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Abstract. The primary focus of this paper is to thoroughly examine and analyze a coupled

system by a Hilfer-Hadamard-type fractional differential equation with coupled boundary

conditions. To achieve this, we introduce an operator that possesses fixed points corre-

sponding to the solutions of the problem, effectively transforming the given system into an

equivalent fixed-point problem. The necessary conditions for the existence and uniqueness

of solutions for the system are established using Banach’s fixed point theorem and Schaefer’s

fixed point theorem. An illustrate example is presented to demonstrate the effectiveness of

the developed controllability results.

1. Introduction

The fundamental concept of fractional calculus (FC) involves replacing nat-
ural numbers with rational numbers in the order of derivation operators. Al-
though this concept may seem simple, it has far-reaching consequences and
results that describe phenomena in various fields such as bioengineering, dy-
namics, modeling, control theory, and medicine For more details, we refer to
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[11, 13, 15, 22]. Specifically, many authors have shown great interest in the
topic of boundary value problems (BVPs) for fractional differential equations
(FDEs), and a variety of results have been obtained for BVPs involving differ-
ent types of boundary conditions, for example, see [6, 10, 12, 18, 20, 24, 25], and
the references mentioned therein. Existence and uniqueness theory for clas-
sical fractional differential problems involving Hadamard-type operator have
been studied by several researchers, see [1, 3, 4, 5, 7, 8] and references therein,
and other problems with Hilfer-Hadamard fractional derivative [14, 16, 17, 23].

Coupled systems of FDEs are an extremely significant and important field,
due to their applications in many real-world problems. For some theoretical
works on the coupled systems of FDEs, we refer the reader to some studied
works [2, 5, 19, 21]. In this article, we consider a nonlinear BVP for a coupled
system of Hilfer-Hadamard (HH) type FDEs{

HDρ,υ
1 H(κ) =M1(κ,H(κ),H(κ)), κ ∈ I = [1, T ], 0 < ρ ≤ 1,

HDρ,υ
1 H(κ) =M2(κ,H(κ),H(κ)), κ ∈ I, 0 < υ ≤ 1,

(1.1)

with the following coupled integral boundary conditions{
HIρ,υ1 H(1) = `1H(T ),
HIρ,υ1 H(1) = `2H(T ),

(1.2)

where ρ ∈ (0, 1), υ ∈ [0, 1], w = ρ + υ − ρυ,M1,M2 :I × R2 → R are given
continuous functions and HDρ,υ

1 is the Hilfer–Hadamard fractional derivative
of order ρ and type υ.

This paper mainly examines the uniqueness and existence results of frac-
tional BVPs for a coupled system of HH-type with coupled integral boundary
conditions. To the best of our knowledge, coupled systems of HH-type FDEs
(1.1) with coupled integral boundary conditions (1.2) have were not widely
investigated. In consequence, the coupled system of FDEs with coupled in-
tegral boundary conditions will be studied by the HH fractional derivative.
Moreover, the main results are obtained by fixed-point theorems of Banach
and Schaefer.

The remainder of this paper is organized as follows: In Section 2, we provide
a review of fractional calculus notations, definitions, and relevant lemmas that
are essential to our research. Additionally, we present an important lemma
that allows us to convert the coupled system of HH type problem (1.1)-(1.2)
into an equivalent integral equation. Section 3 presents the main findings
regarding the existence and uniqueness of solutions for the coupled system of
HH type problem (1.1)-(1.2). To illustrate these results, we present a numerical
example in Section 4. Finally, we conclude the paper with a summary of our
findings in the last section.
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2. Preliminary results and essential concepts

Definition 2.1. ([11]) For function H : [1,+∞) → R. The Hadamard frac-
tional integral of order ρ > 0 is defined by

Iρ1H(κ) =
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1H(s)

ds

s
,

provided the right-hand side is point-wise defined on [1,+∞).

Definition 2.2. ([11]) The Hadamard fractional derivative of order ρ > 0, for
a continuous function H : [1,+∞)→ R is defined by(

HDρ
1H
)

(κ) = ξn
(
In−ρ1 H

)
(κ), n = [ρ] + 1,

where ξn = κn dn

dκn , [ρ] and denotes the integer part of the real number ρ.

