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Abstract. In this paper we prove the existence of mild solutions of the nonlinear neutral
integrodifferential equations of Sobolev type and the nonlinear neutral evolution integrodif-
ferential equations in Banach spaces. The results are obtained by using the Schaefer fixed

point theorem. Examples are provided to illustrate the theory.

1. INTRODUCTION

The theory of integrodifferential equations has emerged as an active area of
research due to its applications in many areas of science and engineering such
as the study of unsteady aerodynamics and aeroelastic phenomena, viscoelas-
tic panel in supersonic gas flow, fluid dynamics, electrodynamics of complex
media, many models of complex growth, neural network modeling, materials
with fading memory, mathematical modeling of the diffusion of discrete parti-
cles in a turbulent fluid, theory of population dynamics and nuclear reactors.
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Systems with memory have the property that the mathematical physical de-
scription of their state at a given point of time includes such states in which the
systems have been at earlier points of time. This leads to the inclusion of an
integral term in the basic differential equation yielding an integrodifferential
equation. Such models which contain past information are called hereditary
systems.

In recent years there has been a resurgence of interest in the study of neu-
tral hereditary systems motivated largely by new applications. For instance,
a simplified model for compartmental systems with pipes is represented by
nonlinear neutral integrodifferential equation. Compartmental models are fre-
quently used in theoretical epidemiology, physiology, population dynamics,
analysis of ecosystems. Sobolev type equation considered here occurs in ther-
modynamics [14], in the flow of fluid through fissured rocks [12], in the shear
of second order fluids [29] and in soil mechanics [28]. The neutral evolution
integrodifferential equation arises in viscoelasticity, in heat conduction in ma-
terials with memory and in control systems with a feedback control governed
by a proportional integrodifferential law [1, 20].

The existence of solutions of functional differential equations of Sobolev
type has been studied by many authors. Showalter [27] and Brill [13] estab-
lished the existence of solutions of semilinear evolution equations of Sobolev
type in Banach spaces. Lightbourne and Rankin [21] discussed the solution
of partial functional differential equation of Sobolev type in a Banach space.
Balachandran et al. [6, 8] studied the existence of solutions for nonlinear inte-
grodifferential equations of Sobolev type with nonlocal conditions in a Banach
space. Balachandran et al. [9] established the existence of mild solutions
for neutral functional integrodifferential equations in Banach spaces. For the
controllability of nonlinear systems, one can refer the survey paper [7].

The problem of existence of solutions for partial functional differential equa-
tions and partial neutral functional differential equations with delay has been
studied by many researchers. Using the method of semigroups, existence and
uniqueness of mild, strong and classical solutions of semilinear evolution equa-
tions has been discussed in Pazy [25]. Ntouyas et al. [22] studied the existence
of solutions of the initial value problems for neutral functional differential
equations and also the global existence of solutions for functional integrodif-
ferential equations via Leray-Schauder alternative in [23, 24]. Hernandez and
Henriquez [17] obtained some existence results for neutral functional differ-
ential equations in Banach spaces and in [18], they established the existence
of periodic solutions for the same kind of equations by describing them as
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abstract functional differential equations. For more details regarding the ex-
istence of solutions of neutral differential equations the reader can refer the
articles [3, 4], the book [16] and the references therein. Balachandran and Sak-
thivel [5], Dauer and Balachandran [15] investigated the existence of solutions
of nonlinear neutral integrodifferential equations in Banach spaces. Hernandez
and Balachandran [19] obtained some existence results for abstract degenerate
neutral functional differential equations. Annapoorani and Balachandran [2]
studied the existence of solutions of partial neutral integrodifferential equa-
tions in Banach spaces. Balachandran et al. [10] established the existence
results for nonlinear abstract neutral integrodifferential equation using the
Schaefer fixed point theorem and the existence of mild solutions of neutral
evolution integrodifferential equations has been discussed in [11].

This article contains six sections. In Section 2, we introduce some prelim-
inary results on the nonlinear neutral integrodifferential equation of Sobolev
type. In Section 3, we discuss the existence of mild solutions by the Schaefer
fixed point theorem. The neutral evolution integrodifferential equation is con-
sidered in Section 4. The existence of mild solutions is established in Section
5 using the same technique as in Section 3. Finally examples are presented in
Section 6 to show the applications of the obtained results.

2. PRELIMINARIES

Consider the nonlinear neutral integrodifferential equation of the form
t

o) o)

t

= Ax(t) + h(t,x¢) + f(t, xt,/eg(t,s,ms)ds), teJ=][0,0], (2.1)
0

ro=¢ on [-r0],

where E and A are linear operators with domains contained in a Banach
space X and ranges contained in a Banach space Y. The functions g, f :
JXxCxC =Y, e1,en: JxIxC — C, h: JxC — Y are continuous functions.
Here C' = C([-r,0],Y) is the Banach space of all continuous functions ¢ :
[—7,0] — Y endowed with the norm ||¢|| = sup {|¢()|: —r <6 <0}. Also,
for x € C([-r,b],Y), we have z; € C for t € [0,b], z,(0) = x(t + 0) for
0 € [-r,0]. The norm of X is denoted by |.| and Y by ||.||.

