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1. INTRODUCTION

In this paper, let H be a real Hilbert space with inner product (,.,) which
induces the norm ||.|[; ® # C € H, N and R represent a nonempty closed
and convex subset of H, the set of all positive integers and the set of real
numbers, respectively. If {1¢,}>° is a sequence in C and ¥ : C — C is a
nonlinear mapping, then —, — and F(3) = {¢ € C : 39 = 9} denote weak
convergence, strong convergence and the set of fixed point of the mapping <,
respectively.

A mapping & is known as nonexpansive if it satisfies the inequality

1Sy = Sl < [[v = ¢ll, Vo, ¢ €C; (1.1)
The problem of investigating fixed points of nonexpansive mapping has been
widely studied by several authors.

Halpern [9] first initiated the following iterative sequence:

Y €C
1.2
{wn—l—l = pnpu + (1 - @n)%pm ( )

where {p,}>2, C [0,1] and u € C is fixed. Moreover, Halpern established in
[9] the following result on the convergence of (1.2) for appropriate conditions

on {pnpy-

Theorem 1.1. ([9]) Let H and C be as described above (with C bounded). Let
S : C — C be a nonexpansive mapping. For a fized u € C, let the sequence
{n 15 be generated iteratively by

Y €C (1.3)
Ynp1 = (Q;eu + (1 - p;e)%pn, .

where 0 € (0,1). Then, {¢n}22, converges strongly to the element of F ()
nearest to u.

He further demonstrated that the control conditions

o0
Ci:limp, =0 and Cg:an:oo

n—00
n=1

are necessary for convergence to the fixed point of .
Thereafter, several investigation has been carried out to ascertain the im-
plications of condition C and Cy on the convergence of (1.3).

In this direction, Chidume and Chidume [8] and [27] independently estab-
lished that the conditions are sufficient to ensure strong convergence to the
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fixed point of the following iteration method:

Y €C
Ynt1 = enu+ (1 — ) [AMon + (1 = N)Spy], Vn > 1.

In [24], Osilike and Isogugu studied Halpern-type for k-strictly pseudonon-
spreading mappings &, which is more general that the class of nonspreadings.
To get the strong convergence of (1.2), they replaced the mapping & with the
averaged type mapping Ss; that is, with the mapping

s =(1—0I+63, 6¢€(0,1). (1.4)

Recently, Kohasaka and Takahashi [11, 12] came up with an important class
of nonlinear mappings which they referred to as nonspreading mappings. Let
& be a real smooth, strictly convex and reflexive Banach space and denote by
j & — 2¢7 the duality mapping of £. Let ) # K C & be a closed and
convex. A mapping §: K — K is known as nonspreading if

(S, 39) + (3¢, 1) < 9(SY, ) + (36, ), (1.5)
for all ¥, ¢ € K, where
o, 0) = 1Y|> =20, () + ], Vab, 0 € E. (1.6)

Kohasaka and Takahashi considered the class of nonspreading mappings to
study the resolvent of a maximum monotone operator in a real smooth, strictly
convex and reflexive Banach space. This class of mappings was obtained from
the class of firmly nonexpansive mappings (see, for example, [10, 11]). We
mention in passing that if £ is a real Hilbert space H, then j is the identity
and

p(¥,0) = 191> = 20, ¢) + l|¢lI*.

Consequently. if H and C are as described above, then the mapping & : C — C
is nonspreading if

1S9 = So* < [IS9 = ¢lI* + IS¢ — v[I*, Ve,¢€C. (1.7)
It is established in [14] that (1.7) is equivalent to the inequality
IS0 = S@l* < IlY = 8l” + (v = Sv, —6 = @), W, 0eC. (18)

Remark 1.2. If S is nonspreading (resp. nonexpansive) and F(SJ) # (), then
$ is quasi-nonexpansive.