Definition 2.3. ([16]) Let ρ ∈ (0, 1), υ ∈ [0, 1], w = ρ + υ − ρυ, H ∈ L1(I)

and HI(1−ρ)(1−υ)
1 H ∈ AC1(I). The Hilfer–Hadamard fractional derivative of

order ρ and type υ applied to a function H is defined as(
HDρ,υ

1 H
)

(κ) = HIυ(1−ρ)
1 (HDw

1H)(κ)

= HIυ(1−ρ)
1 δ(HI1−w

1 H)(κ), for a.e κ ∈ I. (2.1)

This new fractional derivative (2.1) can be thought of as an interpolation of
the fractional derivatives of Hadamard and Caputo-Hadamard. As a matter of
fact, for υ = 0, this derivative reduces to the Hadamard fractional derivative,
and for υ = 1, we recover the Caputo-Hadamard fractional derivative

HDρ,0
1 = HDρ

1,
HDρ,1

1 = HcDρ
1.

Lemma 2.4. ([11]) For all ρ > 0 and υ > −1, we have

1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1(log s)υ−1ds

s
=

Γ(υ)

Γ(ρ+ υ)
(log κ)ρ+υ−1.

Lemma 2.5. Let φ, h : I → R be continuous functions. Then the linear
coupled HH type FDEs

HDρ,υ
1 H(κ) = φ(κ), κ ∈ I, 0 < ρ ≤ 1,

HDρ,υ
1 H(κ) = h(κ), κ ∈ I, 0 < υ ≤ 1,

HIρ,υ1 H(1) = H1,
HIρ,υ1 H(1) = H1,

(2.2)

is equivalent to the system of integral equations

H(κ) =
1

Γ(w)

H

I1−w
1 H(1)(log κ)w−1 + HIρ1φ(κ), κ ∈ I (2.3)



504 A. A. N. Al-Sudani and I. A. H. Al-Nuh

and

H(κ) =
1

Γ(w)

H

I1−w
1 H(1)(log κ)w−1 + HIρ1h(κ), κ ∈ I. (2.4)

Lemma 2.6. Let Mi :I × R2 → R, i = 1, 2 be such that Mi(·,H,H) ∈
Cτ,log(I), for any H,H ∈ Cτ,log(I). Then system (1.1)–(1.2) is equivalent to
the solution of the coupled system{
H(κ) = (log κ)w−1

Γ(w) ϕ1
HIρ1M1(T,H(T ),H(T )) + HIρ1M1(κ,H(κ),H(κ)),

H(κ) = (log κ)w−1

Γ(w) ϕ2
HIρ1M2(T,H(T ),H(T )) + HIρ1M2(κ,H(κ),H(κ)),

(2.5)
where

ϕ1 =
`1

1− (log κ)w−1

Γ(w) `1
, ϕ2 =

`2

1− (log κ)w−1

Γ(w) `2
.

Proof. Applying of HH type FDEs in (2.2) and using the above lemma, we get

H(κ) =
(log κ)w−1

Γ(w)
HI1−w

1 H(1) +
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1M1(s,H(s),H(s))

ds

s
,

H(κ) =
(log κ)w−1

Γ(w)
HI1−w

1 H(1) +
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1M2(s,H(s),H(s))

ds

s
,

by using coupled integral boundary condition, we obtain

H(κ) =
(log κ)w−1

Γ(w)
`1H(T ) +

1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1M1(s,H(s),H(s))

ds

s
, (2.6)

H(κ) =
(log κ)w−1

Γ(w)
`2H(T ) +

1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1M2(s,H(s),H(s))

ds

s
. (2.7)

Take the limit on both sides of (2.6) and (2.7) as κ→ T , we get

H(T )

(
1− (log T )w−1

Γ(w)
`1

)
=

1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1M1(s,H(s),H(s))

ds

s

and

H(T )

