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Abstract. This communication deals with investigating the results on e—efficiency condi-
tions based on generalized second order B-(b, p,n, 0, p, 7)-invexities-a major generalization to
Antczak type first order B-(b, p, 7)-invexities, which encompass most of the existing general-
ized invexity concepts in the literature. Then using these developing notions, a wide range
of parametric sufficient efficiency conditions for multiobjective fractional programming are
established. To the best of our knowledge, the obtained results seem to be most advanced
on generalized invexities at the present time, while offer more challenging applications to
other fields.

1. INTRODUCTION

The contribution of Antczak [1-3] on first order B-(p, r)-invexities is enor-
mous to the context of nonlinear mathematical programming problems, which
have been applied to a class of global parametric sufficient optimality condi-
tions based on first order B-(p,r)-invexities for semiinfinite discrete minimax
fractional programming problems. This was followed by Zalmai [41] who mod-
ified B-(p,r)-invexities introduced by Antczak [1-3], and applied to a class
of global parametric sufficient optimality criteria using various assumptions
for semiinfinite discrete minimax fractional programming problems. Recently,
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Verma [31] introduced a major second order generalization as B-(b, p,n, 0, p, 7)-
invexities to Antczak type first order B-(b, n, p, 7)-invexities, and applied to ex-
ploring parametric sufficient efficiency conditions to semiinfinite minimax frac-
tional programming problems, while Verma [30] introduced and investigated
second order (@, WV, p,n,0)—invexities to the context of parametric sufficient
optimality conditions in semiinfinite discrete minimax fractional programming
problems. Zalmai and Zhang [42] have established a set of necessary efficiency
conditions and a fairly large number of global nonparametric sufficient ef-
ficiency results under various frameworks for generalized (7, p)—invexity for
semi-infinite discrete minimax fractional programming problems. There exists
an enormous amount of literature on generalized first order as well as second
order generalized invexities with applications.

Verma [25] also developed a general framework for a class of (p, 7, #)—invex
functions to examine some parametric sufficient efficiency conditions for mul-
tiobjective fractional programming problems for weakly e—efficient solutions,
while Kim et al. [8] have established some e—optimality conditions for multi-
objective fractional optimization problems. Motivated by the recent advances
on the second order B-(b,p,n,0,p,)-invexities - a major generalization to
Antczak type first order B-(p,7)-invexities - well-explored in the literature,
we intend to establish some advanced results on the e—efficiency conditions
based on the generalized B-(b, p, 1, 6, p, 7)-invexities in different settings. The
obtained results encompass most of the results in existing literature mainly
because of the enormous generality power of the second order B-(b, p, 7, 0,
P, T)-invexities, which may not be limited to applications to just e—efficiency
conditions and further applications.

We consider under the generalized framework of the second order B-(b, p,
n, 0, p, 7)-invexities of functions, the following multiobjective fractional pro-
gramming problem:

(P)

Minimize (fl (x), f2() R fp(x)>
g1(z) ga(x)" " gp(2)
subject to x € Q = {z € X : Hj(z) < 0,5 € {1,2,- - -,m}}, where X is
an open convex subset of R” (n-dimensional Euclidean space), f; and g; for
ie{l,---,p} and H; for j € {1, - -, m} are real-valued functions defined on
X such that f;j(x) >0, gi(x) >0 for i € {1,---,p} and for all x € Q. Here Q
denotes the feasible set of (P).

Next, we observe that problem (P) is equivalent to the nonfractional pro-
gramming problem:
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(PA)
Minimize (f1(@) = Mg1(2), - (w) = Aygp(a))

subject to z € @@ with

A= ()\17)\27' : '7Ap) = (
where x* is an efficient solution to (P).

The general theory of nonlinear programming problems serve a great pur-
pose, not only in terms of theory, but also in terms of applications to deci-
sion and management sciences, game theory, statistical analysis, engineering
design (including design of control systems, design of earthquakes-resistant
structures, digital filters, and electronic circuits), random graphs, boundary
value problems, wavelet analysis, environmental protection planning, optimal
control problems, continuum mechanics, robotics, and data envelopment anal-
ysis. For more details, we refer the reader [1-45].

2. PRELIMINARIES

The general invexity has been investigated in several directions. Recently,
Verma [31] generalized the notion of the first order Antczak type B-(b,p,7)-
invexiies to the case of the second order B-(b, p, n, 0, p, 7)-invexities. These
notions of the second order invexity encompass most of the existing notions in
the literature. Let f be a twice continuously differentiable real-valued function
defined on X. Furthermore, let p: X x X — R and 6 : X x X — R" be
functions on X x X.

Definition 2.1. The function f is said to be second order B-(b, p, n, 6, p,
7)-invex at x* € X if there exist a function 7 : X x X — R", a function
b:X xX — (0,00), and real numbers 7 and p such that for all z € X and
z € R™,

bz, ) (l (TI@-7@] 1))

T
> L), 0 1) 4 Lo 1,925

+p(z, )| 0(z, 2*)||* for p # 0 and 7 # 0.

Definition 2.2. The function f is said to be second order strictly B-(b, p, 7,
0, p, 7)-invex at * € X if there exist a function n : X x X — R”, a function
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b: X xX — (0,00), and real numbers 7 and p such that for all x € X and
z € R™,

b(z, z )<r( Flf(@)—f@)] _ 1))

((Vf ), €@’ -1)+ %(eﬁz -1, VQf(:U*)z>)
+p(z, )| 0(z, 2*)||* for p# 0 and 7 # 0.

Definition 2.3. The function f is said to be second order B-(b, p, n, 6, p,
7)-pseudoinvex with respect to n and b at * € X if there exist a function
n:X xX — R" a function b : X x X — (0,00), and real numbers 7 and p
such that for all x € X and z € R",

S((V4a), 22— 1) 4 27 = 1,91 (0")2)) + pla, ) [0 P
ZO

= b(wx)(r(r[f(x) f(""”)]—l))ZO for p # 0 and 7 # 0.