In [14], lemoto and Takahashi studied the iterative approximation of com-
mon fixed points of nonexpansive mapping 0 and nonspreading mapping < of
C into itself in a real Hilbert space. They considered an iterative sequence akin
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to the one employed by Moudafi [16]. To be precise, they proved the following
result:

Theorem 1.3. ([14, Theorem 4.1]) Let H and C be as described above. Let
S : C — C be a nonspreadinmg mapping and 0 : C — C be a nonexpansive
mapping such that F(S)NF(0) # 0. Let {1, }5° be a real sequence generated
by

Y el
Vnt1 = (1 = pn)¥n + nlpnthn + (1 — pn)Spn], Vn > 1,
where {En}o 1, {un}s, C [0,1]. Then, the following conclusions hold:

(1) 17 55 on(1 = on) = 00 and 3= (1 o) < o0, then {on}is, n b
converges weakly to v € F(S).

o0
(2) Ifliminfp,(1 —p,) >0 and > py < 00, then {pn}o2 1, {pn o, con-
n—+ool n—=1

verges weakly to v € F(S).
(3) Ifliminfp,(1—¢p,) > 0 and iminfu, (1—p,) > 0, then {on}o2 1, {un}5%,
n—ool n—ool
converges weakly to v € F(J) N F(0).

Searching for the fixed points of nonexpansive mappings, nonspreading map-
pings and strictly pseudononspreading mappings are vital topics in fixed point
theory, and have been proven to be priceless in the applied areas of signal pro-
cessing [34], the split feasibility problems [33] and convex feasibility problem
[15]. Subsequently, as a worthy generations of the aforementioned mappings,
the notion of enriched nonlinear mappings was initiated by Berinde [2, 3] in
the setup of a real Hilbert space. This concept was later extended to the more
general Banach space by Saleem [26].

Readers interested in this direction of research may consult [18, 19, 20, 21,

22, 25] and the references therein.

Definition 1.4. A mapping & : C — C is called Yg-enriched Lipschitizian
(or (o, Wg)-enriched Lipshitizian) (see [26]) if for all ¢,¢ € C, there exist
o € [0,+00) and a continuous nondecreasing function ¥g : RT — R*, with
U5(0) = 0 such that

lo(¥ = @) + 39 — 39| < (0 + 1)¥s([|lv — ). (1.9)

The following special cases due to inequality (1.9) are worth mentioning:

(1) if o = 0, inequality (1.9) reduces to a class of mappings known as
Wq-Lipschitizian;
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(2) if 0 = 0 and ¥(¢) = Lt, for L > 0, then (1.9) reduces to a class
of mappings called L-Lipschitizian with L as the Lipschitz constant.
In a more special case where 0 = 0,Wg(t) = Lt and L = 1, then
Wg-enriched Lipschitizian mapping immediately reduces to the class
of nonexpansive mappings on C;

(3) if ¥g(s) = s, then inequality (1.9) becomes

lo(¥ = @) + 3¢ =9l < (0 + 1|y — 9| (1.10)

and is known as o-enriched nonexpansive mapping. This class of map-
pings was first considered by Berinde [2, 3] as a generalization of a
well-known class of mappings called nonexpansive mapping.

Note that if Wy is not necessarily nondecreasing and satisfies the condition
Wg(t) <t for t >0,

then we have the class of n-enriched contraction mappings.

Considering results of Lemoto and Takahashi [14], Berinde [3] and other
results in the papers studied, the following question becomes necessary:

Question 1:

(1) Could there be a nonlinear mapping that contains the class of mapping
defined by (1.7) for which we would obtain the results in [14] as special
cases?

(2) Could it be possible to obtain strong convergence result for an averaged
mapping in the setup of a real Hilbert space?

Lemoto and Takahashi considered the class of nonspreading mappings and
proved weak convergence Theorem as their main result in [14]. The results
they obtained (in conjunction with those of Kohasaka and Takahashi [12])
opened a new direction in fixed point theory.

In this paper, we first introduce a new class of nonlinear mapping called o-
enriched nonspreading mappings and give some nontrivial examples to demon-
strate its existence. Further, we modify the iterative method studied in [14]
and thereafter give an affirmative answer to Question 1.

