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Abstract. The primary focus of this paper is to thoroughly examine and analyze a coupled
system by a Hilfer-Hadamard-type fractional differential equation with coupled boundary
conditions. To achieve this, we introduce an operator that possesses fixed points corre-
sponding to the solutions of the problem, effectively transforming the given system into an
equivalent fixed-point problem. The necessary conditions for the existence and uniqueness
of solutions for the system are established using Banach’s fixed point theorem and Schaefer’s
fixed point theorem. An illustrate example is presented to demonstrate the effectiveness of

the developed controllability results.

1. INTRODUCTION

The fundamental concept of fractional calculus (FC) involves replacing nat-
ural numbers with rational numbers in the order of derivation operators. Al-
though this concept may seem simple, it has far-reaching consequences and
results that describe phenomena in various fields such as bioengineering, dy-
namics, modeling, control theory, and medicine For more details, we refer to
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[11, 13, 15, 22]. Specifically, many authors have shown great interest in the
topic of boundary value problems (BVPs) for fractional differential equations
(FDEs), and a variety of results have been obtained for BVPs involving differ-
ent types of boundary conditions, for example, see [6, 10, 12, 18, 20, 24, 25|, and
the references mentioned therein. Existence and uniqueness theory for clas-
sical fractional differential problems involving Hadamard-type operator have
been studied by several researchers, see [1, 3, 4, 5, 7, 8] and references therein,
and other problems with Hilfer-Hadamard fractional derivative [14, 16, 17, 23].

Coupled systems of FDEs are an extremely significant and important field,
due to their applications in many real-world problems. For some theoretical
works on the coupled systems of FDEs, we refer the reader to some studied
works [2, 5, 19, 21]. In this article, we consider a nonlinear BVP for a coupled
system of Hilfer-Hadamard (HH) type FDEs

HDP"H(k) = My (s, H(k), H(K)), k€ l=[1,T], 0<p<1,
H 125em a/ (1'1)
DIVH(K) = Ma(r, H(k), H(r)), ke,  0<v<l,
with the following coupled integral boundary conditions
HTPYH(1) = 6H(T), '

where p € (0,1), v € [0,1], w = p+ v — pv, My, My :I x R?> = R are given
continuous functions and #D7" is the Hilfer-Hadamard fractional derivative
of order p and type v.

This paper mainly examines the uniqueness and existence results of frac-
tional BVPs for a coupled system of HH-type with coupled integral boundary
conditions. To the best of our knowledge, coupled systems of HH-type FDEs
(1.1) with coupled integral boundary conditions (1.2) have were not widely
investigated. In consequence, the coupled system of FDEs with coupled in-
tegral boundary conditions will be studied by the HH fractional derivative.
Moreover, the main results are obtained by fixed-point theorems of Banach
and Schaefer.

The remainder of this paper is organized as follows: In Section 2, we provide
a review of fractional calculus notations, definitions, and relevant lemmas that
are essential to our research. Additionally, we present an important lemma
that allows us to convert the coupled system of HH type problem (1.1)-(1.2)
into an equivalent integral equation. Section 3 presents the main findings
regarding the existence and uniqueness of solutions for the coupled system of
HH type problem (1.1)-(1.2). To illustrate these results, we present a numerical
example in Section 4. Finally, we conclude the paper with a summary of our
findings in the last section.
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2. PRELIMINARY RESULTS AND ESSENTIAL CONCEPTS

Definition 2.1. ([11]) For function H : [1,4+00) — R. The Hadamard frac-
tional integral of order p > 0 is defined by

[ o2y )

I'(p)
provided the right-hand side is point-wise defined on [1, 4+00).