(
1− (log T )w−1

Γ(w)
`2

)
=

1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1M2(s,H(s),H(s))

ds

s
,

which implies

H(T ) =
1(

1− (log T )w−1

Γ(w) `1

) 1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1M1(s,H(s),H(s))

ds

s
(2.8)
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and

H(T ) =
1(

1− (log T )w−1

Γ(w) `2

) 1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1M2(s,H(s),H(s))

ds

s
. (2.9)

Substitute (2.8) and (2.9) in (2.6) and (2.7) respectively, we get that the
coupled system (2.5) is satisfied. By some simple direct computation, we get
the converse. This completes the proof. �

3. Main results:

For a Banach space (U, ‖·‖), with the norm ‖H‖ = sup{|H(κ)| , κ ∈ I},
the product space (U × V,

∥∥(H,H)
∥∥) with the norm defined by

∥∥(H,H)
∥∥ =

‖H‖+
∥∥H∥∥ , is also a Banach space.

In view of Lemma 2.6, introduce an operator N : U × V → U × V defined
by

N (H,H)(κ) =

(
N1(H,H)(κ)

N2(H,H)(κ)

)
,

where

N1(H,H)(κ) =
(log κ)w−1

Γ(w)
ϕ1

1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1M1(s,H(s),H(s))

ds

s

+
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1M1(s,H(s),H(s))

ds

s

and

N2(H,H)(κ) =
(log κ)w−1

Γ(w)
ϕ2

1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1M2(s,H(s),H(s))

ds

s

+
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1M2(s,H(s),H(s))

ds

s
.

Now we are in a position to present our main results. Our first result is
concerned with the uniqueness and the existence of solutions for the problem
Hilfer- Hadamard-type coupled system (1.1)-(1.2) and relies on Banach’s FPT
[9] and Schaefer’s FPT [9], we need the following hypotheses

(H1): Mi : I × R2 → R (i = 1, 2) are continuous and there exist li > 0
(i = 1, 2) such that for all κ ∈ I and Hi,Hi ∈ R i = 1, 2, we have

∣∣M1(κ,H1,H2)−M1(κ,H1,H2)
∣∣ ≤ l1 2∑

i=1

∣∣Hi −Hi∣∣ ,
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∣∣M2(κ,H1,H2)−M2(κ,H1,H2)
∣∣ ≤ l2 2∑

i=1

∣∣Hi −Hi∣∣ .
(H2): Ml : I × R2 → R (l = 1, 2) are continuous and there exist

real constants ki, wi ≥ 0, i = 0, 1, 2 and k0 > 0, w0 > 0 such that
∀Hj ∈ R(j = 1, 2), we have

|M1(κ,H1,H2)| ≤ k0 + k1 |H1|+ k2 |H2| ,
|M2(κ,H1,H2)| ≤ w0 + w1 |H1|+ w2 |H2| .

First, we prove the uniqueness of solution for the HH-type coupled system
(1.1)-(1.2) relying on the Banach’s FPT [9].

Theorem 3.1. Assume that (H1) holds. If

θ1 : =

[
ϕ1

Γ(ρ+ w)
+

1

Γ(ρ)
(log T )1−w

]
(log T )ρl1

+

[
ϕ2

Γ(ρ+ w)
+

1

Γ(ρ)
(log T )1−w

]
(log T )ρl2

= (Λ1 + Λ2) < 1. (3.1)

Then the HH-type coupled system (1.1)-(1.2) has a unique solution.

Proof. Define supκ∈IMi(κ, 0, 0) = Pi < ∞, for all (i = 1, 2), and r > 0, such

that r ≥ θ2
1−θ1 , where θ1 < 1 and

θ2 : =

[
ϕ1

Γ(w)
+ (log T )1−w

]
(log T )ρ

Γ(ρ+ 1)
P1

+

[
ϕ2

Γ(w)
+ (log T )1−w

]
(log T )ρ

Γ(ρ+ 1)
P2

= σ1P1 + σ2P2.

At first, we show that NBr ⊂ Br, where

Br = {(H,H) ∈ Cw,log(I,R) :
∥∥(H,H)

∥∥
Cw,log

< r}.