The rest of the paper is organised as follows: Section 2 will consider pre-
liminary results which will be needed in establishing our main results. Many
lemmas and propositions which will serve as our main results (including some
of their consequences) and the conclusion of results obtained in this paper will
be considered in Section 3.
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2. PRELIMINARIES
In the sequel, we state some well-known definitions and lemmas which shall

be helpful in establishing the proof of our main results.

Let H be a real Hilbert space and let {¢,}2°; C H. We shall represent
weak convergence of {¢,}>°, to a point ¢ € H by ¢, — ¢ and the strong
convergence of {1, }>° to a point ) € H by ¢, — ¥ as n — oo, respectively.

Lemma 2.1. ([24]) Let H be a real Hilbert space. Then, the following well-
researched results are valid:

(i) For all hyp € H,
lo + AlI* = [lpll* + 2{p, &) + [1A]>.
(i7) For all h,p € H,
15+ el < IAlI* + 2{(p, i + p).
(iii) For p,h € H and for all t € [0, 1].
It + (1 = )R = tllpl* + (1 = O[IA* — (1 = t)|p — All*
(iv) If {n}52, is a sequence in H such that ¢y, — o € H, then
lim sup ||, = AlI* = limsup [y = pll” + o — bII*

n—o0

Definition 2.2. ([24]) Let H be a real Hilbert space and () # C C H be closed
and convex. The nearest point projection Py : H — C defined from H onto
C is a operator that assigns to each ¢ € H its nearest point represented with
Feyp in Q. Thus, P is the unique point in C such that

v — Pep|| < || —h), YheC.

Lemma 2.3. ([15]) Let H be a real Hilbert space, ) # C C H be closed and
convex and Pe : H — C. be a metric projection. Then
(4)
Hpcp—Pch” < <p—h, Pcp—Pch>, Vo,h € H;
(1) Pc is a nonexpansive mapping, that is, ||Pep — Pehl| < || — All;
(ii1) given that p € H and z € C, then z = Pep if and only if

(p—2z,h—2) <0, VheC.
Lemma 2.4. ([30]) Let H be a real Hilbert space and O # C C H be closed and

convex. Let P : H — Q be the metric projection of H onto C. Let {1n}>2 4
be a sequence in C and let

[ont1 = 9| < [[eon = I
for all ¥y € C. Then, {Pcin}52, converges strongly.
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Lemma 2.5. ([24]) Let H be a real Hilbert space, § # C C H be closed and
convex and § : C — C be nonexpansive. Then,

1
(1) I-S%:C— H s 3" inverse strongly monotone; that is,

ST =)o~ (1= < (o~ h (1=~ (T-S)),  (2.1)

forall p,h e C

(2) In addition, if F(I) # 0, (i — ) is demiclosed; that is, for every
sequence {pn}o2  weakly convergent to p such that p, — Sp, — 0 as
n — 00, it follows that p € F ().

In [24], Osilike and Isogugu defined the averaged mapping s as follows

Ss=1=-0NI+6=1-6(1-15), (2.2)
where § € (0,1) and S is a nonexpansive mapping. Furthermore, Bryne [5]
and subsequently Moudafi [16] established some properties of the averaged
mappings; in particular, they proved that Sy is nonexpansive mapping. In this
paper, inspired by [3, 14], we introduce an averaged type mapping 33 at below
for nonlinear mapping S : C — C; we observe that F(J) = F(Ss) = F(S50).
Also, we observe that if & is an g-enriched nonspreading self-mapping of C and

F(3) # 0, then the averaged type mapping S is quasi-nonexpansive and as
a consequence, the set of fixed points of F(Js3) is closed and convex.

Lemma 2.6. ([1, 31]) Let {v,}72, be a sequence of non-negative real real
numbers validating the following inequality

VUn+1 < (1 - 7Tn)Vn + Tptin + 19117
where {1521 and {pn}5, are real sequences such that

o0

(i) {mn}o2, C[0,1] and > m, = o0;
=2

(i) Hmsup,, o fin <0 o1 > |pn] < 00;

~ n=0
(iii) Oy >0, 3 U < co.

n=0

Then, lim v, = 0.
n—oo

Finally, we state the following fundamental result proved by Mainge which
played a pivotal role in establishing the proof of our main results.