IVH(k) =

S

Definition 2.2. ([11]) The Hadamard fractional derivative of order p > 0, for
a continuous function H : [1,+00) — R is defined by

("D{H) (5) = € (T7 M) (), n =[] + 1,

where " = gL and denotes the integer part of the real number p.
dro P p

Definition 2.3. ([16]) Let p € (0,1), v € [0,1], w = p+v — pv, H € L (I)
and Hl'fl_p 09y e AC? (I). The Hilfer-Hadamard fractional derivative of
order p and type v applied to a function H is defined as
v v(1— w
("PH) (k) = T (DY) (k)
= HIf(l_p)(S(HIll*wH)(f-@), for a.e k € I. (2.1)

This new fractional derivative (2.1) can be thought of as an interpolation of
the fractional derivatives of Hadamard and Caputo-Hadamard. As a matter of
fact, for v = 0, this derivative reduces to the Hadamard fractional derivative,
and for v = 1, we recover the Caputo-Hadamard fractional derivative

fopf = Hof, Hop!= Hepi,
Lemma 2.4. ([11]) For all p > 0 and v > —1, we have

1
L'(p)

Lemma 2.5. Let ¢,h : I — R be continuous functions. Then the linear
coupled HH type FDFEs
AN (k) = ¢(k), el, 0<p<1,
HPH(k) = h(k), keI, 0<v <,

HIf’UH(l) = Hlv
1s equivalent to the system of integral equations
1 H
H(k) = =—— i “H()(logr)* '+ HIlh(k), w1 (2.3)

I(w)



504 A. A. N. Al-Sudani and I. A. H. Al-Nuh

and

H(k) = 7H111_wﬂ(1)(log #) 4+ BIPh(k), ke, (2.4)

Lemma 2.6. Let M; :I x R?2 — R, i = 1,2 be such that M;(-,H,H) €
Criog(I), for any H,H € Criog(I). Then system (1.1)—(1.2) is equivalent to
the solution of the coupled system

H(w) = U5 o) HIP M (T, H(T), H(T)) + HT{ My (5, H(r), (),
() = (B 0p HIYMo(T, H(T), H(T)) + HI{ Mo (s, Hr), H(r)),
(2.5)
where
¥ —El ¥ —£2
1= logr)w—1, > ¥2 = logk)w—1 , *
e Omt S (O’

Proof. Applying of HH type FDEs in (2.2) and using the above lemma, we get

og k)WL k K — s
H(k) = % HTI=w(1) 4 F(110>/1 (log g)p_lMl(s,H(s),H(s))%,
og k)WL _ k K _ s
() =SB M) 4 [ o S Moo ), )

by using coupled integral boundary condition, we obtain

og k)WL K K — s
H(@:%&H(T)+F(lp)/l (logg)p_lMl(s,%(s),H(s))%, (2.6)

og )WL K K — S
H<n>:“§(;)e2ﬂm+1{p) / (105 %) Mo (s, H(s), AN . (27)

Take the limit on both sides of (2.6) and (2.7) as k — T', we get
ds

S

o w—1 T _
H(T) (1 — %&) = F(lp)/l (1ogg)P*1M1(37%(s),H(s))

and

o w—1 T _ s
(T) <1 - %52) - F(lp)/l (1ogg)P—lMg(s,H(s),H(s))%,

which implies

1 1 T T, 27 ds
MO = G, T [ og Ly M 1) )T (29
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ds

T
— 1 1)/1 (logg)P—le(s,H(S)jﬁ(s))i' (2.9)

(1 G T

w

S

Substitute (2.8) and (2.9) in (2.6) and (2.7) respectively, we get that the
coupled system (2.5) is satisfied. By some simple direct computation, we get
the converse. This completes the proof. Il

3. MAIN RESULTS:

Kk € I},

For a Banach space (U, |-||), with the norm ||H| = sup{|H(x)|,
(.71 =

the product space (U x V, H(H,ﬂ)H) with the norm defined by ‘
1M1+ [

In view of Lemma 2.6, introduce an operator N : U x V — U x V defined
by

, is also a Banach space.

where

ogr)v! T — S
N A = EL [ os Tyt s, (). H6N S
p) J1 s

and

o K,w_l T o
N () = Py [ log L M, M) )

1
I'(p)
Now we are in a position to present our main results. Our first result is
concerned with the uniqueness and the existence of solutions for the problem

Hilfer- Hadamard-type coupled system (1.1)-(1.2) and relies on Banach’s FPT
[9] and Schaefer’s FPT [9], we need the following hypotheses

(Hy): M;: I x R2—=R (i=1,2) are continuous and there exist [; > 0
(1 =1,2) such that for all kK € I and H;,H; € Ri= 1,2, we have

2
| M (k, Ha, Ha) = My (s, 1, Ho)| <00 | Hi =l

=1
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2
|Ma(k, Hi, Ha) — Mo(k, Hi, Ha)| <o Z |Hi — Hil .