The operators A : D(A) C X - Y and E : D(E) C X — Y satisfy the
hypotheses:

(C1) A and E are closed linear operators.
(C2) D(E) C D(A) and E is bijective.
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(C3) E~':Y — D(E) is continuous.
(C4) Theresolvent R(\, AE~1) is a compact operator for some A € p(AE~1),
the resolvent set of (AE~1).

The hypotheses (C1), (C2) and the closed graph theorem imply the bound-
edness of the linear operator AE~!:Y = Y.

Lemma 2.1. (See [25]) Let S(t) be a strongly continuous semigroup and A be
its infinitesimal generator. If the resolvent R(A : A) of A is compact for some
A € p(A) and S(t) is continuous in the uniform operator topology, then S(t)
18 compact.

From the above fact, AE~! generates a compact semigroup 7'(t), t > 0, on
Y.

Definition 2.2. A solution z : (—r,b) — Y, b > 0, is called a mild solution
of the Cauchy problem (2.1) if

(i) o = ¢;

(ii) the restriction of z(-) to the interval [0, b) is continuous;
S
(iii) for each 0 <t < b, the function AE~!T(t—s)g (s, xs,/el(s,T, :UT)dT> ,
0

s € [0,t), is integrable and
(iv) the integral equation

z(t) = E7Y(t) [Eg(0) — g(0,¢,0)] + E™lg (t,xt,/oel(t, s,xs)ds)

/E YAE7IT(t — s)g <5 .’L‘S,/el(S,T,l‘-,-)dT> ds
0

/E Yt — s)h(s, x4)ds

+/ E7'T(t —s)f (s,a:s,/eg(s,ﬂ mT)dT) ds, teJ
0 0

is satisfied.

Assume that the following hold:

(C5) The strongly continuous semigroup of bounded linear operators T'(t)
generated by A is compact and there exists a constant M; > 1 such
that [|T'(¢)|| < My, for t > 0.

(C6) There exist constants cj, ¢35 > 0 and ¢ > 0 with ¢; =max{c], ¢35} such
that
|AE=T(t — s)g(t, ¢, y)|| < i@l +¢3 |yl +c5, forallt € J, g € C, y €
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C and for c3 > 0, HAE_lT(tl—S)g(S, b,y)—AE" T (to—5s)g(s, (;S,y)H <
03(|t1 — tg‘), for tq,ty € J.

(CT7) For each s € J, = € C, the function e;(.,s,z) : J — C is completely
continuous, the function ey (.,.,z): J x J — C is strongly measurable
and {t — e1(t,s,xs)} is equicontinuous in C([0,b],Y).

(C8) For each (t,s) € J x J, the function ex(t,s,.) : C — C' is continuous
and, for each z € C, ey(.,.,z): J x J — C is strongly measurable.

(C9) For each t € J, the function h(t,.) : C'— Y is continuous and, for each
x € C, the function h(.,z) : J — Y is strongly measurable.

(C10) For each t € J, the function f(¢,.,.) : C x C — Y is continuous and,
for each (z,y) € C x C, the function f(.,z,y) : J — Y is strongly
measurable.

(C11) There exist integrable functions p; : J — [0,00), i = 0, 1,2, such that

1tz < pr@Qu((l)) +p2()Qa(ly]), t € J, 2,y € C,
1Rt ze) || < po(£)Qo([|zell), 0 <t < b,z € C,

where €; : [0,00) — (0,00), i =0, 1,2, are continuously differentiable

nondecreasing functions, such that lim Qg(s) = oo, €, i = 0,1,2, (the
S5—00

first derivative of €2;) are also nondecreasing and (|| E¢(0)|| |[E~*| My)

> 0.

(C12) The function g : J x C' x C' — Y is completely continuous and, for any
bounded set D in C([—r,b], X), the set

t
{t —g (t,mt,/ el(t,s,xs)ds> (T € D}
0

is equicontinuous in C([0,b],Y). There exist ¢;,¢2 > 0 and ¢3 > 0
with co = max{¢,¢} and ¢z € (O,ﬁ) such that ||g(t, ¢,y)|| <
ci||o|l +c2lyl +¢s, forallt € J, ¢ € C, y € C. There exist m; :
J x J = [0,00), i = 1,2, differentiable a.e., with respect to the first

variable, such that f(f m;(t, s)ds, (f 65’? (t,s)ds are bounded on J and

0

ﬂ(t, s) >0, for a.e., 0 < s <t <b. Moreover
ler(t, s, z)| < ma(t,s)Y1(||z|]), 0 <s<t<b, z€C,
|€2(t,8,$)| S mg(t,5)¢2(||$||), 0 S s <t S ba VS Ca

where 9; : [0,00) — (0,00), @ = 1,2 are continuous nondecreasing
functions.
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-1 —1|,
(C13) Let p(t) = max {a(t), b(t), f:jlljﬁl'c’gq(t), 1|_JTE|1|22} be such that

b e
/0 p(s)ds < / {[s + ¥1(s) + Qo(s) + u(s) + Qa(Lothz(s))]