Lemma 2.7. ([28]) Let {v,}32 be a sequence of real numbers for which we
can find a subsequence {7V, }72 such that v, < Yg41 for all k € N. Consider
the sequence of integers {T(n)}°, given by

T = max{i <n:y < vit1}. (2.3)
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Then, {T(n)}>> is a nondecreasing sequence, for all n > ng, validating the

following requirements
Q) Jim 7(n) = oo;
(11) Yr(n) < Yeau(n) Vn > ng;
(iil) Y < Yr(n), YN = no.

Lemma 2.8. (Opial property [23]) Let H be a real Hilbert space. Suppose
on — w. Then the inequality below holds:

liminf [|p, — 7] > liminf o, —wl, VheH,h#w.

Lemma 2.9. ([14]) Let H be a real Hilbert space. Then, the following identity
holds.

200 — ¢,z —w) = [l —wl? + |6 — 2l = ¥ — 2| = ¢ —w|®
for all Y, ¢p,w,z € H.

3. RESULTS AND DISCUSSION

Throughout this section, H,C, F'(0) and F(S3) shall denote a real Hilbert
space, a nonempty closed and convex subset of H, the set of fixed point of
enriched nonexpansive mapping 0 and the set of fixed point of enriched non-
spreading mapping &, respectively.

In the sequel, we state the following definition.

Definition 3.1. ([13]) Let H be as described above. A mapping § with
dormain D(0) and range R(S) in H is known as o-enriched nonspreading
(0-ESNM, for short) in the sense Kurokawa and Takahashi if there exists
o € [0,00) such that for all (¢, ¢) € D(S), the inequality

2]lo (v — )+ —=S¢|* < [lo(¥—¢) + 3¢ —gl* +[lo (v — )+~ g% (3.1)

The following lemmas are some of the characterization of enriched non-
spreading mapping.

Lemma 3.2. Let H and C be as described above. Then a mapping S :C — C
s an o-enriched nonspreading if and only if

2]lo (¢ =)+ —=S9|* < [lo(¥—¢) +Sv—g|* +[lo (v —¢) +¥— 9> (3.2)
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Proof. We have that

2||o(y — ¢) + Sy — gl
<o —¢) +S¢ — ¢l + llo(v — ¢) + ¢ — S|
=[l[(c+ )¢ — (o + Y]+ (0 + 1) — d)|”
e+ 1Y — (0 + Y+ (0 + )¢ — (0 + 9o
= [l(o + )¢ = (0 + DY|> + 2(0 + 1){(0 + )¢ — (0 + )i, — ¢)
+ (0 + D?[[Y = > + I(o + 1)y — (0 + )2
+2((c+ 1) — (0 + )Y, (0 + )Y — (0 + I) )
+ (0 + )¢ — (0 + )9

if and only if
2)lo(¥ — ¢) + 3 — I9|* < (0 + 1) v — o|* + 2] ) — ¥
+20+1)(SY =, ¢ —¢)
+2( =39, (0 + )¢ — (0 +3)9)
+ (o + )¢ = (0 + )¢l

if and only if
2]l0 (v —¢) + ¢ = S¢|” < (0 + D2l — o[> +2(9) — v ?
+ (o + ) — (0 + gl
—2(¢ = S, (¥ = SY) — (v — 59))

if and only if

[

lo(¥ — ) + Sp — S| < (0 + 1) — |I” + 2(xp — S¢b, ¢ — ).

