u)17—7£ (u+ vf(z*) — Ax*, zpy1 — x*)}, by the assump-

tion of Theorem 3.1, we can see all the conditions in Lemma 2.6 are satisfied.
So the sequence x,, — x* € I'. This completes the proof. O

In the case that Cy = Cy = C, we have the following result.

Corollary 3.1. Let C be two nonempty closed convex subsets of a real Hilbert
space H. Let ¢ : C — R be a lower semicontinous and convex function,
f:+ H— H be a contractive mapping with a contractive constant & € (0,1)
and let © : C x C — R be an equilibrium bifunction satisfying conditions (H1)-

(H3). Let {V; : C — C}352, be a countable family of uniformly k—strict pseudo-
contractions and {T; : C — C}2, be the countable family of nonexpansive
mappings defined by (2.1). For eachn > 1, let W,, : C' — C' be the W —mapping
define by (2.2). Let S={S(s) : 0 < s < oo} be a nonexpansive semi-group on
C. Let pw > 0,~v > 0, 7 > 0 be three constants and let A be a strongly
positive bounded linear operator on H with coefficient ¥ > 0 such that 0 < v <
(1+ wy)/&. For given xg € H arbitrarily and fivred uw € H, {xn}, {yn} are the
sequences generated by

O(Yn, ) + @(x) — ©(yn) + £ (K'(yn) — K'(z0), n(x, yn)), Va € C,
Tnt1 = an(u+7f(Yn)) + Bnn (3.22)
+((1 - Bn)l - an(l + :U’A))i g" S(S)WnyndS, Vn > 1,

where {an}, {Bn} are two sequences in (0,1) and {t,} is a sequence in (0,00).
If the following conditions are satisfied:

(i) n: C x C — H is A\—Lipschitz continuous such that

(&) n(z,y) +nly,z) =0, Vr,yeC;
(b) n(-,-) is affine in the first variable;
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(¢c) for each fized x € C, the mapping y — n(z,y) is sequentially
continuous from the weak topology to the weak topology;

(ii) K : C' — R is n-strongly convex with constant p > 0, and its derivative
K’ is not only sequentially continuous from the weak topology to the
strong topology but also Lipschitz continuous with a Lipschitz constant
v>0and p > v;

(iii) for each x € C, there ezists a bounded subset D, C C and a point
2y € C such that for any y € Cy \ Dy,

Oy, 2z2) + ¢(z2) — 0(y) + %(K’(y) — K'(x),n(22,)) <O0.

) Jim o0 =000 =
(v) 0< hm mfﬂ <limsup g, < 1;

n—oo
(vi) hm tn = 0o with bounded sup,,>1 [tn — tni1l;

(vii) [':= FW) QO F(S) # 0, FW) = N2, F(T).

Then the sequences {xy,} and {y,} defined by (3.22) converge strongly to x* € T’
which solves the following optimization problem (OP).

1
min = (A:z: z) 4 = |z — u|®* = h(z)
zel’ 2

provided Sy, is firmly nonexpansive, i.e.,

1S,z — Syyl|* < (Spx — Sy, z —y), Va,y € C.

Corollary 3.2. Let C' be a nonempty closed convexr subset of a real Hilbert
space H and f : H — H be a contractive mapping with a contractive con-
stant £ € (0,1). Let {V; : C — C}2, be a countable family of uniformly
k—strict pseudo-contractions and {T; : C — C}2, be the countable family of
nonexpansive mappings defined by (2.1). For each n > 1, let W, : C — C
be the W —mapping define by (2.2). Let S={S(s) : 0 < s < oo} be a nonex-
pansive semi-group on C. Let u > 0, v > 0 be two constants and let A be a
strongly positive bounded linear operator on H with coefficient 7 > 0 such that
0 <~y <+ uy)/&. For given xog € H arbitrarily and fired uw € H, {z,} are
the sequence generated by

Tn+l = an(u + "Yf(xn)) + ﬂnwn

1 [t (3.23)
+ (1= B — an(I + uA))t— S(s)Wypxpds, Vn>1,
n JOo
where {an}, {Bn} are two sequences in (0,1) and {t,} is a sequence in (0,00).
If the following conditions are satisfied:

(i) Jim an = 0,377 an = oo/
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(i) 0 < hm mfﬁ < hm sup Bn < 1;

(iii) T := ( YNF(S) 70, F(W ) = N2y F(T);

(iv) nh_)rgo tn = 00 with bounded sup,,>1 [tn — tny1l.

Then the sequence {x,} defined by (3.23) converge strongly to x* € T' which
solves the following optimization problem (OP)

1 2
mem <Aa: x) + §||a: —ul|* = h(z).

2

Proof. Put ©(z,y) =0, p(x) =0forall z,y € H and r = 1. Take K(x) = H:CQ”

for all z,y € H. Then we get y, = x,, in Corollary 3.2. Then the conclusion
follows. O
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