=1

(Hy): M; : I x R? - R (I = 1,2) are continuous and there exist
real constants k;, w; > 0, ¢ = 0,1,2 and kg > 0, wyg > 0 such that
VH; € R(j = 1,2), we have

|M1(K‘7 Hla HZ)‘
|Ma(k, H1, Ha)l

ko + k1 |7‘[1| + ko |7‘[2|,

<
< wg+ w |’H1’ + wo ’7‘[2‘

First, we prove the uniqueness of solution for the HH-type coupled system
(1.1)-(1.2) relying on the Banach’s FPT [9].

Theorem 3.1. Assume that (H;) holds. If

. Y1 1 —w
0: = {F(p—kw)—i_I’(p)(lOgT)l }(logT)pll

P2 1 1—w
+ [F(p ) + (o) (logT) } (log T')?l2

= (A +Ay) <1 (3.1)

Then the HH-type coupled system (1.1)-(1.2) has a unique solution.

Proof. Define sup,.c; Mi(k,0,0) = P; < oo, for all (i = 1,2), and r > 0, such

that r > 1%1, where 61 < 1 and
P1 1—w (logT)p
O : = + (log T —_ P
v = [+ 0o
©2 1—w (IOgT)p
+ |~ + (log T S Ris
iy + e | [

= o01P +09Ps.
At first, we show that NB, C B,., where

BT = {(/Hvﬁ) € Cw,log(IyR) : H(H,ﬁ)“cﬂj’log < 7“}.

Therefore,
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< A 1/T(long1|/\/11=‘>’7"[()f7"[( )|
1

% [| M (s, H(s), F(s)) — Ma(5,0,0)] + [ My (5,0,0)]] %

1 (T d
< fe i ) Gyt I (e + ) + 2] T
1

Fw) T(0)

+((log ) ) / o8 571 [1 (1) + [Fi(w) ) + Pr] 2
_e L T
= it ), sy

« iy (log ) Qog )= {2(T)] + [FTIY) + Pr] &

T ((log n>1—W>F(1p) / " (log o1
x [l ((log k)"~ Yog k) {|H (k)| + "H ’}) + Py %

_ 1 g o T\
= ro i ), e )

x {ll ((log &)Y HI1H |

w,log

1wy LT e
+ (o)) s [ (oa )y

x [ll ((log &) 1Ml

w,log

A, )+ ]2

A, )+ P
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T T — ds
=l ), ton 3 tou 0Pl )
e 1t Typp ds
+ I'(w) F(p)/l o I h
+ ((log fe)“vr(lp) /1 (tog =)~ (tlog )" ™ |11 || (#.H) |, | d*
+ ((log ﬁ)l—w)r(lp) /j(log g)ﬂ—%%
o lo p—w+1
- ﬁ(logﬂp*w*lh (. H) e, o, + r((p;)Pl( 1%(?+ 1)
(o)) o) | (A
+ Py(logk)*™v Igl(c;g:;)lp)
1 1 1-w
. {w +w) ") 8T } os )y
©1 —w P
[y o] Gos T
= A17” + 0'1P1,
where
Ar = [ LN (logT)lw} (log 7)1
Lip+w)  T(p)
and
o ®1 o 1—w (lOgT)p
7= [F(w) + (logT) } Llp+1)

which lead to
HN;[ (H,ﬁ)(n)”ombg < Air+ o1 Py

Likewise, we can get that
H/\/Q(H,ﬁ)(l-i)ucw g = Aor + 02 .

Accordingly,
N, < [N, + NG,
<A+ A)r+01Pr+ 0P
<Oir+60=r.