Q)] thals)
ﬂz)(s)] )

x [1 " 9/2(1:01/;2(8))}_1 s,

alt) = 1_‘|EEZ}|CQ {Cle(t,t) + /Ot (02 8321 (t,s) + cima(t, s)> d.s} ,

b)) = mat) + [ |2 ie)
q(t) = max {po(t), p1(t), p2(t)} .
Lo is a finite bound for [ma(t, s)ds and a = Q' (Q(ag) + Q1 (ag) +Q22(0))
[(1BSO)|| + 21 gl |[E~H My + [E7H es(1 + My) +

ds,

with ag =

|E~Y| c50).

(1—[E~!co)

Schaefer Theorem: (See [26]) Let E be a convex subset of a normed linear
space V containing 0. If H : E — FE is a completely continuous operator, then
either H has a fixed point or the subset

((H)={z € E:xz = \Hz, for some A € (0,1)}

is unbounded.
3. MAIN RESULTS

Theorem 3.1. Assume that the hypotheses (C1) — (C13) hold. Then, the
problem (2.1) admits a mild solution on [—r,].

Proof. Consider the space C, = C([—r,b] : Y) endowed with the norm,
|z|l, = sup {|z(t)] : —r <t < b}.

To prove the existence of mild solution of (2.1), let us consider the nonlinear
operator equation,

x(t) =AFz(t), 0 < A< 1 (3.1)

where F': Cy — C) is given by
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t
Fz(t) = ET'T(t)[E¢(0) - g(0,¢,0)] + E~'g <t, Tt /61(t7 vas)ds>
0
t s
—i—/ EYAETIT(t - s)g (s,xs,/el(s,T, .’L'T)d7'> ds
0 0
t
—i—/ E7'T(t — s)h(s, z4)ds
0

t s
—i—/ E7'T(t —s)f (s,ms,/eg(s,r, xT)dT) ds, teJ
0 0

[AFz(t)]
|E7Y My [ EG0)]| + 21 [|g]] + ) + [EH e [l + [ B~ e

t t
+|E7 e /ml(t,s)w1(||azs||)ds+ |E—1\c1/||ms||ds
0 0

=
—~
~
=
I

IN

t s
+ ‘E_ll Cl/ </m1(s,7‘)¢1(||$7]|)d7'> ds + ’E_l‘ cib
0o \Jo
t t
+[EH M /po(s)ﬂo(lla:sll)ds+ | My /p1(5)91(||:n5||)d5
0 0

| pa(5)0 ([ratsrntlenpar)as.— 32)

Let us define the function p by p(t) = sup{|z(s)|: —r <s<t}, t € J. If
w(t) = |z(t*)], for some t* € [0, b], then, from (3.2) and from our assumptions,
we infer

pt) < [ETHMIEGO)] + e [l + ]+ [ET capult)

t*

e [t s)in(uls)ds + |+ |E7er [ us)ds
0 0

B e /Ot* </Orsn1(s,7')w1(p(7'))d7'> ds + |[E7| b

+|E7 My /Opo<s)ﬂo(u(s))ds +|E7Y My /0p1(S)Q1(,u(s))ds

+*

#1201 [pa(6)9 ( [ma(o, () as.
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Therefore,
u(t) < |ETH My[|E¢O)]| + e llg] +es] + |ET cap(t)

1B e [t s)n(uods + B e+ [ e [ls)as
+ !E_l‘ 01/0 </Ojnl(s,7')¢1(u(7'))d7'> ds + ‘E‘l} cib
+|E7 My /Opo(s)ﬂo(u(s))ds +|E7Y M /Op1(s)(21(u(s))ds

+|E7 M, /0;?2(5)92 </Ojnz(s,7)¢2(u(7'))d7-> ds.

The above estimate is still valid, if t* € [—r, 0], since u(t) =||¢|| and M; > 1.
Hence,

1
p0) < g (BT MBSO+ lél + 2l + [E7 e

+|E e /Oml(t, )1 (u(s))ds + |E7! cl/oﬂ(s)ds
+ ]E_l‘ 01/0 (/Osml(s,T)wl(p(T))dT> ds + ‘E‘1| cib

+|E7| Ml/opo(s)ﬂo(u(s))ds +|E7Y Ml/opl(s)(h(,u(s))ds

t s
+ ‘E‘l‘ Ml/pQ(s)Qg </m2(3,7)w2(,u,(7))d7> ds} . (3.3)
0 0
Let us denote the right-hand side of (3.3) as v(t). Then, clearly,
1
= ————{(E c E7H M+ |E7es(14+ M
00) = ey B+ 16l |7 34 + [ B (1 + )

+ ’E_l} csb} = ap
and p(t) <w(t), t € J. In addition, we have

= e UF om0 + [ eanty

+|E e /0 O 1 ) (u(s))ds + | B e /O ma(t, )1 (n)ds
+ |E7H Mupo(t)Q0(u(t) + [ EH Mipy ()1 (u(t))

+ [E7Y Mipa(t)Qe </O;nQ(t, s)qu(u(s))ds) } >0, teJ.