Definition 2.4. The function f is said to be second order strictly B-(b, p, 7,
0, p, 7)-pseudoinvex with respect to n and b at =* € X if there exist a function
n:X xX — R" a function b : X x X — (0,00), and real numbers 7 and p
such that for all x € X and z € R",

1 * pn(x,x* 1 pz * * *
S((T4), ) 1) S = 1,92 (0)2) + pla ) o, )|
>0

= bz, )(r( "l @)~ f (@ >1—1)) >0 forj#0and#0,

equivalently,

b(w,x*)(i <

- (ef[f(ﬂf)—f(x*)] — 1)) <0

- 215(<Vf($*)a eP@T) 1) 4+ %(eﬁz —1, V2f(9c*)z>)

+p(x, 2%)]|0(z,2*)||> <0 for p# 0 and 7 # 0.

Definition 2.5. The function f is said to be second order prestrictly B-(b,
p, 1, 0, p, 7)-pseudoinvex with respect to n and b at x* € X if there exist a
functlon n: X xX — R" afunction b: X x X — (0,00), and real numbers 7
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and p such that for all z € X and z € R",

1 . . 1, -
(T, 1) 0~ 1,92 )2)) + ol a0, a) P
>0

= b(z,z") (%(eﬂf(m)_f(x*)] - 1)) >0 forp#0andr#0.

Definition 2.6. The function f is said to be second order B-(b, p, 1, 0, p,
7)-quasiinvex with respect to ¥, n and b at «* € X if there exist a function
n:X xX — R" a function b : X x X — (0,00), and real numbers 7 and p
such that for all x € X and z € R",

b($7$*)<%(ef[f(w)—f(w*)] ~1)) <0

= (V@) ) 1) 4 e =1, V2 0)))

+p(z,2)||0(z,2*)||> <0 for p# 0 and 7 # 0.

Definition 2.7. The function f is said to be second order strictly B-(b, p, 7,
0, p, 7)- quasiinvex with respect to n and b at * € X if there exist a function
n:X xX — R" a function b : X x X — (0,00), and real numbers 7 and p
such that for all x € X and z € R",

b(m,m*)(%(ef[f(w)—f(r*)] 1)) <0
(st oo 1)

+p(z, z*)]|0(z, z)||> <0 for p+# 0 and 7 # 0.

Definition 2.8. The function f is said to be second order prestrictly B-(b,
p, n, 0, p, 7)-quasiinvex with respect to n and b at z* € X if there exist a
function n: X x X — R™, a function b: X x X — (0,00), and real numbers 7
and p such that for all z € X and z € R",

1
7

b(m,x*)(
1 x\ _pn(z,z* 1 Dz *
e )

(T @=F] _ 1)) <0

+p(a,2)]|0(z,2*)||> <0 for j # 0 and F # 0,
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equivalently,

(TG, 1) L 1, 94(2%)2)) + ol )0 )P
> 0
= b(:vx)(r(r[f(x) Pl ))ZO for p # 0 and 7 # 0.

Now we consider the e-efficiency solvability conditions for (P) and (P\)
problems motivated by the publications (see Verma [25]) and (Kim et al. [8]),
where they have investigated the e-efficiency as well as the weak e-efficiency
conditions for multiobjective fractional programming problems under con-
straint qualifications. Based on these developments in the literature, we plan
to establish some parametric sufficient efficiency conditions for multiobjective
fractional programming problem (P) under this framework of B-(b, p, n, 0, p,
7)-invexities. We need to recall some auxiliary results crucial to the problem
on hand.

Definition 2.9. A point 2* € @ is an e-efficient solution to (P) if there exists
no x € @ such that

fi@) _ fila?)

6i@) = (@)
@) fi)
(@) = g;(z)

where € = (g1, - +,&p) witheg; > 0fori=1,---,p.

— &4, vj:lv"'aP»

—¢; for some j € {1,--- p},

Next to this context, we have the following auxiliary problem:

(PX) -
Minimizezeq (f1(x) — Mg1 (), -+, fp(w) — pgp( )
subject to x € Q, where \; fori € {1,---,p} are parameters, and \; = f((m *)) —&;.

Next, we introduce the e-efficient solvability conditions for (PA) problem.

Definition 2.10. A point z* € Q is an Z-efficient solution to (P)) if there
exists no x € ) such that
fi(x) = Agi(x) < fila®) = Agi(a™) — &, Vi=1,---p,
fi(x) — Agj(z) < f;(z*) — Agj(z*) —&; for some j € {1,---,p},
where \; = L&) _ o 5 = g;g((x*)) with ¢, > 0 for ¢ = 1,- - -, p, and

gi(z*)
E= (61,'-',€p) with g; ZOfor@':l’...’p'
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Lemma 2.11. Let z* € Q. Suppose that fi(x*) > €;g;(z*) fori =1,---

Then the following statements are equivalent:

(i) «* is an e—efficient solution to (P).
(ii) x* is an é—efficient solution to (PX), where

(R het
A_<91(w*) L () )

where €% = (e191(x%), - - -, epgp(x™)).

Lemma 2.12. Let x* € Q. Suppose that fi(z*) > €;g;(z*) for i =1,---

Then the following statements are equivalent:

(i) z* is an e-efficient solution to (P).
(ii) There exists ¢ = (c1,- -, ¢p) € R\ {0} such that

= ;ci {fi(x) B (gjgi:i _5i>gi($)]
= Dafaen - (5 ~=)ae] - Lacne)
for any x € Q.