This proves N B, C B;.
We will prove that N is contraction mapping.
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Indeed, for (H1,H1), (Ha, H2) € Culog X Culog and for any x € I, we get
|(log (k) ™" N1(Ha, Ha) (r) — (log(k))' N1 (M, Ha) (k)]

o 1T T e
= T(w) F<p>/1 (log )"

X | Mi(s, Hi(s), Ha(s)) — M (s, Hals ‘7

(o)) [ oy

X |M1(S,H1($),H ( )) M1(8 Hz ‘7
< L1 1/1T(10gf)p_1l1
X [|’H1(s) — Ha(s)| + }gl(s — Ha(s )H

—wy 1 "
+ (02 1) ) s / (105 "y,

X [[H1(s) — Ha(s)| + |Hi(s) — Ha(s)|] —

1

_9017T02710 w—1

—_

~~
~—

ds
s

S

ds
s

—w 1 " w—
+ (02 1)! ) / (105 ")~ (log )"~

X [H’H1 —Hall

w,log

-, ]

o T P -
AR
x (11 - Hzch o+ =T, )

<1 _ﬁ(logT)p + ng) (logT)p]
< (I~ Haly, + |0~ T, )

©1 1 }
+
T(p+w)  T(p)
=k <H7'l1 —Hallg, .+ ||H1 - HQHOw 1og>

:ll

(0g T)? (|[#1 —Hallc,,,, + |1~ T

Cw,log)

w,log

w,log
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where
k=1 { LN } (log T)P.
L(p+w)  T(p)
Hence, we get
[VL(Ha, Ha) — N1(/H2,ﬁ2)HCw,log
<k (%1 = Halo,,, + P = ol ) (3.2)
In similar fashion,
[NVa(Ha, Ha) — NQ(HQ;ﬁQ)HCwJOg
< ko (”Hl — HZHCw,log + Hﬁl — ﬁz“cwhg) . (3.3)

From (3.2) and (3.3), we obtain
[NV (H1, Ha) — N (Ho, Ho)|| Curos
< (k1 + k) (I = Hallc

w,log

+ Hﬁl — ﬁQHCqu,log) '

Since 6; < 1, the operator A/ is a contraction mapping, we conclude that the
coupled system (1.1)-(1.2) has a unique solution due to Banach’s FPT [9]. The
proof is completed. O

Next, in order to prove the existence of solution for the HH-type coupled
system (1.1)-(1.2) we apply Schaefer’s FPT [9].

Theorem 3.2. Assume that (Hz) holds. If

|01]{71 +02w1| <1 and |O‘1k‘2 + 02w2| <1,
then the HH-type coupled system (1.1)-(1.2) has at least one solution.
Proof. Initially, we show that N : Cy 1og X Ciylog — Culog X Cu log 1S & com-
pletely continuous mapping. Since M; (i = 1,2) are continuous functions, it
is obvious that the operator N is continuous.

Let T C Cy,log X Cu log be bounded. Then there exist L; > 0 (i = 1,2) such
that for all (k,H,H) €I x T

(Mi(k, H(r), H(r))| < L; for(i=1,2).
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Then, for any (H,H) € T, we have

|(log())' " N1(H, H) (x))|

T S
< oo ) Qom0 M ). D)
+ ((10g/€)1_w)r(1p)/1 (logg)”_1 ’Ml(s,H(s),ﬂ(s))‘%
o g U Tyeds
<ty Mgy J, T

—w 1 " K., 1ds
(o8 r) =) Lrgr [ og Sy

1
—— (oeT p+1—w] L

e

1

implying that
N (D), <ol

Analogously, we get

[N T, < 2L
It follows from the above inequalities that
HN(H’ﬁ)HC X <o1Li+o09ly :=C(.
w,log

Which shows that A is uniformly bounded.
Next, in order to establish N/ is an equicontinuous. We take 1, ko € I such
that k1 < k2. Then for any (H,#H) € T, we have

\(log(ﬁ))l_w/\fl(?ﬁ(ﬁz)ﬁ( 2)) — (log(k ))1_“’/\/1( (1), H(x )I

< ((log r2)' ™) T00) (logf )P M (s, Hs |7
1

+ (08 51)' ™) 55

/ (log "’1|./\/l137-l ‘7
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<Ih {((logm) )Flp /m [(]og—)/? 1 (]og %)P—l %

1
H((log2)' Ff g2

w

F(p+ 1)

+ (o8 r2) =) 5 g (log )" — (log )’ (3.4)

p+1

In a similar fashion, we can easily get

|(log ©)' = Na(H(ka), H(ka)) — (log k) ~“Na(H(k1), H(k1)]

= (log m)l (log ko — log k1)”

2L
< (log ’fl)l_wir\(pjl) (log ko —log k1)”
L
+ ((log ,.;2)1—@")“7;) (log k)’ — (log 1) . (3.5)

Since log(k) is uniformly continuous on I, the right-hand sides of the inequal-
ities (3.4) and (3.5) tend to zero as ko — k1. Thus, the equicontinuity of N
and N5 implies that the operator AN is equicontinuous. Hence, the operator
N is compact by Arzela-Ascoli theorem.

