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Abstract. The main motivation for this paper is to investigate the fixed point property for
nonlinear contraction defined on b-Menger inner product spaces. First, we introduce a b-
Menger inner product spaces, then the topological structure is discussed and the probabilistic
Pythagorean theorem is given and established. Also we prove the existence and uniqueness
of fixed point in these spaces. This result generalizes and improves many previously known

results.

1. INTRODUCTION AND PRELIMINARIES

Hilbert spaces are complete normed linear spaces in which the norm is deriv-
able from an inner product satisfying appropriate conditions. Correspondingly,
we would expect a theory of probabilistic inner product or probabilistic Hilbert
spaces. We recall the classical inner product space notion. The symbol 7 will
denote the null vector of a real vector space.

Definition 1.1. Let Z be a real vector space. An inner product on Z is a
function (.,.) from Z x Z into R such that

(1) (p,p) >0 forall pe Z, (p,p) =0 if and only if p =7,

(2) (p,q) = (g,p), for all p,q € Z,

(3) (ap, q) = a(p, q), for all p,q € Z and a € R,

4) (p+q,7)=(p,7)+ (q,7), for all p,q,r € Z.
Then (Z,(.,.)) is called an inner product space.
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We give some definitions and notions from fixed point theory and proba-
bilistic metric spaces theory that we will use in the sequel. For more details,
we refer the reader to [4, 6, 7, 10, 11, 12, 13].

Definition 1.2. A function 7" : [0, 1] x [0,1] — [0,1] is called a ¢t-norm if the
following conditions are satisfied for any A, u, v, & € [0, 1]:

(1) T(u, 1) = p,

(2> T(Ma V) - T(V, )a

(3) T(p,v) 2 T(X,E), for p > A, v =&,

(4) T(T(p,v), &) = T(p, T(v,€)).

If T is a t-norm, then its dual triangular conorm (for short, ¢-conorm)
T : [0,1] x [0,1] — [0,1] is given by T*(u,v) = 1 —T(1 — p,1 — v) for
p,v e [0,1].

Definition 1.3. A ¢t-norm T is said to be of H-type if the sequence {T"(x)}
is equicontinuous at z = 1, where T'(z) = z, T"(z) = T(T" (x)) for every
n > 2.

A t-norm T is considered continuous if it exhibits continuity at every point
(u,v) €10,1] x [0,1]. We mention some usual continuous ¢-norms:
(1) The minimum t-norm Ty (p, v) = min(u, v).
(2) The product t-norm Tj,(p, v) = pv.
(3) The Lukasiewicz t-norm 77, (u,v) = max(pu + v —1,0).

Remark 1.4. We have

(1) T < Ty for each t-norm T

(2) Ty is a t-norm of H-type but there are many t-norms T of H-type
with T' # Ty (see [3]).

(3) The dual t-conorm of Ty is Ty, (1, v) = maz(p,v).

Definition 1.5. A function F' : R — [0, 1] is called a distribution function if it
is nondecreasing and left-continuous with inf,eg F'(7) = 0 and sup.cg F'(7) =
1. The class of all distribution functions is denoted by D.

For F € D, we consider the following limits
("F(y)= lim F(), €F(y)= lim F(Y).
¥ =T

v =t

Let Dt = {F € D : F(0) = 0}. A simple example of distribution function
is the unit step function in DT

[0, if y<a,
6“(7)_{1, if v >a.
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Definition 1.6. ([6]) A b-Menger space is a quadruple (Z, F,T, K), where Z
is a nonempty set, F is a function from Z x Z into D+, T is a t-norm, K > 1
is a real number, and the following conditions are satisfied for all p,q,r € Z
and a,b >0

(1) Fpg=¢e0 < p=g¢,

(2) Fpq=Fop,

(3) Fpqg(K(a+0)) > T(Fpr(a), Frq(b)).

Mbarki and Oubrahim [6, 8, 9] point out that if the ¢-norm 7" of a b-Menger
space is continuous, then (Z, F, T, L) is a first countable Hausdorff topological
space in the topology 7, that is, the family of sets {V, () : 7 > 0} is a base of
neighborhoods of point p € Z for 7, where

Vo(v)={q€Z:Fq(v) >1—-~}

Probabilistic normed spaces were introduced by Erstnev [15] in 1963. We
define a b-Menger normed space as follows.