V(1)
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Next, let w(t) be, such that

() = o(0) + () + 2 [ maft, S)ia)ds).

We have w > v, and by differentiation, taking into account (C'12), we get,

Q) (t) = (Q(v) + N ()0 + D (/Omz(t» S)wz(v)d5>

¢ 8m2

x{mg(t,t)wg(v)—l— ot (t,s)%(v)ds}

D LB L5 1,y )

IN

B ew+ [E 7Y e /Ot ‘9;”@, $) b1 (w)ds
F1E e [t spvn(@)is + 5 420() @0l
rane) + 0 ([t piatas) ) }
ettt [ |20 ds boate

<Y, (wg(m /0 malt, s)ds) | (3.4)

t,s
ot (t5)
Moreover, by our assumptions on €2, we have

Qp(w) = Q(v) = Y(ao) = A([BSO)[||E™H| My) > 0.
Therefore, inequality (3.4) implies that

W(t) < {m{@ml(t,ﬂ + /Ot <02 8;“ (t,s) + cima (t, s)> ds}
0 () 1000 + 9 [onat saras) )

e ] (1 B

LB e, ()
Vo (w) "|oms
o) (mQ“’” +f

t
2 (1,5)
or, using the notation in (C13), one finds that

ds> ), <¢2 () /0 fm(t, s)ds)



368 K. Shri Akiladevi, K. Balachandran and J. K. Kim

W) < {W(wm )+ [ mat, $yinw)is) )

1w " (w
Fa(ty(w) + 1’EIE‘11|2} )

*32(8 b(1)2 (Lot (w))
< p(t) {[w + 1 (w) + Qo(w) + QU (w) + Qo (Lotha(w))] [1 + gég(:ﬂ
Vo) .,
+ 0t rw, (w»} |

Thus, by (C13), for 0 <t <b,
t)

w

—~

/ -1
5+ 91(5)+ 00 (5)+0 6+ Lo 1+ G [ Bl Lavalo))] ds

w

—~
=]

)

S/Obp(S)ds

< s a0 206) 001 (ot

a

-1
| s o] ds

This implies that w(t) must be bounded by some positive constant L on [0, b].
Consequently, ||z||; < L.
We shall now prove that the operator F' : C, — Cj defined by

(Fa)(t) = o(t). ¢ € [=n,0,
(F)(t) = BTOE0) = 90.0.0]+ B g (ke [en(ts.)is)

t s
+/ EYAET'T(t — S)g(s,xs,/
0 0

ei(s,T, xT)dT>ds
t
+/E1T(t — s)h(s,xs)ds
0

S

t
+ [E7'T(t — s)f(s7 .735,/62(5, T, .CUT)dT) ds,
0 0

is a completely continuous operator for allt € J. Let By = {z € C}, : ||z||; < ¢}
for some ¢ > 1. We first show that F' maps B, into an equicontinuous family.
Let x € By and t1,t2 € [0,b]. Then, if 0 < ¢; < to < b, (the other cases
t1 <ty <0andt; <0<ty may be treated similarly), we have
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[(Fz)(t1) = (F)(t2)]]
< |E7HIT (1) = T(2)][E¢(0) — 9(0,6,0)]]|

t1 to
g<t17xt17/€1(t1737m8)d8> —g<t2,l’t2,/€1 (t2787x8) dS)
0 0

t1 S
+/ ‘Eil‘ AEIT(t; — s)g <s,:1:3,/61(s,7', .’L’T)d7’>
0 0
_AE_lT(tQ - 8)9 <S7 Zs, /61(87 T, I'T)d7'>
0

+|E7

ds

ds

to s
+ ‘E_l‘ AE_lT(t2 —5)g (57%,/61(8,7, .CCT)dT)
t1 0

t1

+ [ 1B TG - 9) = T - 9 s} ds
to L

[T 9l (s, s
1

t1 s

+/0 ‘E*l‘ [T (t1 —s) — T(ta — s)]|| Hf (s,xs, /062(3,7', xT)d7'>
to S

—i—/t ‘E*l‘ T (ta — s)|| Hf (s,xs,/oeg(s,r, wT)dT>

<|E7HIT (1) = T(t2)][E¢(0) — 9(0, ¢, 0)]|

t1 to
g <t1,f£t1, /61 (tla S,LES) d8> - g <t27$t25 /61 (t27 vas) d5>
0 0

t1 to
+’E_1|03/ |t1 —t2|ds+‘E_1|/ p1(s)ds
0 t1

ds

ds

+|EY

+\E1|/01HT(t1—s)—T(t2—s)H5(s)ds+\E1}/t2HT(t2—s)H5(s)ds
+|E7 /0 Tt = 5) = T(ts — )| v(s)ds
B 17 - s,

where  pu(s) =il ¢ [ ma(s,myvn(lair +
B(s) = po(s)%(l4]),
A(s) = pr () (lasll) + pa(s)9% / ma(s, 7l [)dr ).
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Since T'(t), t > 0, is compact and continuous in the uniform operator topology
and by the assumptions on m;, v, p;, §2; and the complete continuity of g imply
that the right-hand side of the above inequality goes to zero as to — ¢t —
0 independent of x in B,;. Therefore, the family {F B} is equicontinuous.
Moreover, for x in By,