Lemma 2.13. Let z* € Q. Suppose that fi(z*) > e;gi(z*) fori=1,---

Then the following statements are equivalent:

(i) z* is an £*-efficient solution to (PX).
(ii) There exists ¢ = (c1,- -, ¢p) € R\ {0} such that

0 < ;Ci |:fi(l‘) - (283 6i)gi(x)] >0
B ; “ {fi(x*) B (ig:; B Si)gi(x*)} - ;cmgi(x*),
for any r € Q.

333

Next, we first present a specialization to the second order B-(b, ¢, p,n, 6, p,T)-
invexities when p = 0 and 7 = 0 as the second order B-(b, p,n, #)-invexities.

Definition 2.14. The function f is said to be second order B-(b,c,p,n,0)-
invex at x* € X if there exist a function n : X x X — R", and functions
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b,c: X x X — (0,00) such that for all z € X,
bz, ") ([f(x) - f(x*)])
> o(2,2") ((Vf (@), n(a, 2" >+ 2 V2 (@)2)) + pla,a) |0, 2 12

Definition 2.15. The function f is said to be second order B-(b,c,p,n,0)-
pseudoinvex with respect to 7, b and ¢ at z* € X if there exist a function
n: X x X — R", and functions b,c: X x X — (0,00) such that for all z € X,

o) (V) 2)) + 5 (2 21 (07)2)) + plar ) 0 7))
>0
= ba,a")([f(@) - f)]) = 0.
Definition 2.16. The function f is said to be second order B-(b, ¢, p,n,0)-

quasiinvex with respect to n, b and ¢ at z* € X if there exist a function
n:X x X — R" and functions b,c: X x X — (0, 00) such that for all x € X,

ba,a") ([ (@) - f(x*)]) <0
= c(z,z” <<Vf n(x,x* >—i— ! (z VQf(a:*)z>> + p(z, )0 (z, %) ||?

<0.

Definition 2.17. The function f is said to be second order strictly B-(b, p,n, 0)-
pseudoinvex with respect to n and b at x* € X if there exist a function
n:X x X — R" and functions b,c: X x X — (0,00) such that for all x € X,

(V7)o 2*)) + 5 (e, V2 F@)2) + plar )6, 27)]? 2 0
= b(z.a%)([f@) - £@7)]) > 0.

Definition 2.18. The function f is said to be second order strictly B-(b, ¢, p,
1, 0)-quasiinvex with respect to 7 and b and ¢ at z* € X if there exist a
function n : X x X — R", and functions b,c¢ : X x X — (0,00 such that for
all z € X,

(o, ") (If(2) - f(w*)]> <0

= c(z,x” <<Vf n(x,x* >—i— (z VQf(a:*)z>> + p(z, )0 (z, %) ||?
< 0.
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Now, we need recall the following result (Verma [28]) that is crucial to
developing the results for the next section based on second order B-(b, p, 7,
0, p, 7)-invexities.

Theorem 2.19. ([28]) Let 2* € F and \* = maxi<i<p fi(z*)/gi(z*), for each
i € p, let f; and g; be twice continuously differentiable at x*, for each j € q,
let the function z — Gj(z,t) be twice continuously differentiable at x* for all
t € T}, and for each k € r, let the function z — Hy(z, s) be twice continuously
differentiable at x* for all s € Sk. If x* is an optimal solution of (P), if the
second order generalized Abadie constraint qualification holds at x*, and if for
any critical direction y, the set cone

{(VGj(x*,t), (y, VQGj(x*,t)w) ‘te Tj(x*),j € g}
—i—span{(VHk(x*,s), <y,V2Hk(x*,s)y>> 18 €Sk, k€ f} ,
where Tj(z*) = {t € Tj : Gj(z*,t) =0},

is closed, then there exist u* € U = {u € R? : uw > 0, Y7 ju; = 1} and
integers v and v*, with 0 < vj < v* <n+ 1, such that there exist v indices
Jm, with 1 < jp, < q, together with v points t™ € ij (x*), m e vy, v* — 1
indices kp,, with 1 < ky, < r, together with v* — vj points s € Sk,, for
m € v*\vy, and v* real numbers v},, with v}, > 0 for m € v, with the
property that o

Vo

p
D wV i) = XVgi(a)] + Y VG, (™)
i=1 m=1

*

+ Z vy, VH(z*,s™) =0, (2.1)

m=vj+1

X
Yo

p
<y, [ wl[V2ila") = AP0l )] + 3 092G, (a7 7)
=1

m=1
+ Y v;v2ﬂk(x*,sm)}y>zo, (2.2)
m=vj+1

where Ty, (¢*) = {t € Ty, : Gy, (25,8) =0}, U={u € RP : u > 0,37 u; =
1}, and v*\vg is the complement of the set v relative to the set v*.
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3. SECOND ORDER SUFFICIENT OPTIMALITY CONDITIONS

This section deals with some parametric sufficient efficiency conditions for
problem (P) under the generalized frameworks of second order B-(b, p, n,
0, p, 7)-invexities for generalized invex functions. We start with real-valued
functlons E;i(.,z*,u*) and Bj(.,v) defined by

B ) = s [ 7o) - (22 - 6@)%(96)] e (L)

and
Bj(.,v) =vjHj(x), j =1,

Theorem 3.1. Let * € Q. Let f;,g; forie€ {1,---,p} with ¢p(z*) = glgi; —
€ >0, gi(z*) > 0 and H;j for j € {1,---,m} be twice continuously differentiable
at z* € Q, and let there exist u* € U = {u € R? 1w > 0,37 u; = 1} and

v* € R such that

izp;u? [Vfi(x*) = (g:g:i _5i> v gi(z } +Zv v Hi(z*) =0, (3.1)

(e[S [P0 - (B ) vaen)] + o)) 20

i=1 j=1
(3.2)
where z € R™, and
viHj(x*) =0, j € {1,---,m}. (3.3)
Suppose, in addition, that any one of the following assumptions holds:

(i) Ei(.;x*,u*) Vi € {1,---,p} are second order B-(b, p, n, 0, p, T)-
pseudoinvexr with respect to 1 and b at x* € X if there exist a func-
tionn: X x X — R", a function b : X x X — Ry = (0,00), and
real numbers 7 and p such that for all x € X, p(xz,x*) > 0. B;(.,v*)
Vjie{l,---,m} are second order B-(b, p,n,0,Dp,T)-quasiinver with re-
spect ton and b at ¥ € X if there exist a function n: X x X — R",
a function b: X x X — Ry = (0,00), and real numbers © and p such
that for all z € X, p(z,x*) > 0.