Therefore,
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∣∣

≤ ϕ1

Γ(w)

1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1

∣∣M1(s,H(s),H(s))
∣∣ ds
s

+ ((log κ)1−w)
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1

∣∣M1(s,H(s),H(s))
∣∣ ds
s

≤ ϕ1

Γ(w)

1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1

×
[ ∣∣M1(s,H(s),H(s))−M1(s, 0, 0)

∣∣+ |M1(s, 0, 0)|
]ds
s

+ ((log κ)1−w)
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1

×
[∣∣M1(s,H(s),H(s))−M1(s, 0, 0)

∣∣+ |M1(s, 0, 0)|
] ds
s

≤ ϕ1

Γ(w)

1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1

[
l1
(
|H(T )|+

∣∣H(T )
∣∣)+ P1

] ds
s

+ ((log κ)1−w)
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1

[
l1
(
|H(κ)|+

∣∣H(κ)
∣∣)+ P1

] ds
s

=
ϕ1

Γ(w)

1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1

×
[
l1
(
(log κ)w−1(log κ)1−w{|H(T )|+

∣∣H(T )
∣∣})+ P1

] ds
s

+ ((log κ)1−w)
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1

×
[
l1
(
(log κ)w−1(log κ)1−w{|H(κ)|+

∣∣H(κ)
∣∣})+ P1

] ds
s

=
ϕ1

Γ(w)

1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1

×
[
l1

(
(log κ)w−1{‖H‖Cw,log

+
∥∥H∥∥

Cw,log
}
)

+ P1

] ds
s

+ ((log κ)1−w)
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1

×
[
l1

(
(log κ)w−1{‖H‖Cw,log

+
∥∥H∥∥

Cw,log
}
)

+ P1

] ds
s
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=
ϕ1

Γ(w)

1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1(log κ)w−1

[
l1
∥∥(H,H)∥∥

Cw,log

] ds
s

+
ϕ1

Γ(w)

1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1P1

ds

s

+ ((log κ)1−w)
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1(log κ)w−1

[
l1
∥∥(H,H)∥∥

Cw,log

] ds
s

+ ((log κ)1−w)
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1P1

ds

s

=
ϕ1

Γ(ρ+ w)
(log T )ρ+w−1l1

∥∥(H,H)∥∥
Cw,log

+
ϕ1

Γ(w)
P1

(log T )ρ−w+1

Γ(ρ+ 1)

+ ((log κ)1−w)
Γ(w)

Γ(ρ+ w)
(log κ)ρ+w−1l1

∥∥(H,H)∥∥
Cw,log

+ P1(log κ)1−w (log κ)ρ

Γ(ρ+ 1)

≤
[

ϕ1

Γ(ρ+ w)
+

1

Γ(ρ)
(log T )1−w

]
(log T )ρl1r

+

[
ϕ1

Γ(w)
+ (log T )1−w

]
(log T )ρ

P1

Γ(ρ+ 1)

= Λ1r + σ1P1,

where

Λ1 =

[
ϕ1

Γ(ρ+ w)
+

1

Γ(ρ)
(log T )1−w

]
(log T )ρl1

and

σ1 =

[
ϕ1

Γ(w)
+ (log T )1−w

]
(log T )ρ

Γ(ρ+ 1)
,

which lead to ∥∥N1(H,H)(κ)
∥∥
Cw,log

≤ Λ1r + σ1P1.

Likewise, we can get that∥∥N2(H,H)(κ)
∥∥
Cw,log

≤ Λ2r + σ2P2.

Accordingly,∥∥N (H,H)(κ)
∥∥
Cw,log

≤
∥∥N1(H,H)(κ)

∥∥
Cw,log

+
∥∥N2(H,H)(κ)

∥∥
Cw,log

≤ [Λ1 + Λ2] r + σ1P1 + σ2P2

≤ θ1r + θ2 = r.