E)OI < [EIT@N 1B - 900,001+ B pa®)+ [ B r(5)ds
=[BT = 9l ss)ds+ [ B 17 = )2 (s)as
< B M| EG(O) ] + 2 18] + 2] + [ pa(t)

t t t
+|E—1\/0 pl(s)ds—l—‘E_l}Ml/O B(s)ds+]E_1‘M1/0fy(s)ds

where pa(t) = ¢ ||a| —i—ngg ma(t, s)Y1(||xs]|)ds +¢s. Hence, F By is uniformly
bounded, and consequently, according to Arzela-Ascoli’s Theorem, it suffices
to show that F'B, is precompact in X. Next, for a fixed ¢t € (0,b] and €, such
that 0 < € < t, we define, for x € By,

(Fa)(t) = E-'T()[E6(0) — 9(0.6.0)] + B g1, /0 ex(t.s,2,)ds)

t—e s
+ E~YAE7IT(t - s)g(s,xs,/el(s,T, :L‘T)dT)dS
0 0
t—e
+ E7T(t — s)h(s,z5)ds
0
t—e s
+ BTt - S)f(.s, Ts, /62(8, T, xT)dT) ds.
0 0

As T'(t) is a compact operator, we see that F B, is precompact in X, for every
€, such that 0 < € < t. On the other hand, we have

[(Fx)(t) — (Fex)(t)] < /t:‘El‘ AElT(t—s)g<s,xs,/0;1(s,T, SCT)CZT) ds
w [ 1B - ol g,z ds
+ ,:JEl‘ T (t—s)| Hf(s,xs,/o;(s,T,xT)dT> ’ds

IN

t ¢
|E_1‘ / p1(s)ds + |E_1‘ M, B(s)ds
t—e i—e
t
+ |E_1‘ M, / v(s)ds.

t—e
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This shows that F'B, may be arbitrarily approached by precompact sets and
therefore, it is a precompact subset of X.

Finally, we want to prove that F' : C, — C}, is continuous. Let {z,},-, C C},

with x, — = in C. Then, there is an integer  such that ||z, (t)|| < r for all n

and t € J. So, x, € B, and = € B,. Moreover, by virtue of (C6), (C11) and
(C12), we obtain,

t t
Hg (t,xnt, /el(t, s,mns)ds> -9 (t,xt,/el(t,s,xs)ds>
0 0
¢
<2 {qr + G (/m1(t, $)11 (r)ds) + 03} ,
0

1A (t, 2n,) = h(E, 20)[| < 2po(t)€0 (r)

t t
Hf (t,xnt,/0€2(t,8,$ns)d8> —f <t,xt,/oeg(t,s,xs)ds> H

< 2{p1(t)Q(r) + p2(t)Q (Loth2(r))}

t
HAE_lT(t - S)g <t7 xnm/el(ta 87 I'ns)d3>
0
t

—AE7IT(t - s)g (t, xt,/el(t, s, l‘s)d8> H
0

<2 {c;r +c </0tm1(t, s)wl(r)ds) + c§} .

As we know by assumptions (C6)-(C10) and (C12) that

t t
g <t,xnt,/e1(t,s,xns)ds> — g <t,xt,/61(t,s,x3)ds> ,
0 0

h(t,zp,) — h(t,xy),

t ¢
f (t,xm,/eg(t,s,xns)ds> - f <t, xt,/eg(t,s,ws)ds> ,
0 0

t t

AE™T (t—s)g (t, xnt,/el(t,s,mns)ds> — AE_lT(t—s)g(t,:ct,/el(t,s,xs)ds>,
0 0

as n — oo, for each t € J. Also, we have
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|Fx, — Fx||

< sup{ B! [g <t xnt, 1(t, 8, x0,) > <t Xy, (t s xs)d‘s)} H
teJ
t

/ [AE 1T(t —5) (s xns,/ ei(s, 7, zp,)d )

0 0

—AE‘lT(t —5)g (s,xs, /Oel(s, 7, 27 )d > ]

It — 8)[h(s, xn,) — h(s,x4)]ds

lT_ anas 77n7—d)

t S|:f<8$s/062(87'l‘)7'
Sy 77Td d

f(sx/og(STx)T)] s}

+

t t
< ’E_l‘ ‘g <t’xntv/€1(t75axns)d5> -9 (tv*xtv/el(t)saxs)dS) H
0 0
b S
+ |E—1‘ ‘AE—lT(t —38)g (s, T, ,/el(s,T, xm)dr>
0 0