(i) Ei(.;x*,u*) Vi € {1,---,p} are second order B-(b, p1, n, 0, p, 7)-
pseudoinvex with respect to n and b at x* € X if there exist a func-
tionn : X x X — R", a function b : X x X — Ry = (0,00), and
real numbers ¥ and p. Bj(.,v*) Vj € {1,---,m} are second order
B-(b, p2, 1,0, D, 7)-quasiinver with respect ton and b at x* € X if there
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exist a functionn : X x X — R"™, a functionb: X x X — Ry = (0,00),
and real numbers T and p such that for allx € X, p1(x,x*), po(x,z*) >
0 with pa(x,z*) > p1(z, z*).

(iii) E;(.;2*,u*) Vi€ {1, ---,p} are second order prestrictly B-(b, p, n, 0,
D, T )-pseudoinvez with respect ton and b at x* € X if there exist a func-
tionn: X x X - R", a function b : X x X — Ry = (0,00), and real
numbers 7 and p. B;(.,v*) ¥Yj € {l,---,m} are second order strictly
B-(p,n,0,p,T)-quasiinvex with respect to n and b at x* € X if there
exist a functionn : X x X — R", a functionb: X x X — R4 = (0,00),
and real numbers T and p such that for all x € X, p(x,z*) > 0.

(iv) E;i(.;2*,u*) Vi € {1,---,p} are second order prestrictly B-(b, p, n,
0, p, 7 )-quasiinvex with respect to n and b at x* € X if there exist a
function n : X x X — R", a function b : X x X — Ry = (0,00),
and real numbers 7 and p. Bj(.,v*) Vj e {1,---,m} are second or-
der strictly B-(b, p, n, 0, p, T)-pseudoinver with respect to n and b
at x* € X if there exist a function n : X x X — R™, a function
b: X x X —- Ry =(0,00), and real numbers 7 and p such that for all
reX, plx,z*) > 0.

(v) Foreachi € {1,--,p}, fi is second order B-(b, p1,n, 0, p, 7 )-invex and
—g; is second order B-(b, pa, 1, 0, p, 7)-invex at x*. H;(.,v*) Vj €
{1,---,m} is B-(b, p3, n, 0, p, 7)-quasi-invex at *, and Z;nzl v p3+

p* >0 for p* = S0 ui(pr + ¢(a*)pa) and for ¢(z*) = LS — <.

Then x* is an e—efficient solution to (P).

Proof. If (i) holds, and if x € @, then it follows from (3.1) and (3.2) that

]15 <Zp:u |:Vfi($*) - (i;g; - gi> Vgi(x*)} (@) _ 1>

<Z vf v Hy(x*), P — 1> =0, VzeQ, (34)

i<eﬁz -1, [Zuf [V2fi(:v*) - (fz(:c*) - Ei)v29i($*)]

- gi(x*)

+Zv;v2ﬂj(x*)} z> > 0. (3.5)
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Since v* > 0, z € ) and (3.3) holds, we have

iU;HJ’ § = Z’U*H
j=1
and so

1 *
- (z)—H;(z*)] _ <
bz, " )<f( ’ n) <o
since 7 # 0 and b(z,z*) > 0 for all z € Q. In light of the B-(b,p,n,0,p,
7)-quasiinvexity of Bj(.,v*) at «*, it follows that

_ . 1 -
S ((VHy (@), 0 1) 4 (7 -1, 92 H,(0)2) ) + ol a2 <0,
and hence,

(i a*), P @) 1) 4 %<eﬁz -1, ivij(:c*)z>>

j=1
+p(z,z")[|0(x,2")|* < 0. (3.6)
It follows from (3.4), (3.5) and (3.6) that

* fZ( ) * pn(z,z*
(Zu = ey — ) Vo)) P )

1 pz & * * fl(x*) *
#3 {7 =1 LT ): — (e — 2T )e)

> p(z,2%)]|0(x,z)|*. (3.7)

Since p(z,x*) > 0, applying B-(b, p, n, 6, p, 7)-pseudo-invexity at z* to (3.7),
we have

1 ™ * * * * *
Since b(z,z*) > 0, (3.8) implies

> ui ) = (i =)o)
2 > uil) ~ (i~ =)o)
> 3w [ - (I3 —2)aten)] - gug<

Il
=
N
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Thus, we have

P
. fi(z")
> u [fi(f) - ( ) 61‘)91'(!1/‘)} > 0. (3.9)
i=1 9i
Since u} > 0 for each i € {1,- - -,p}, we conclude that there does not exist an

x € @ such that

filz) <f,-(x*) - €i> <0, Vi=1,---,p,

gi(z)  \gi(z*)
;jgg B (gjgii - Ej) <0, forsome j€ {1, --,p}.

Hence, z* is an e-efficient solution to (P).