Definition 1.7. A b-Menger normed space is a quadruple (Z, F, T, K) where
Z is a real vector space, F is a function from Z into D, T is a t-norm, K > 1
is a real number, and the following conditions are satisfied:

(1) F, =¢p if and only if p =,

(2) Fop(y) = Fp(t) forallpe Z, vy € R and o # 0,

laf

(3) Fpq(K(a+0b)) > T (Fy(a), Fy(b)) for all p,q € Z and a,b > 0.

It is evident that, if (Z, F, T, K) is a b-Menger normed space, and for each
(p,q) € Zx Z, F: Z x Z — D+ is defined by Fpy = Fy_y, then (Z,F, T, K)
is a b-Menger space.

Many important applications of the theory of probabilistic metric spaces can
be found in approximation of random signals, integral equations, stochastic
optimizations and quantum particle physics (see [2],[5]).

2. b-MENGER INNER PRODUCT SPACES

The first attempt to develop a theory of probabilistic inner product spaces
was made by Senechal [14] in 1965. After then a simplified form of this defi-
nition was given by Zhang in [16]. Inspired by the work of these researchers,
we introduce a b-Menger inner product space as follows.

Definition 2.1. A b-Menger inner product space is a quadruple (Z, F, T, K)
where Z is a real vector space, F' is a function from Z x Z into D, T is a
t-norm, K > 1 is a real number, and the following conditions are satisfied for
all p,g,r € Z and a,b >0

(1) Fpp(0) =0, Fp), = € if and only if p =7,
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(2) Fpq = Fyp,
(3) For any real number a € R,

Fopqg(y) = qu( )ifaw > 0,
Fopg = eolfa =0,
Fopqe(y) = 1—£+qu( )1fa <0,

(4) Fpiqr(K(a+0)) = T(Fpr(a), For(b),
(5) Fpqlab) > T(Fyp(a?), Fyq(b?)).

Every classical real inner product space is a b-Menger inner product space.
Moreover, we have the following example.

Example 2.2. Let (Z,(.,.)) be a real inner product space, T' be a t-norm and
consider the mapping Fy, 4(7) = €xp,q (7) with K > 1. Then (Z,F,T, K) is a
b-Menger inner product space.

We verify that all conditions of Definition 2.1 are satisfied. It is easy to
check the conditions (1) and (2).

For each a € R, if a > 0, then

Y Y
Fap#](V) = €K {ap,q) (7) = EK(p,q)(a) = prq(a)'

If « =0, then
Fap,q(fy) = €K {ap,q) (’Y) = €K (n,q) ('7) = 60(’7)7
and if o < 0,
Y
Fap,q(’)/) = €K {ap,q) (7) = E—K(p,q)(_a)
=1t Dy_1-etF, ().
¢ 6K<p,q>(a) ¢ p,fI(a)

Then the condition (3) is satisfied. Let a,b > 0 and p,q,r € Z. If a+b >
(p+ q,r), then it is evident that

Fpigr(K(a+0)) = exiprqn (K(a+0)) =12 T(Fpr(a), Fyr(b)).

Ifa+b<(p+gq,r) = (p,r)+ (g, r), then we have either a < (p,r) or b < {(q,r),
and so

Fp+q,r(K(a+b)) €K (p+q,r) (K(a+b)) =

0
(6K (p,r (CL),EK ( ))
= T(Fp,r( )7Fq,r(b))-

This means that the condition (4) is satisfied.
Let a,b >0 and p,q € Z. If ab > K (p, q), then it is evident that

Fpq(ab) = exp g (ab) = 1 > T(F,,(a°), Fyq(b?)).
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If ab < K{p,q), then from (p,q) < \/(p,p)(q,q) we have either a®> < K(p, p)
or b?> < K{(q,q), and so

prq(ab) = 6K<p7q>(ab) =0=T (GK(p,p> (az), €K<q,q) (b2)) =T (an(az), Fq’q(b2)) .

Hence the condition (5) is also satisfied.

Using the above definition, we study the topological structure and some
elementary properties for b-Menger inner product spaces.