—AE YT (t—s)g (s, xs,/el(s, T, .Z‘T)dT> ‘ ds
0

b
1 e s ) = bl ) s

b S
+/0 |E_1‘ |T(t—s) Hf <Sa$ns>/[)€2(8,T,an)dT>
_f <87$57/062(5777$7)d7>’

Taking limit as n — oo, we get from the dominated convergence theorem that
the right-hand side of the above inequality tends to zero. Therefore, F' is
continuous, and consequently, F' is a completely continuous operator.

Finally the set ( (F) = {zx € Cp: x = AFx, A € (0,1)} is bounded. Conse-
quently, by Schaefer’s theorem the operator F' has a fixed point in Cj. Thus,
the problem (2.1) has at least one mild solution on [—7, b]. O

ds.
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4. NEUTRAL EVOLUTION INTEGRODIFFERENTIAL EQUATION

Consider the neutral evolution integrodifferential equation of the form

t

e~ ot fer(e,20a5)]

t

— A(t)a(t) + h(t, 1) + f(t,:ct,/oeg(t, sds). b€ =[0.0], (11)

ro=¢ on [0,

where A(t) is a closed, densely defined linear operator in a Banach space X
with norm ||.||, the functions g, f : J X C x X — X, ej,eq: J x J x C —
X and h: JxC — X are known continuous functions. Here C' = C([—r, 0], X)
is the Banach space of all continuous functions ¢ : [—r,0] — X endowed with
the norm ||¢|| = sup{|¢(0)| : —r < 6§ < 0}. Also, for x € C([-r,b], X), we have
xy € C for t € [0,0], 24(0) = x(t + 0) for § € [—r,0] and A(t) : D(A(t)) — X
is the infinitesimal generator of an analytic semigroup.

We need the following hypotheses:

(H1) The operator U (t, s) is compact such that for 0 < s <t <, ||U(¢,s)| <
M, for some constant M; > 1.

(H2) There exists a constant My > 0 such that [[A(¢)g(¢,z,y)|| < M for
tedJ, xeC, yeX.

(H3) The function g : J x C x X — X is completely continuous and, for
any bounded set D in C([—r,b], X), the set

t
{t —g <t,azt,/ el(t,s,xs)ds) ix € D}
0

is equicontinuous in C([0,b], X ). There exist ¢; € (0,1), c2 > 0 and
c3 > 0 such that |g(t,¢,y)|| < c1||@] + c2ly| + c3, for all t € J,
pel, ye X.

(H4) For each s € J, x € C, the function e;(.,s,z) : J — X is completely
continuous, the function e;(.,.,x) : J x J — X is strongly measurable
and {t — ej(t,s,zs)} is equicontinuous in C(]0, ], X).

(H5) For each (t,s) € J x J, the function es(t,s,.) : C — X is continuous
and, for each z € C, ey(.,.,z): J x J — X is strongly measurable.

(H6) For each t € J, h(t,.) : C — X is continuous and, for each z € C, the
function A(.,z) : J — X is strongly measurable.

(H7) For each t € J, f(t,.,.) : C x X — X is continuous and, for each
(x,y) € C x X, the function f(.,z,y) : J — X is strongly measurable.
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(H8) There exist integrable functions p; : J — [0,00), ¢ =0, 1,2, such that

£tz y)| < pr(®)Qu(]|z]]) +p2(t)Q(|y]), t € J, z€C, yc X,
At ze)|l < po(t)Qo(llzell), 0 <t <b, x4 €C,

where ; : [0,00) — (0,00), i = 0,1,2 are continuously differentiable
nondecreasing functions, such that 513101090(8) =00, Q,i=0,1,2 (the
first derivative of ;) are also nondecreasing and Q (M ||¢|) > 0.
(H9) There exist m; : J x J — [0,00),i = 1,2, differentiable a.e., with
respect to the first variable, such that f(f m;(t, s)ds, (f agt” (t,s)ds are
bounded on J and %(t, s) >0, for a.e., 0 < s <t <b. Moreover

’61(t737x)’ < ml(t7 8)¢1(|‘$H), 0<s<t< b7 T e 07
lea(t, s, z)| < ma(t, s)2(||z]]), 0 <s<t<b, x€C,
where 9; : [0,00) — (0,00), @ = 1,2 are continuous nondecreasing

functions.
(H10) Let p(t) = max {a(t), b(t), f‘félq(t)} be such that

b o)
| peds < [ {10 + (o) + 2u(5) + alLora(s)
0 a

Q)] | thals)
%<s>] ")

-1
<[+ (Lo (s))}ds,

where

a(t) = : 5201 {ml(t,t) —i—/o %(t, s)ds} ,
b(t) = ma(t, t) + /0 %(t, 5)
q(t) = max {po(t), p1(t), p2(t)} -