The proof for (ii) is similar to that of (i), but we include for the sake of the
completeness. If (ii) holds, and if = € @, then it follows from (3.1) and (3.2)
that

;<§:UZ{V fi(x®) — (fi(x*) - 6@) Vgi(fv*)}yeﬁ"(x’x*) - 1>

=1 gz(a:*)
1 - * * pn(z,x*)
+5<Zvjvﬂj(x ), emee) —1) =0, Vreq, (3.10)
j=1

e [zu V2 Aia) (B~ e (a)

+Zu;v2ﬂj(x*)]z> > 0. (3.11)
j=1
Since v* > 0, z € @ and (3.3) holds, we have

ZU*H = Z”U*H

and so

b, (%(ef[Hj(m)—Hj(m*)] -1)) <o,

since 7 # 0 and b(z,z*) > 0 for all z € Q. In light of the B-(b, p2, 1, 0, D, 7)-
quasiinvexity of Bj(.,v*) at «*, it follows that

1 - % 1 -
5<<VHj(x*),ep"($’m )—1>+§<epz—1,V2Hj(:L‘*)z)) +,02(33,£L'*)||9($,:L‘*)H2 <0,
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and hence,

M
(Z (VH (@), P 1) 4 %(JZ - 1,;V2Hj(x*)z>)

+ﬂ2(ﬂfa$ )0z, 2)]* < 0. (3.12)
It follows from (3.10), (3.11) and (3.12) that

p
(Z [V fil gg § &) 7 gilat)], M) ~ 1)

fi(z™)
gi(z*)

> pa(a,z")]|0(z, ). (3.13)

Since p1(x,x*), p2(z,2*) > 0 with pa(x,2*) > p1(x, z*), applying B-(b, p1, n,
0, p, 7)-pseudo-invexity at x* to (3.13), we have

(e 1’iiuﬂv2fi<x*>z ~ (o e Vailat)e])

ib(m’x*)(6F[Ei(a:,z*,u*)*Ei(m*,:p*,u*)} _ 1) > 0. (3.14)
7

Since b(x,z*) > 0, (3.14) implies

S wlie) - () gie)

Pt gi(z*)
P
2 i Lfi( —&i)gi(x
> uilh(e) - (g — s
>0
Thus, we have
P
u; | fi(x) — —¢; ) gi(z)| >0. 3.15
> - (553 (x) (3.15)
Since u} > 0 for each i € {1,- - -,p}, we conclude that there does not exist an
x € @ such that
filw) _ (f"(x*) —si) <0, Yi=1,---p,
gi(x)  \gi(z*)
fix) (fj(:v*) > .
— —¢;) <0, forsomeje{l,- - p}
ai(e) \gia) 7 thork

Hence, z* is an e-efficient solution to (P).
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Next, we prove (iii) as follows: if (iii) holds, and if € @, then it follows

from (3.1) and (3.2) that

<‘ [V filz®) = (fi(x*) — ei> Vgi(x*)]’eﬁﬂ(x,r*) _ 1>

M*@

gi(x*)

el =

1

+
el =

L

—

1

J

and

<epz_ [Z V2 fi (" (gfgg—ei)wgi(m)]
-1 (2

+ Z U;VQHJ'({L‘*)] z> > 0.
j=1

Since v* > 0, z € ) and (3.3) holds, we have

m m
Zv Hj(z) <0= Zv Hj(z"),
Jj=1 j=1
which implies
oy (L (o H; @) -1 @)
b(x,x)(;(e i i —1)><O

Then, in light of the strict B-(b, p, n, 8, p, 7)- quasi-invexity of Bj(.,
x*, we have

1 . * 1, -
- (). (@) _ Z(eP? 207 (2*
ﬁ((VH](x ), e 1)+ 2<€ 1,V°H(x )z>>
+p(z,2*)0(z,2")|* < 0

It follows from (3.3), (3.16), (3.17) and (3.18) that

1~<<Z ui [V fi(z") = (fi(x*) — ;) v gi(z*)], eP1@T") 1)

P\ gi(z*)

(e - 1,§;UI[V2fi(x*)Z - )v)))

> p(a,2) |0z, 7).

(3.16)

(3.17)

v*) at

(3.18)

(3.19)
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As aresult, since p(x,z*) > 0, applying the prestrict B-(b, p,n, 0, p, 7)-pseudo-
invexity at z* to (3.19), we have

(S uithte) - (200 g - Y wilhe) - (0 —cpaenn) 2 0,

P 9i(9*) P gi(z*)

which implies

Thus, we have

S R e T T

7

Since u} > 0 for each i € {1, - -, p}, we conclude that there does not exist an
x € @ such that

fz(x)_ fl(x*)_ i=1.--.
gi(x) <gz'(w*) €Z>§O’ Vs

filx) (fj(ﬂ?*)

— —¢j] <0, forsomeje{l,- - p}
gj(z)  \g;(z*) j)

Hence, x* is an e—efficient solution to (P).

The proof applying (iv) is similar to that of (iii), but still we include it as
follows: if x € @, then it follows from (3.1) and (3.2) that

115 <.§p:u? [ v file') = G:Eii; - €i> ng‘(x*)],eﬁ"(””’x*) - 1>

1 /& P
4= <Z vl Hj(z*), e — 1> =0, VzeQ, (3.21)
p
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and

1 P fz (l'*)

—(eP* —1, ufv2ix*— — ) )V2gi(z*
25 [Ezj [V2i) = (e — V)]
+ ZvjVQHj(a;*)]z> > 0. (3.22)
j=1
Since v* > 0, z € @ and (3.3) holds, we have
ZU;H](x) <0= Zv;HJ(az*),
j=1 j=1
which implies
1, - *
«\ (= ( FlHj(x)—H;(z*)] <
b(z,x )(71(6 J J 1)) 0

Then, in light of the equivalent form for the strict B-(b, p, n, 0, p, 7)-pseudo-
invexity of B;(.,v*) at z*, we have

LV H @), @) Z1) 1+ 2P _ 1, V2 H,(2%)2)) + pla, 2|6z, )| < 0.
P ! 2 ’