This proves NBr ⊂ Br.
We will prove that N is contraction mapping.
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Indeed, for (H1,H1), (H2,H2) ∈ Cw,log × Cw,log and for any κ ∈ I, we get∣∣(log(κ))1−wN1(H1,H1)(κ)− (log(κ))1−wN1(H2,H2)(κ)
∣∣

≤ ϕ1

Γ(w)

1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1

×
∣∣M1(s,H1(s),H1(s))−M1(s,H2(s),H2(s))

∣∣ ds
s

+ ((log κ)1−w)
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1

×
∣∣M1(s,H1(s),H1(s))−M1(s,H2(s),H2(s))

∣∣ ds
s

≤ ϕ1

Γ(w)

1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1l1

×
[
|H1(s)−H2(s)|+

∣∣H1(s)−H2(s)
∣∣] ds
s

+ ((log κ)1−w)
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1l1

×
[
|H1(s)−H2(s)|+

∣∣H1(s)−H2(s)
∣∣] ds
s

=
ϕ1

Γ(w)
l1

1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1(log T )w−1

×
[
‖H1 −H2‖Cw,log

+
∥∥H1 −H2

∥∥
Cw,log

] ds
s

+ ((log κ)1−w)l1
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1(log κ)w−1

×
[
‖H1 −H2‖Cw,log

+
∥∥H1 −H2

∥∥
Cw,log

] ds
s

= l1

[
ϕ1

Γ(ρ+ w)
(log T )ρ+w−1 +

Γ(w)

Γ(ρ+ w)
(log κ)ρ

]
×
(
‖H1 −H2‖Cw,log

+
∥∥H1 −H2

∥∥
Cw,log

)
≤ l1

[
ϕ1

Γ(ρ+ w)
(log T )ρ +

1

Γ(ρ)
(log T )ρ

]
×
(
‖H1 −H2‖Cw,log

+
∥∥H1 −H2

∥∥
Cw,log

)
= l1

[
ϕ1

Γ(ρ+ w)
+

1

Γ(ρ)

]
(log T )ρ

(
‖H1 −H2‖Cw,log

+
∥∥H1 −H2

∥∥
Cw,log

)
= k1

(
‖H1 −H2‖Cw,log

+
∥∥H1 −H2

∥∥
Cw,log

)
,
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where

k1 = l1

[
ϕ1

Γ(ρ+ w)
+

1

Γ(ρ)

]
(log T )ρ.

Hence, we get ∥∥N1(H1,H1)−N1(H2,H2)
∥∥
Cw,log

≤ k1

(
‖H1 −H2‖Cw,log

+
∥∥H1 −H2

∥∥
Cw,log

)
. (3.2)

In similar fashion,∥∥N2(H1,H1)−N2(H2,H2)
∥∥
Cw,log

≤ k2

(
‖H1 −H2‖Cw,log

+
∥∥H1 −H2

∥∥
Cw,log

)
. (3.3)

From (3.2) and (3.3), we obtain∥∥N (H1,H1)−N (H2,H2)
∥∥
Cw,log

≤ (k1 + k2)
(
‖H1 −H2‖Cw,log

+
∥∥H1 −H2

∥∥
Cw,log

)
.

Since θ1 < 1, the operator N is a contraction mapping, we conclude that the
coupled system (1.1)-(1.2) has a unique solution due to Banach’s FPT [9]. The
proof is completed. �

Next, in order to prove the existence of solution for the HH-type coupled
system (1.1)-(1.2) we apply Schaefer’s FPT [9].

Theorem 3.2. Assume that (H2) holds. If

|σ1k1 + σ2w1| < 1 and |σ1k2 + σ2w2| < 1,

then the HH-type coupled system (1.1)-(1.2) has at least one solution.

Proof. Initially, we show that N : Cw,log × Cw,log → Cw,log × Cw,log is a com-
pletely continuous mapping. Since Mi (i = 1, 2) are continuous functions, it
is obvious that the operator N is continuous.