Lemma 2.3. Let (Z,F,T,K) be a b-Menger inner product space. Then

(1) Fyp(y) =eo(y) forallp € Z and v € R,
(2) Frpq(K (a +0b)) > T(F,p(a), Frq(b)) for all p,q,r € Z and a,b > 0,
(3) Fpqladb) > T(Fpp(a 2)a q,q(b2)) for allp,q,r € Z and a,b <0,
(4)

F pqov) =1-— (*Fp’q(—'y) and (TF_, ,(v) = 1 = F, (=), for all
p,qGZ and v € R,

(5) Fop—q(7) = Fpq(7) and F_pe(v) = Fp—4(7), for all p,q € Z and
v €R,

(6) F_pp(y) =1 forallpe Z and v > 0,

(7) Fp—qq(K7) = Fpq(7) for allp,q € Z and v > 0,
(8) Fpyqr(K(a+0b)) <T*(Fp,(a), Fyr(b)) for all p,q,r € Z and a,b <0,

where T is continuous.

Proof. (1) It follows from assertion (3) of Definition 2.1.

(2) It follows from conditions (2) and (4) of Definition 2.1.

(3) It follows from (5) of Definition 2.1.

(4) It follows from (3) of Definition 2.1.

(5) From (4) we deduce that the assertion holds.

(6) Let v > 0 and p € Z. From (1) of Definition 2.1 it follows that

F,p(—y) < F,,(0) = 0, which implies that ¢ F, ,(—y) = 0. Thus,
from (3) of Definition 2.1 we obtain
Fopp(y) =1L Fpp(—7) = 1.
(7) Let v > 0 and p,q € Z. For any € € (0,7), from (4) of Definition 2.1
and Lemma 2.3 (6) we obtain
Fpqq(Ky) = FpqqK(y—€e+te)
> T(Fpqg(y =€), Fqq(e))
= T(Fpq(y =€) 1).
Then
Fpqq(K7) = Fpq(y —¢). (2.1)

Thus, letting ¢ — 07 in (2.1), we obtain the inequality by the left-
continuity of F,
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(8) Let a,b < 0 and p,q,r € Z. From (4) of Definition 2.1 it follows that
Fpig—r(K(—a—0)) > T(Fp_q(—a),F;_(-D)). (2.2)
Since T is continuous, from (2.2) we have
C Fyrqr(K(—a =) 2 T( Fy_y(—a), CFFyr(<0). (2.3)
Thus, by Lemma 2.3 (4) and (2.3) we get
Fpigr(K(a+b) = 10" Fpyg (K(-a—
S (€+Fp 7”( )a £+
= 1-T(1—F,(a),1—
= T (Fpr(a), For(b)).

b))
Fy—r(=0))
qu(b))

g

In the next theorem we show that every b-Menger inner product space is a
b-Menger normed space.

Theorem 2.4. Let (Z,F,T,K) be a b-Menger inner product space. Define
F:Z D" by

— 0 if v<0

F(Kv) = : -7
oK) { Fp,p(’)’2) if v >0.

If T =Ty, then (Z,F, Ty, K) is a b-Menger normed space.

Proof. We verify that all conditions of Definition 1.7 are satisfied. It is clear
that the conditions (1) and (2) follow from conditions (1) and (2) of Definition
2.1 respectively. For any p,q € Z and a,b > 0, setting, u = F,,(a?), v =

F,q(ab) and w = F,,(b%), by the condition (5) of Definition 2.1 we have
v > Thr(u, w). Moreover, by the condition (4) of Definition 2.1 we obtain

Fp+q( (a+b)) = Fprqprq(K(a+ 6)2)
> T (Th (u, v), Tar (v, w))

Then the condition (3) holds. O

Theorem 2.5. Let (Z,F,T,K) be a b-Menger inner product space with con-
tinuous t-norm T'. Then it is first countable Hausdorff topological vector space
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with the topology T whose neighborhood base of origin n is {V(e,\) : € >
0,\ € (0,1]}, where

V(e ={p€Z:Fpy(e®)>1-)\}

Proof. Using the structure of topological vector space given in [1], we can

verify the following assertions.

(a) If L1 = V(e1, A1) and Ly = V(ea, A2), there is Ly = V(ep, Ag) such that
Lo C L1 N Lo.

(b) If L =V (e, \), there is L' = V(¢/, \') such that L' + L' C L.