It follows from (3.3), (3.21) and (3.22) that

LN wtior (o) (FE) e et

F QoA - (5 — e v e} e -1
o 1,;uy[v2fi(x*)z - (ggi ) V20i(a")2]) )

> p(x, x*)||0(x, z%)|2. (3.23)

As a result, since p(x,z*) > 0, applying the equivalent form for the prestrict
B-(b, p, n, 0, p, 7)-quasi-invexity of F;(.;xz*, u*) at z* to (3.23), we have

P *[ g, _fi(x*)_"x_pu%‘4$*_fi(x*)_l'x*
(;Uz[fl(x) (gi(g*) 51)91( )] ; z[fz( ) (g@(l'*) El)gl( )]) 20’
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which implies

> - (B2 ) i)

- gi(z*)
o - (5o
>0

Thus, we have

é“ [fi(x) - (gg; - 62-) gz-(x)} > 0. (3.24)

Since uf > 0 for each ¢ € {1, - -, p}, we conclude that there does not exist an
x € @ such that

fi(z) <fz‘("f*) —e,-> <0, Vi=1,---p

gi(z)  \gi(z*)
fite) (i) o some
gj(z) <9j(ﬂ?*) EJ) <0 J el nph

Hence, z* is an e—efficient solution to (P).

Finally, we prove (v) as follows: since z € @Q, it follows that
Hj(z) < Hj(z*), which implies (H](x) — Hj(m*)> < 0. Then applying the
B-(b, p3, 1, p, T)- quasi-invexity of H; at 2* and v* € R, we have

;(é;v;‘ v Hj(a®), ) 1)
+%<eﬁz -1, iv;VQHj(x*)z>>
j=1

m
< =) vipsll6(x, 2.
=1

Since u* > 0 and gzg*g —¢g; > 0, it follows from B-(b, ps, 1, p, 7)-invexity
assumptions that
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b(x’m*ﬁ( P uf (@) - (25 —e0e: @)= [fila") - (25D ~e)ai(a)]) _1)

/F
fiz®) N D) (z*
= b(x’m*)r< PP ui{[fi(x)—fi(z*)]— (S —enlgi(@) —gi(@)]} _ 1)
Ly fi(@) pn(z,z”)
= i - — & (2™ , ) _ 1
ﬁ(g HTRED = gy~ T o€ &
1, - fz(fU*)
_[pPz __ * 20 (% N . "
+2<e 1,;1% [Vfi(z")z (gi(x*) £)V2gi(x")z >])

+ Y uilor+ ¢la)p2] | 0(, )|

=1

S _;{<§v;vﬂj<x*>,eﬁn<w*> ~1)

(e -1 ZU*V2H )2)]) + zu pr -+ 0 )pal |0, 2
> (Zv p3+Zu [o1 + ¢(z*)p }) 16z, =)
7j=1
(Zv ps+p° | 16z, 2|
7j=1
>0,
where ¢(z*) = Zzg*; —¢jand p* =30 ul(p1 + o(x*)p2). 0

Next, we first present a specialization to Theorem 3.1 relating to the second
order B-(b,c, p,n,0,p,T)-invexities when p = 0 and 7 = 0.
Theorem 3.2. Let x* € Q. Let f;,g; fori € {1,---,p} with ¢(z*) = ﬁi:% -
g >0, gi(z*) > 0 and Hj for j € {1,---,m} be twice continuously differentiable
at z* € Q, and let there exist v* € U = {u € RP : u > 0,>% ,u; = 1} and
v* € R such that

zp:“[sz (ggi; &) v gila }+Zv v Hj(z*) =0, (3.25)
i=1 v
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gi(z*)

P (o m
(=[S uilv? i) — () )2+ Yo v a2 2 0
i=1 j=1

and

(3.26)

viHj(x*) = 0,7 € {1,---,m}. (3.27)

Suppose, in addition, that any one of the following assumptions holds:

(i) Bi(.;2*u*) Vi € {1,---,p} are second order B-(b, ¢, p, n, 6)-

(i)

(i)

pseudoinvexr with respect to m, b and ¢ at x* € X if there exist a
function n: X x X — R™, and functions b,c : X x X — (0,00) such
that for all x € X and Bj(.,v*) Vj € {1,---,m} are second order
B-(b,c, p, n, 0)- quasiinvez with respect ton, b and ¢ at x* € X if there
exist a function n: X x X — R"™, and functions b,c : X x X — (0,00)
such that for all x € X, z € R and p(x,z*) > 0.

E;(.;z*,u*) Vi € {1,---,p} are second order B-(b, ¢, p1, n, 0)-
pseudoinvex with respect to m, b and ¢ at x* € X if there exist a
function n : X x X — R"™, functions b,c : X x X — (0,00) such that
for allx € X, and Bj(.,v*) Vj e {l,---,m} are second order B-(b,
¢, p2, M, 0)-quasiinver with respect to n, b and ¢ at ©* € X if there
exist a functionn: X x X — R", and functions b,c: X x X — (0, 00)
such that for oll x € X, z € R™, and pi(x,z*), pa(z,2*) > 0 with
:02(3371'*) > P1(93>5U*)-

E;(.;x*,u*) Vi e {1,---,p} are second order prestrictly B-(b, c, p,
n, 6)-pseudoinver with respect to n, b and ¢ at x* € X if there ex-
ist a function n : X x X — R"™, functions b,c : X x X — (0,00),
and real numbers 7 and p such that for all x € X and z € R"™, and
Bj(.,v*) Vje{l,---,m} are second order strictly B-(b, c, p, n, 0)-
quasiinvex with respect ton, b and ¢ at x* € X if there exist a function
n:X x X — R", functions b,c : X x X — (0,00), such that for all
xe X, zeR", p(z,z*) > 0.