Finally, we establish the boundedness of the set

Q= {(H,H) € Curtog X Curtog : (H,H) = W(H, H),0 < A < 1}.
Let (H,H) € Q, such that (H,H) = A (H,H). Then for any « € I, we have
H(k) = Wi(H, H)(K), H(k) = Wao(H,H)(k).
Assumption (Hs), gives
|(log k)~ H (k)| = A |(log k) N1 (H, H) (x)]
< |(log ) U NL(H, H) (x))|

s e
X (ko + k1 [Ha] + ko [H2|)
g+ 0T 1
o1k + o1k [Hi| + o1k2 [Ha

<

(log T)erlfw

(ko + k1 |[H1| + ko |H2|)

implying that
1Hle, 0, < o1ko + o1k [|Hall + o1k [[Hal| -
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In a similar method, we can get
Hllc,, .. < o2wo+ozws [ Ml + oaws |||
Collecting the above norms, we find that
IH|| + Hﬁ” < o1ko + oawg + (o1k1 + oowy) ||H1|| + (o1ke + o2ws) |[Ha]|

which implies
= = g1 ko + oWy
[H +H|| < 11 + [[H]] < ST
where xo = min{l — (01]{1 + ngl) ;1 — (Ulkg + Ug’u}g)} .
In consequence (2 is bounded, Thus, the conclusion of Schaefer’s FPT [9]

applies and hence the operator N has at least one fixed point, which is indeed

a solution of coupled system (1.1)-(1.2). O
Example 3.3. Let p=v = %, (= %, by = %,
— 1 H
Mi(k, H,H) = AL

20k + 2)2 1 + [H(k)|

1 . 5= 1
+E Sin (H(K)) + \/TT
and ‘ ( )|
— 1 K 1
Ma(k,H,H) = ——sin(27H — =
2( ) 167 ( ( )) 8(1+ ‘/H(K)D
We consider the coupled Hadamard type FDEs
11 _
912 QH( ) MI(K’H’H)’ K€ [176]7
11 _ (3.6)
D2 H(k) = Ma(k,H,H), k€ [le],
with the coupled integral boundary conditions
11
23 _ 47y
{ Ill li(l) - 57‘[(6), (37)
IP2H(1) = 5H(e).

For k € [1,e] and H, H*, H,H € R,

M, 1, H7) = Ma (5, L) gé}%—%“é‘%*—’ﬂ*
and
Mo, 1, H7) — Mo L) < S [H |+ [0~

Hence the condition (Hy) holds with I} = I = 3. SUP.e, Mi(k,0,0) =
14 \f = Py < oo and sup,cy ) M2(5,0,0) = 5 = P» < oo. We shall check
that condition (3.1) holds, indeed, by some snnple calculations we find that
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o = 0.84463, p1 = 2.304 4. With the given data, we see that 8; = 0.57532 <
1. Therefore, by Theorem 3.1, we conclude that problem (3.6)-(3.7) has a
unique solution.

4. CONCLUSION

We have discussed the essential requirements for boundary value problems
for a coupled system of HH-type FDEs with coupled integral boundary con-
ditions. Through the application of tools from fixed-point theory, we have
obtained novel findings that contribute to and generalize the existing litera-
ture on this topic. Our results encompass various new results as special cases,
making a significant contribution to the field of boundary value problems as-
sociated with HH-type FDEs. Future work in this area could involve explor-
ing the stability properties of the solutions obtained, investigating numerical
methods for solving the coupled system, and extending the analysis to more
complex scenarios or higher dimensions. Additionally, it would be valuable to
explore applications of the obtained results in diverse fields, such as physics,
engineering, and biology, to further demonstrate the practical significance of
the findings.
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