(c) If L=V{(e,\) and o € R with || <1, it holds aL C L.

(d) If L =V (e, \) and each p € Z, there is u > 0 such that up € L.

(e) If p € Z and p # 7, there exist ¢¢ > 0 and A9 € (0, 1] such that
p ¢ V(eo,\o). Let e, = A, = L. The sets {V(e,\) : € > 0,\ € (0,1]}
and {V (e, Ap) : n € N} are equivalent. Since {V(e,, Ap) : n € N} is
countable, 7 is first countable.

0

3. ORTHOGONALITY

In this section we study the orthogonality of two vectors in a b-Menger inner
product space.

Definition 3.1. Let (Z,F,T, K) be a b-Menger inner product space. Two
vectors p,q € Z are orthogonal if F), , = ¢y and we write p L gq.

Lemma 3.2. Let (Z,F,T,K) be a b-Menger inner product space. Then the
following assertions hold:

(1) pLn, forallp e Z,
(2) If p L q, then q L p,
(3) Ifp Lp, thenp=n,
(4)
(5)

If p L q, then for any a € R, p L agq,
If T is a continuous t-norm, p L q andp L r, thenp L (¢ + 7).
Proof. The properties (1)-(4) follow immediately from the conditions (1), (2)
and (3) of Definition 2.1. We prove the property (5). Let v > 0, from Lemma
2.3 (2) we get
i ) Y

Fp,q+r(7) > T(Fp,q(ﬁ an,r(ﬁ

Let v < 0, in view of Lemma 2.3 (8) we obtain

* i Y
Fpgir(v) <T (Fp,q(ﬁ)anm(ﬁ
Hence, by the left-continuity of Fj, 44, we have F), ;4.(v) = €o(7y) for every
v €R, then p L (g+r). O

3
4
)

) =T(1,1) = 1.

)) = T*(0,0) = 0.
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Theorem 3.3. Let (Z,F,T,K) be a b-Menger inner product space. Consider
p,q € Z such that p L q.

(1) Let « € R. Then

v
Fp+ap7q(E) < Fp,p(’Y) < Fp+aq7p(K7)

and
v
Fq+ocp,q(§) < Fq,q(V) < Fq+ap,q(K7)>

for all v € R.
(2) For all v >0,

T (Fp,p(KQW’)a Fq,q(K27)) Fptqptq (7)

sSup T(Fp,p(a)a Fq,q(b))- (3.1)
v=K2(a+b),a>0,b>0

>
>

Proof. The assertion (2) is a Pythagorean theorem in b-Menger inner product
space.

(1) We show the first inequality, the second inequality is proved similarly.
Let v > 0 and g € (0,7). Since Foqp(y) =1 from Lemma 3.2 (4), by
condition (4) of Definition 2.1 we obtain

Fp+aq,p(K’Y) > T(Fp,p('Y — 1), Faq,p(#)) = Fp,p(7 — ).

We conclude that Fiaqp(Kv) > F,,(7) by taking 1 — 07. On the
other hand, since F__,q,(1t) = 1, by condition (4) of Definition 2.1 we
get

Fp,p(K“Y) = Fp+aqfaq,p(K7)
> T(Feraq,p(V — 1), Ffaq,p(ﬂ))
= Fpragqp(y — 1)

We deduce that Fpiaqp(v) < Fpp(K7v) by taking p — 0. Let v < 0.
Then using condition (1) of Definition 2.1 we obtain F}, ,(y) = 0. From
Lemma 2.3 (8) we get

* v v
Fotagp(t) < T (Fpp(

Iy R
oi ) FoarlGg
Taking v — 07, we have Fjiq4p(0) = 0 by the left-continuity of
Fytagp, the inequality holds.

(2) Let € € (0,). By Lemma 2.3 (6) and condition (4) of Definition 2.1
we obtain

) =T%(0,0) = 0.