Lo is a finite bound for [ ma(t, s)ds and a = Q5 (Qo(a0) + Q1(ao) + 22(0))

. 1
with o = 71 p [(1 + Cl)Ml ”gf)” + 63(1 + M1> + MlMQb] .
— C1

ds,

Definition 4.1. By a mild solution of the Cauchy problem (4.1), we mean a
function x : (—r,b) — X, b > 0, such that

(i) o = ¢;

(ii) the restriction of z(-) to the interval [0, b) is continuous;
(iii) for each ¢t € [0,b), the function U(t, s)A(s)g (s,:vs,/el(s,T, IET)dT>,
0
s € [0,t), is integrable and
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(iv) the integral equation

() = V(E0)[6(0) = 9(0.6.0)] + g . et 5,.)ds)

s t

—i—/OtU(t, s)A(s)g (s, a:s,/oel(s, T, (lZT)dT) ds —|—/0 U(t,s)h(s,xs)ds
—i—/ozf(t, s)f(s,:455,/022(3,7'7 LL’T)dT)dS, teld (4.2)

is satisfied.

5. EXISTENCE RESULTS

Theorem 5.1. Assume that the hypotheses (H1) — (H10) hold. Then, the
problem (4.1) admits a mild solution on [—r,b].

Proof. Let Cy, = C([—r,b] : X) endowed with the norm,
Joll, = sup {|a(t)] : —r < ¢ < b}.
And consider the nonlinear operator equation,
xz(t) = AFz(t), 0 < A < 1, (5.1)

where F': Cy — C} is given by

t

Falt) = U00) - 900,60+ (121, [e(t,5,2.)05)
+/0t U(t, s)A(s)g (s,xs,/oél(s,f, :pr)d7-> ds
+/0tU(t, (s, s)ds

t S
+/0 Ut s)f (s,xs,/OeQ(s,T, xT)dT> ds, t € J.

As in Theorem 3.1, it is easy to prove that ||z|; < L. Next, let us define

~ | o), —r<t<0
d)(t)_{U(t,O)(b(O), 0<t<b
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Observe that, if ¢ € C, then, (;AS € Cy = C(]—r,b], X). Also, define
z(t) = y(t) + ¢(t), —r <t < b where y(t) verifies

y(t) = 0, -r<t<0,

y(t) = —U(t0)g(0.,0) + (1) + /0 U(t, 5)A(s)g(s)ds

t
+ / Ut $)h(s, ys + Bs)ds
0

t
+/ U(t, S)f(svys + ¢57/€2(5;7’7 Yr + ¢7)d7>d8, 0<t<hb,
0 0

t

where g(t) = g<t, Yt + G/b\t, /el(t, S, Ys + qAﬁs)ds).
0
Let C’g = {y €Cy:ylt) =0, for—r <t < 0}. We shall consider the

operator F : Cg — C’,? by
(Fy)(t) = 0, —r <t <0,

(F)(®) = ~U(0.09(0.6.0)+50) + [ Ut ) A()g(s)ds

t o~
T / UL, 5)h(s, ys + Bs)ds
0

t
+/ U(t78)f<s7ys + ¢87/62(377_, Yr + ¢7-)d7_>d3, 0 S t S b
0 0

By similar argument as above, one can prove that F' is completely continuous.
Hence, the set ((F) = {y € C) :y = AFy,A € (0,1)} is bounded, since for
every solution y in ((F), the function z = y + ¢ is a mild solution of (5.1), for
which we have proved that [|z|; < L and hence

Iyl < L+ 3] -

Consequently, by Schaefer’s theorem the operator F' has a fixed point in CIE) .
This means that the problem (4.1) has a mild solution. O
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6. EXAMPLES

Example 6.1. Consider the following integrodifferential equation of the form

% [2(x,t) — zgu(x,t) — p (L, 2(x,t —1))] (6.1)

82

= —z

t
507 x,t)+q<t,z(x,t—7“),/ k(t,s,z(w,s—r))ds), 0<z<m, teJ,
€ 0

2(0,t) = z(m,t) =0, t>0,
z(x,t) = p(x,t), —r<t<0,

—~

where ¢ is continuous and p,q and k are continuous functions and satisfy
certain smoothness conditions. Take X =Y = L2[0,n] and let g(t,w;)z =
p (tv w(t_x)) ) 62(t7 S, ws) = k(ta 5, w(s—a:)) and f(t7 Wt ’U)x = Q(tv w(t_x)v U(Qﬁ)),
0<zx<m.