Let Υ ⊂ Cw,log×Cw,log be bounded. Then there exist Li > 0 (i = 1, 2) such

that for all (κ,H,H) ∈ I ×Υ∣∣Mi(κ,H(κ),H(κ))
∣∣ < Li for(i = 1, 2).
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Then, for any (H,H) ∈ Υ, we have∣∣(log(κ))1−wN1(H,H)(κ)
∣∣

≤ ϕ1

Γ(w)

1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1

∣∣M1(s,H(s),H(s))
∣∣ ds
s

+ ((log κ)1−w)
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1

∣∣M1(s,H(s),H(s))
∣∣ ds
s

≤ ϕ1

Γ(w)
L1

1

Γ(ρ)

∫ T

1
(log

T

s
)ρ−1ds

s

+ ((log κ)1−w)L1
1

Γ(ρ)

∫ κ

1
(log

κ

s
)ρ−1ds

s

=

[
ϕ1

Γ(w)
(log T )ρ +

1

Γ(ρ+ 1)
(log T )ρ+1−w

]
L1

=

[
ϕ1

Γ(w)
+ (log T )1−w

]
(log T )ρ

Γ(ρ+ 1)
L1

= σ1L1

implying that ∥∥N1(H,H)
∥∥
Cw,log

≤ σ1L1.

Analogously, we get ∥∥N2(H,H)
∥∥
Cw,log

≤ σ2L2.

It follows from the above inequalities that∥∥N (H,H)
∥∥
Cw,log

≤ σ1L1 + σ2L2 := ζ.

Which shows that N is uniformly bounded.
Next, in order to establish N is an equicontinuous. We take κ1, κ2 ∈ I such

that κ1 < κ2. Then for any (H,H) ∈ Υ, we have∣∣(log(κ))1−wN1(H(κ2),H(κ2))− (log(κ))1−wN1(H(κ1),H(κ1)
∣∣

≤ ((log κ2)1−w)
1

Γ(ρ)

∫ κ2

1
(log

κ2

s
)ρ−1

∣∣M1(s,H(s),H(s))
∣∣ ds
s

+ ((log κ1)1−w)
1

Γ(ρ)

∫ κ1

1
(log

κ1

s
)ρ−1

∣∣M1(s,H(s),H(s))
∣∣ ds
s
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≤ L1

{
((log κ1)1−w)

1

Γ(ρ)

∫ κ1

1

[
(log

κ2

s
)ρ−1 − (log

κ1

s
)ρ−1

] ds
s

+((log κ2)1−w)
1

Γ(ρ)

∫ κ2

κ1

(log
κ2

s
)ρ−1ds

s

}
= (log κ1)1−w 2L1

Γ(ρ+ 1)
(log κ2 − log κ1)ρ

+ ((log κ2)1−w)
L1

Γ(ρ+ 1)
(log κ2)ρ − (log κ1)ρ . (3.4)

In a similar fashion, we can easily get∣∣(log κ)1−wN2(H(κ2),H(κ2))− (log κ)1−wN2(H(κ1),H(κ1)
∣∣

≤ (log κ1)1−w 2L2

Γ(ρ+ 1)
(log κ2 − log κ1)ρ

+ ((log κ2)1−w)
L2

Γ(ρ+ 1)
(log κ2)ρ − (log κ1)ρ . (3.5)

Since log(κ) is uniformly continuous on I, the right-hand sides of the inequal-
ities (3.4) and (3.5) tend to zero as κ2 → κ1. Thus, the equicontinuity of N1

and N2 implies that the operator N is equicontinuous. Hence, the operator
N is compact by Arzela-Ascoli theorem.

Finally, we establish the boundedness of the set

Ω = {(H,H) ∈ Cw,log × Cw,log : (H,H) = λN (H,H), 0 ≤ λ ≤ 1}.

Let (H,H) ∈ Ω, such that (H,H) = λN (H,H). Then for any κ ∈ I, we have

H(κ) = λN1(H,H)(κ), H(κ) = λN2(H,H)(κ).