€

€
Fp+q,fq(€) >T (Fpﬁq(*)»Fqﬁq(’

: 2»:T@D:L
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Thus, from Theorem 3.3 (1), using condition (4) of Definition 2.1 we
obtain

Fp,p(K27) > Fpiqp(KY) = Fpigpiq—q(K(y —€+¢))
> T (Fpiqpta(Y =€) Fprq—q(€)) = Fprgprq(y —€)-
We deduce that F,,(K2y) > Fpiqp+q(y) by letting € — 0. Likewise,

F, (K?v) > Fpiqqip(7). For each a,b > 0 with K%(a + b) = v, using
Theorem 3.3 (1), from condition (4) of Definition 2.1 we get

Fptqpte(7) = Fp+q,p+q(K2 (a+10))
> T (Fpqp(Ka), Fytqq(KD))
=T (Fpp(a), Fyq(b)).

Then we conclude that

TM(Fp,p(K2V>v Fq,q(K2’Y)) > Fpyqp+q(7)
> sup T(Fpp(a), Fyq(D)). (3.2)

v=K?2(a+b),a>0,b>0

Replacing —¢ by ¢ in (3.2), by Lemma 2.3 (5) we obtain

TM(Fp,p(KQV)v Fq,q(K27)) > Fp—gp—q(7)
> sup T(Fpp(a), Faq(b))- (3.3)

v=K2(a+b),a>0,b>0
Using (3.2) and (3.3), we deduce that (3.1) holds.

4. FIXED POINT THEOREM IN b-MENGER INNER PRODUCT SPACES

Now we can state and prove the main fixed point theorem of this paper.
We need the following concept.

Definition 4.1. Let (Z, F,T, K) be a b-Menger inner product space with T’
continuous.

(1) A sequence {z,} in Z converges to z € Z, if for each ¢ > 0 and
A € (0,1] there is N € N such that F,,_, ., —.(¢?) > 1 — X for all
n > N (equivalently nlggo F. —z—2(y)=1forallv>0).

(2) {zn} is a Cauchy sequence if for each € > 0 and A € (0, 1] there is
N € N such that F}, (€2) > 1 — A, whenever n > N and
JjeN

(3) (Z,F,T,K) is said to be complete, if each Cauchy sequence in Z con-
verges to some point in Z.

TRn+j,Fn T Zn+j
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Theorem 4.2. Let (Z,F,T,K) be a complete b-Menger inner product space

such that T is of H-type. Let ¢ : [0,+00) — [0,+00) be a function such that

o(y) > and lim ¢"(y) = 400 for all v > 0, where @™ () is the nth iteration
n—oo

of (). Let A, B : Z — Z be two mappings such that
Fpp-agr(V) 2 Fp—qr(K@(v)) forp,q,r € Zandy>0.  (4.1)

Then A and B have a unique common fized point in Z.
Proof. From Lemma 2.3 (5), by (4.1) we obtain

Fap—Bar(V) = Fg—ap,—r(7) 2 Fyp—r(K0(7)) = Fp—qr(K¢(7)) (4.2)
for p,q,r € Z and v > 0. Let pg € Z be arbitrary, and we consider the
sequence {p,} defined by pa;i—1 = Apsi—2 and py; = Bpai—1 for i € N. Let
v > 0. For any r € Z, in view of (4.1) and (4.2) we get

Fp2i*p2i+1f ('7) = FBPQi—l—APQiW('V)
> Fp2i—1*P2i,T(K(p(7))
= FAPQi—z—AZJzi—LT(SO(t))
> FP21—2*P21’7177'(K2902(’7)) (4.3)

= Fpo—pir (K% (7))
and
Fpoi 1 —poisr () = Fapo 5—Bpsi_1,(7)
> Fpyio—pai1,r (K @(7))
= FBpyi_s—Apsi_ar(0(1))
2 szi—:s—Pzi—z,T(KQSOz (7)) (4.4)

~

> Fpopr.r (K* 7107 H()).
Using (4.3) and (4.4) it follows that
Fo—pniir (V) = Fpgpy r (K"9"(y))  for all n € N. (4.5)
Hence, by (4.5) and condition (2) of Definition 2.1 we have

Fpr—pni1,pn—pni1 (v) = Fpo—ps Pn—Pni1 (K"¢"(7))
= Fpn—Pn+17p0—p1 (Knson(’)/)) (4.6)
> Fpo—pl ,P0—P1 (K2n902n (7))
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: : 2n, ,n — : 2n, 2n —
Since lim K="¢"(y) = +o00, then lm Fyy—p, po—p (K™9™(7)) = 1. By
(4.6) we conclude that for all v > 0,
Fpn*pnﬁ»lapn*anrl (’7) — 1 as n — oo. (47)

Next, let 7 € Z and n € N. We shall apply induction to show that, for any
jeN,
Fpn+1—pn+j+17r(’}’) > T (Fpn—pnﬂ,r(@(’y) -7))- (4.8)
This is obvious for j = 1, since from (4.1) and (4.2) we get

Epii=pnsar (V) 2 Fppp i1 (K@(7)) > Fp—pia i (9(7) — 7).