Ei(.;x*,u*) Vi e {1, --,p} are second order prestrictly B-(b, ¢, p,
1,0 )-quasi-invex with respect to n, b and c at x* € X if there exist
a function n : X x X — R", functions b,c : X x X — (0,00) such
that for all x € X and z € R", and B;(.,v*) Vj € {1,---,m} are
second order strictly B-(b, ¢, p, n, 0)-pseudoinvexr with respect to n, b
and ¢ at x* € X if there exist a function n: X x X — R", functions
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b,c: X x X — (0,00) such that for all x € X, z € R", p(xz,z*) > 0.

(v) For each i€ {1,---,p}, fi is second order B-(b, ¢, p1, n, 0)-invex and
—g; is second order B-(b, ¢, p2, 1, 0)-inver at x*. H;(.,v*) Vj e {L,--
m} s B—(b ¢, p3, 1, 0)-quasi-invex at x*, and Y UL, vips + p* > 0

for o = Y0 uf (p1 + $(a*)po) and for pla*) = LU _ o,

Then x* is an e-efficient solution to (P).

Proof. If (i) holds, and if x € @, then it follows from (3.1) and (3.2) that

(3ot [wonter - (B - o) v )] ot
* <Zv§ \4 Hj(w*)m(w,x*)> =0, Vzeq, (3.28)
j=1

{zp: (V2 f;(2* —(glgi:; OV2gi(z* —1—21) VZH;(x } >
— i

0. (3.29)

V4 /\

Since v* > 0, z € @ and (3.3) holds, we have

ZU;H]'(JU) <0= ZU;H x
j=1

j=1
and so
b, ") (([H; () = Hy(=) ) <0,

since b(x,z*) > 0 for all x € Q. In light of the B-(b, ¢, p, n, #)-quasiinvexity
of Bj(.,v*) at z*, and c(x,z*) > 0, it follows that

c(x <<VH ), n(z, z* >+ VQHj(w*)z>> + p(z, *))0(x, 2*)|* <0,
and hence,

(<ZVH n(z, z* >+ ZVQ %))

+p(z, x* )HH(ar,a; )I? <o. (3.30)
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It follows from (3.28), (3.29) and (3.30) that

pot gz:(iv*)
(e [T - (B - 2) e ])
> p(x,2*)]|0(z, %)% (3.31)

Since p(z,z*) > 0, applying B-(b, ¢, p, n, 6)-pseudo-invexity at z* to (3.31),
we have

b(z,2*) ([Bi(z,z*,u*) — E;(z*, 2", u")]) > 0. (3.32)
Since b(z,z*) > 0, (3.32) implies

Zp:u? [fz’(x) - (fi(x*) - Si) gz’(x)}

i=1 9i(x")
p
> u; | fi(z —( o &) gilT
; [ @) gi(z*) (@)
>0
Thus, we have
P
u; | fi(x) — < —¢i)gi(z)| =2 0. 3.33
; [ ) (gz‘(w) ) (353)
Since u} > 0 for each i € {1, - -,p}, we conclude that there does not exist an

x € @ such that

filz) (fi(l’*) —a) <0, Vi=1-p

gi(z)  \gi(z*)
fite) _ (fil=") o some 1
)~ (g ~9) <0 forsome € {Lp)

Hence, x* is an e-efficient solution to (P).
The proof for (ii) is similar to that of (i), but we include for the sake of the

completeness. If (ii) holds, and if = € @, then it follows from (3.1) and (3.2)
that
(2

+

uf[V filz*) — (fi(m*)

- gi(x*)

-

— i) Vi) n(e,a))

i

v v Hy(@*),n(w,a")) =0, Ve, (3.34)
1

J
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(= [Sualvse (g ~) Vo) + e )
>

=1

.

0. (3.35)
Since v* > 0, z € @ and (3.3) holds, we have

Zv;Hj(x) <0= Zij](x )

j=1 j=1
and so

b, ") (([H; () = H;())) <0,
since b(z,x*) > 0 for all z € Q. In light of the B-(b, ¢, p2, 1, #)-quasiinvexity
of B;(.,v*) at z*, it follows that

ol ) ((VH; ) m(ar %)) + 5 (2, V2 Hy(5)2)) + paler, )10, )| < 0,
and hence,
oz, x* (; (VH;(z"),n(z,z* >+; ;V2Hj(m*)z>>
+pa(z, %)) 0(z, 2*)|)* < 0. (3.36)

It follows from (3.34), (3.35) and (3.36) that

(S| v s - (555 - ) vt )
)

2 fl(x* _ 2 (%
<Z’; Vit (gi(:c*) ¢) Viaile")z] )
> pa(z,2")]|0(z, %)% (3.37)
Since p1(x,x*), p2(x,z*) > 0 with pa(x,2*) > pi(x,z*), and c(z,z*) > 0,
applying B-(b, ¢, p1, 1, )-pseudo-invexity at z* to (3.37), we have

i}
M"s
I

b(:c,m*)(([EZ(x, ¥ u) — Ei(z*, x”, u*)])) > 0. (3.38)
Since b(x,z*) > 0, (3.38) implies

Zp:uf [fz‘(f'?) - (ig:) - Ei) gi(fc)}

3 )
§ ZZU [ A — (ggg - ) giu*)]
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Thus, we have

Y ul [f,-(x) - (fi(x? = gi) gi(x)} > 0. (3.39)
i=1 gi(x”)
Since u} > 0 for each i € {1, - -,p}, we conclude that there does not exist an
x € @ such that
gi(x)  \gi(z*)
fi(x) (fj(ﬂf*) ) :
— —¢;) <0, forsomeje{l,--- p}
o)~ Ny threr)

Hence, z* is an e-efficient solution to (P).