Assumption (H2), gives∣∣(log κ)1−wH(κ)
∣∣ = λ

∣∣(log κ)1−wN1(H,H)(κ)
∣∣

≤
∣∣(log κ)1−wN1(H,H)(κ)

∣∣
≤
[
ϕ1

Γ(w)
(log T )ρ +

1

Γ(ρ+ 1)
(log T )ρ+1−w

]
× (k0 + k1 |H1|+ k2 |H2|)

=

[
ϕ1

Γ(w)
+ (log T )1−w

]
(log T )ρ

Γ(ρ+ 1)
(k0 + k1 |H1|+ k2 |H2|)

= σ1k0 + σ1k1 |H1|+ σ1k2 |H2| ,

implying that

‖H‖Cw,log
≤ σ1k0 + σ1k1 ‖H1‖+ σ1k2 ‖H2‖ .
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In a similar method, we can get∥∥H∥∥
Cw,log

≤ σ2w0 + σ2w1 ‖H1‖+ σ2w2 ‖H2‖ .

Collecting the above norms, we find that

‖H‖+
∥∥H∥∥ ≤ σ1k0 + σ2w0 + (σ1k1 + σ2w1) ‖H1‖+ (σ1k2 + σ2w2) ‖H2‖ ,

which implies ∥∥H+H
∥∥ ≤ ‖H‖+

∥∥H∥∥ ≤ σ1k0 + σ2w0

χ0
,

where χ0 = min {1− (σ1k1 + σ2w1) , 1− (σ1k2 + σ2w2)} .
In consequence Ω is bounded, Thus, the conclusion of Schaefer’s FPT [9]

applies and hence the operator N has at least one fixed point, which is indeed
a solution of coupled system (1.1)-(1.2). �

Example 3.3. Let ρ = υ = 1
2 , `1 = 4

5 , `2 = 1
2 ,

M1(κ,H,H) =
1

2(κ+ 2)2

|H(κ)|
1 + |H(κ)|

+ 1

+
1

16
sin2(H(κ)) +

1√
κ2 + 1

and

M2(κ,H,H) =
1

16π
sin(2πH(κ)) +

∣∣H(κ)
∣∣

8
(
1 +

∣∣H(κ)
∣∣) +

1

2
.

We consider the coupled Hadamard type FDEs{
D

1
2
, 1
2

1 H(κ) =M1(κ,H,H), κ ∈ [1, e],

D
1
2
, 1
2

1 H(κ) =M2(κ,H,H), κ ∈ [1, e],
(3.6)

with the coupled integral boundary conditions{
I

1
2
, 1
2

1 H(1) = 4
5H(e),

I
1
2
, 1
2

1 H(1) = 1
2H(e).

(3.7)

For κ ∈ [1, e] and H,H∗,H,H∗ ∈ R+,∣∣∣M1(κ,H,H∗)−M1(κ,H,H∗)
∣∣∣ ≤ 1

8

∣∣H−H∣∣+
1

8

∣∣∣H∗ −H∗∣∣∣
and ∣∣∣M2(κ,H,H∗)−M2(κ,H,H∗)

∣∣∣ ≤ 1

8

∣∣H−H∣∣+
1

8

∣∣∣H∗ −H∗∣∣∣ .
Hence the condition (H1) holds with l1 = l2 = 1

8 . supκ∈[1,e]M1(κ, 0, 0) =

1 + 1√
2

= P1 < ∞ and supκ∈[1,e]M2(κ, 0, 0) = 1
2 = P2 < ∞. We shall check

that condition (3.1) holds, indeed, by some simple calculations we find that
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ϕ2 = 0.844 63, ϕ1 = 2. 304 4. With the given data, we see that θ1 = 0.575 32 <
1. Therefore, by Theorem 3.1, we conclude that problem (3.6)-(3.7) has a
unique solution.

4. Conclusion

We have discussed the essential requirements for boundary value problems
for a coupled system of HH-type FDEs with coupled integral boundary con-
ditions. Through the application of tools from fixed-point theory, we have
obtained novel findings that contribute to and generalize the existing litera-
ture on this topic. Our results encompass various new results as special cases,
making a significant contribution to the field of boundary value problems as-
sociated with HH-type FDEs. Future work in this area could involve explor-
ing the stability properties of the solutions obtained, investigating numerical
methods for solving the coupled system, and extending the analysis to more
complex scenarios or higher dimensions. Additionally, it would be valuable to
explore applications of the obtained results in diverse fields, such as physics,
engineering, and biology, to further demonstrate the practical significance of
the findings.
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