Define the operators A: D(A) C X - Y and E: D(E) C X — Y by
Aw=w" and Ew=w — wN,
where each domain D(A) and D(F) is given by
{w € X : w, w are absolutely continuous, w’ € X, w(0) = w(r) = O} .
Then A and E can be written respectively as
[ee]
Aw = Zn2(w,wn)wn, we D(A),
n=1

Ew = Z(1+n2)(w,wn)wn, w e D(FE),
n=1

where wy,(z) = \/% sinnx, n=1,2,3,... is the orthogonal set of eigenvectors
of A. Furthermore, for w € X we have

[e.e]

_ 1
E lw = Z 1 +n2 (w,wn)wn,
n=1
1 — —n’
AE w = nz::l 1 + n2 (wv wn)wn)

> —n?t
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It is easy to see that AE~! generates a strongly continuous semigroup 7'(t) on
Y and T'(t) is compact such that || T(¢)|| < N and HAE‘lT(t)g(t,w)H <M
for each t > 0.

The function p : J x [0, 7] — [0, 7] is completely continuous and there exists
a constant n1 > 0 such that

Ip(t, w(t — )| < na.

Also, the functions k : J x J x [0, 7] — [0,7] and ¢ : J x [0, 7] x [0, 7] — [0, 7]
are measurable and there exist integrable functions ly,ly : J — [0,00) and I3 :
J x J —[0,00) such that

la@t,v,w)|| < L) (([v]]) + L@)Qe(w]),
k(t,s,w)| < I3(t, s)phr([|lwl]),

where Q; : [0,00) — (0,00), i = 1,2, are continuously differentiable nonde-

creasing functions, v : [0,00) — (0,00) are continuous nondecreasing func-

tions.
Let p(t) = max {b(t),|E~'| Nq(t)} be such that

(), %l

b [e'e)
/ p(s)d5</ {[91(3)+92(L0¢1(5))]
0 a

Q(s)  Qls)
b(t) = {lg(t,t)—l—/ot

ds},
q(t) = max{li(t),l2(t)},

Ly is a finite bound for fg I3(t, 8)ds and a = Q51 (21 () + Q2(0)) with ag =
|[E7Y| N[ E¢(0)[| + n1] + |[E~Y ny + |E7H| Nib.

Further, all the conditions stated in the Theorem 3.1 are satisfied. Hence
the equation (6.1) has a mild solution on [0, b].

where
8[3 (t, 8)
ot

Example 6.2. Consider the following partial neutral integrodifferential equa-
tion of the form

(‘?t {z(t, :U)—f—/t ay (t,z,s —t) Py (2(s,xz))ds +/0t /S}{c(s —71)Py (2(7,x)) drds

—h
2 t
- %z(t, ) + a(t, )z (t, x) + ko(x)z(t, ) —|—/_ZQ (t,z,s —)Q1 (2(s, 7)) ds
—l—/ot /Sf(s —7)Q2 (2(1,x))drds, 0 <z < m, t € J=[0,0], (6.2)

2(t,0) = z(t,m) =0, t>0,
z(t,z) = o(t,z), —h<t<0, 0<z<m.
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where a(t, x) is continuous on 0 < x < 7, 0 <t < b, h is a positive constant
and ¢, a continuous function.
Let us take X = L2[0, 7] with the norm |.|;2. Put z4(s) = z(s, z),
t

f(t,z¢, Ba(ay)) = /_h ag (t,z,s —t) Q1 (2(s,x)) ds + Ba(xy),

gt Bi(z)) = /_hal (t2,5 — 1) Py (2(5,2)) ds + By (x2)

and  h(t,z) = ko(z)z(t, z),
where

t s
Ba(xy) = /0 /_hk:(s—T)Qg (z(7,x)) drds,
Bi(m) = /0 /shk(s—T)Pg(z(T,x))des.

Let A : D(A) C X — X be the operator defined by Az = 2" with the
domain D(A) = {z € X : z, 2/ are absolutely continuous, 2" € X, 2(0) =
z(m) = 0} . Then,

Az = ZnQ(z,zn)zn, z€ D(A),

n=1

where z,(z) = \/% sinnx, n=1,2,3, ... is the orthogonal set of eigenvectors

of A. It is well known that A is the infinitesimal generator of an analytic
semigroup (T'(t))s>0 on X and is given by

o
T(t)e = > e ™z, 20) 2, 2 € X.
n=1

Now, we define the operator A(t)z = Az(x) + a(t,z)z, z € D(A(t)), t >
0, z € [0, 7], where D(A(t)) = D(A), t > 0. By assuming that z — a(t, x) is
continuous in ¢ and there exists p > 0 such that a(t,z) < —pforallt € J, z €
[0, 7], it follows that the system

Z(t) = A@t)z(t), t > s,
z2(s) = zeX
t
generates an evolution system U (¢, s) as U (¢, s)y = T(t—s) exp </a(7, x)dr) Y,
S
for y € X, where T'(t) is the compact analytic semigroup generated by the op-
erator A(t) and ||U(t, s)|| < e~ (1HP)(E=9) for every t > s.

With this choice of A(t), f,g and h, we see that the equation (6.2) can be
written in the abstract formulation of (4.1).
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Further, all the conditions of the Theorem 5.1 are satisfied. Hence, by
Theorem 5.1, the equation (6.2) has a mild solution on [0, b].
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