Next, suppose that (4.8) is true for j = k. in view of (4.1) and (4.2), condi-
tion (4) of Definition 2.1, the monotonicity of 7" and by induction hypothesis,
we obtain

Foniipuisar(V) 2 Foupuir (K(7))
= Fpupurtpnsipusr (K (9(0) =7 +7))

T (Fpn*pn-uﬂ"(@(’?/) - 7)7 Fpn+1fpn+k+1,r('7))
T (B (93 = 9 T By (2(2) = )))

T (Fpp—po i (9(7) = 7)),

which completes the induction. Hence, by (4.8) and assertion (2) of Definition
2.1, we obtain

AR,

Fanrl*pn+j+1ypn+1*pn+j+1 () =T (Fpn*pn+17pn+1*pn+j+1 (o(y) =)
=17 (Fpn+1—pn+j+1,pn—pn+1 (30(7) - ’Y)

o
> T [Fppuirn—pnin (20(7)=7)—(0(7)

for all n,j € N.
Fix e > 0 and ¢ € (0,1]. Since T is a t-norm of H-type, there exists A > 0
such that

T%(x)>1—-X\, forallze (1—\1]andjcN. (4.10)
We have () > v for all v > 0, then o(p(y) — ) — (¢(y) —7) > 0. From
(4.7), 50 im Fy, —p 1 po—pass (P(2(7) = 7) = (p(7) = 7)) = 1 for all 7 > 0.
Then, there exists N € N such that
Fpn*pnﬁ»l’]’n*anrl (90(90(62) - 62) - (80(62) - 62)) >1- )\
for all n > N. Thus, by (4.9) and (4.10) we obtain
F, () >1-\

Pn+1—Pn+j+1:Pn+1—Pn+4j+1
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for all n > N and j € N. We conclude that {p,} is a Cauchy sequence. Since
Z is complete, there exists v € Z such that lim p, = v, that is,
n—oo

lim F, —yp,—o(y) =1 forally>0. (4.11)

n—o0

Now we will show that v is a common fixed point of A and B. By (4.1),
(4.2), assertion (2) of Definition 2.1 and (4.11), it follows that

Fp2i—A'U7p2i—A'U (7) - FBPQifl_Avap%fl_A’U (7)

Z Fp2i—1—’U,Pzi—l—’U(K2QO2(7))
—1 as 1 — o0
and
FP2i+1—Bv,p2i+1—BU(7) = FAP21’_BU7AP21'_BU (’7)
Z Fp2i—ﬂ7p2i—U(K2(P2(7))
— 1 as 1 — o0,
which means that hm 0 p2i = = Av and hm D P+l = = Av. By Theorem 2.5,

(Z,F,T,K) is a Hausdorff space and by (4 11) we get Av = v = Bo.
To prove uniqueness, suppose that there exists another common fixed point
w in Z of A and B. For each v > 0, by (4.1) we get inductively

Fv—w,v—w( ) Fpy— Aw,Bv—Aw ('7)
> Fv—w,Bv—Aw( 90(7))
= FB’U Aw,v— w( '7))

> Fywp-u(K*0%(7)) (4.12)
> Fyewpw(K'0* (7))

> Fv—w,v—w(K2n§02n(7))'

Then in view of (4.12) we have Fy,_y -y (y) = 1 because lim ¢?"(7y) = +oo,
n—oo
then v = w. This completes the proof. O

Corollary 4.3. Let (Z,F,T, K) be a complete b-Menger inner product space
such that T is of H-type. Let s € (0, %) and A : Z — Z be a mapping such
that

FAp—Aq,r(’}/) > Fp—q,r(%) fOT p.q,r € Z and v > 0.
Then A has a unique fized point in Z.
Proof. We take p(y) = T and A = B in the Theorem 4.2. O



1]
2]

3]

(4]
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