Next, we start off the proof for (iii) as follows: if (iii) holds, and if x € @Q,
then it follows from (3.1) and (3.2) that

<Zp: uf[v fi(z™) — (gjg:; - £¢) \V4 gi(m*)},n(x,x*)>

i=1

+ <Z v/ Hj(x*),n(m,x*)> =0, VzeaqQ, (3.40)

P gi(z*)

> 0. (3.41)

(o [Tt - (H2) )Pt + S
j=1

Since v* > 0, z € @ and (3.3) holds, we have
m m
> wiHj(x) <0=>> viH;(x"),
j=1 Jj=1

which implies

m@ﬁmmmm—m@m»go

Then, in light of the strict B-(b, c, p, 1, #)-quasi-invexity of B;(.,v*) at z*,
we have

c(x,x™) <<VHj(af*), n(z,z*)) + %(z, V2Hj(a:*)z>>
+p(z, )0z, 2*)|)* < 0. (3.42)
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It follows from (3.3), (3.40), (3.41) and (3.42) that
(S u]v ) - (§§§ —&) v gila”)| (@, a%))
i=1 !

p (o )
<z’2“f {V filz (J;((x)) _€i>v29i(‘” )ZD)

=1

> p(a, ") |0(z, 7). (3.43)

As a result, since p(x,z*) > 0, applying the prestrict B-(b, ¢, p, n, §)-pseudo-
invexity at z* to (3.43), we have

¢ f’b(m*)_E, ()] — - W () — fl(w*)_g (2
(Do wilhte) - () 0wl = 3owilhla) = (e = 20aa)]) =0

=1 i=

which implies

- (55 <))

i=1
P
> up | filz —( —¢i | gi(z”
>0
Thus, we have
p
. fi(z”)
uz[fl$—( — & giz:}ZO. 3.44
> [0 - (5 )oi(a) (3.44)
Since u} > 0 for each i € {1,- - -,p}, we conclude that there does not exist an

x € @ such that

_€i>§07 Vi:]-a”'7p7

filz) (fj(ﬂ«“*)
gi(x)  \g;(@*)

Hence, x* is an e—efficient solution to (P).

— &‘j) <0, forsome j€ {1, -, p}.
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The proof applying (iv) is similar to that of (iii), but still we include it as
follows: if x € @, then it follows from (3.1) and (3.2) that

(S he) - ()~ ) 9 0a)] o)

=1 gl(x*>
+<21” Hj(z"),n(x,2%)) =0, VzeQ, (3.45)
p

<Z’ [Zp:uf [VZfi(ﬂﬁ*) - (;Zg:; - &')VQQi(x*)} + ZWL:U;VQH]‘(LU*)]Z>
i=1 i =
=0 (3.46)

Since v* > 0, z € () and (3.3) holds, we have

D wiHj(x) 0= viH(x"),
j=1 j=1

which implies
b(x,:x*)(([Hj(:z:) - Hj(:c*)])) <.

Then, in light of the equivalent form for the strict B-(b, ¢, p, 0, 6)-pseudo-
invexity of B;(.,v*) at z*, we have

el ) ((VH ) ontar, %)) + 50 VP (a)2)) + o, 260G, 27)] < 0

It follows from (3.3), (3.45) and (3.46) that

(<§pjuz[v fia") - (§§§ )N CRIRCEDY

N
Il
i

> pla, 2|6z, ") % (3.47)

As a result, since p(z,z*) > 0, applying the equivalent form for the prestrict
B-(b, ¢, p, n, 8)-quasi-invexity of E;(.;z*,u*) at x* to (3.47), we have

- fz($*) P N N fz(-T*) .
<¥ Z(g*) —€i)gilx)] - Z“z [fi(z™) — (gi(ﬂc*) —&i)gi(x )]) >0,
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which implies

zp:uf {fi(l’) - (fi(x*) - 51’)91’(93)}

i=1 9i(x")
2 3w — (545 ~ <)o)
>0

Thus, we have

AR (fi(””*> &)o@ 20 (3.48)

P gi(z*)

Since u} > 0 for each i € {1, - -,p}, we conclude that there does not exist an
x € @ such that

filz) (ﬁ-(x*)

— & SO, Vi:17"'7p7
gi(x)  \gi(z*) )

filx) (fj(l‘*)

= —¢j ] <0, forsomeje{l,- - p}
gi(x)  \gj(a") J)

Hence, x* is an e-efficient solution to (P).

Finally, to prove (v), we start with: since x € @Q, it follows that H;(z) <
Hj(z*), i.e., Hj(x) — Hj(z*) < 0, which implies

b a") (([Hj (@) = Hj(a")])) 0.

Then applying the B-(b, ¢, p3, 1, §)-quasi-invexity of H; at 2* and v* € R,
we have
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Since u* > 0 and gzg; —¢&; > 0, it follows from B-(b,c, ps,n,8)-invexity

assumptions that

bo.a*) (S i) — () — e

=1 gi(x”)

fiz")
gi(z*)

—2)loi(@) - i)}

=1

fi(x")
gi(x*)

) (Y wi{lfilw) - file )]~ (
«) )

|
(Y wrtwhia) - (5 — ) 7 i), n(e, 7))

1

i [V - (G5 ) Tae))))

p

p

1=
U

=b(x
> ¢z,
K

2

8

)

+§;Uf[m + 8" pal o, )
) [<gv;f v Hya") () + §<zévzfvzﬂj<w*>z>}
+fuﬂpl + 8o, |
> (Zv p3+zu o1+ 6@ )pa] )10, )|
(ZU ps+ 0" ) 10,2

>0,

p

=

where ¢(x*) =

gzgiig_giandp*: i=1 U7 (p1 + B(x")p2).- O

Remark 3.3. The obtained results in this communication present challenging
applications to the context of multiobjective fractional subset programming,
while further generalizations to the case of rapidly developing notions of gen-
eralized invexities of higher orders seem to be feasible.
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