This completes the proof. ]

1
Now, by setting o = 5 1, for some S € (0, 1], we obtain from (3.2) that

lo( = ¢) + S = S6|1* < (0 + 1%l — 6]1* + 2> — v, 6 — F9)



682 I. K. Agwu, G. A. Okeke, H. O. Olaoluwa and J. K. Kim

if and only if

|(G-1)@-ar+s0-34 <5

@Hw —¢)? +2(¥ — S, ¢ — )

if and only if

1B(¢ — ¢) + B — BSo|” < [lv — ¢l1> +2(xp — [(1 — B)v
+ B3], ¢ — [(1— B)¢ + BS¢)). (3.3)

Remark 3.3. Observe that if ¢ = 0 in (3.2) (or 8 = 1 (3.3)), we obtain
an important class nonspreading mappings studied in [13]. Again, if we take
S = (I — B)I + BS, then (3.3) reduces to

IS = Spoll? < v — 9lI” + 200 — Spv, ¢ — Sp9). (3.4)

Therefore, the averaged operator 33 is a nonspreading mapping whenever
is an genriched nonspreading mapping.

Remark 3.4. Any nonspreading mapping < validating (3.1) with o = 0 is
known as 0-enriched nonspreading.

Lemma 3.5. Let H and C be as described above and let & : C — C be an
o-enriched nonspreading mapping. Then, F(S3) is closed and convez.

Proof. Let {¢,}22 be a sequence in F(S) which converges to ¢. We want to
show that ¢ € F(3). Now, since

1850 — ol = BlIS¢ — 4
< BISY = S¢nll + Bllvon — 9|l
= Bllo(¥ —vn) + St — Sthp — o (¥ — Ul + Bllvon — ¥
< Bllo( —¥n) + ¢ — S| + Blo + D[vn — 9| (3.5)
and since & is an g-enriched nonspreading mapping, we have
lo (¥ = 1) + S — Sea||® < (0 + 1) [[ebn — 9|
+2(¥ — S, ¥ — Shy)
= (0 +1)?||vbn — ¥[I%. (3.6)
(3.5) and (3.6) imply that
0<Sv—=9[l(e+1)lltn =9 =0 as n— oo (3.7)
Hence, ¢ € F(S).
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Next, let 91,92 € F(3) and A € [0, 1]. We prove that AJ1+(1-\)J2 € F(S).
Let ¢ = A1+ (1=A)d2. Then, 91 —1h = (1—X) (91 —03) and F—1p = A(Fo—01 ).
Since

B2y — 9|2
= [lv — Sp9||?
= [[Mh + (1 = Az — Syp|?
= [IA(W1 = Sp0) + (1 = A) (92 — )|
= M1 = Sppl|? + (1= N)[[92 — S| = ML= N)[[91 — D2
= (1 = B9 + BS91 — [(1 = B)Y + B3|
+ (1= N1 = B)d2 + SV — [(1 = B)eb + B3]
— A1 = N\)[[91 — 9| ?
= A1 = B)(W1 — ) + B(SV1 — S9)||?
+ (1 =N = B)(W2 — ) + B(SV2 — S9) |7
— A1 = )| — 0|

— o pellot = ) + 90 - P

+ pgEllot02 = )+ 30 = SV A1 = W01~ vaf?
< (0:1)2[(0 + 12|91 — || + 2(91 — 1,1 — )]

+ (;;5\)2[(0 +1)2||99 — o||* + 2(92 — S92, 9 — I9))

— AL = N[0 = |
= N[O1 = 9| + (1= N[z = 9[> = A1 = N)[[91 — 02
= A1 = N)[1 =X+ N[[91 — 9a||2 = A1 — N)[[91 — P2|?,
it follows that
B21Sy — 9> < 0.
Therefore, » = I implies that ¢ € F(S) as required result. O

Proposition 3.6. Let H be a real Hilbert space, D #C C H and S : C — C
be an o-enriched nonspreading mapping. Then, (I — ) is demiclosed at 0.

Proof. Let {1,}5°, be a sequence in §2 which converges weakly to ¥ and
{tn, — S }0°, converges strongly to 0. We want to show that ¥ € F(S).
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Now, since {1, }52, converges weakly, it is bounded.
For each ¢ € H, define f : H — [0,00) by

f() = limsup |1, — |

n—o0

Then, using Lemma 2.1 (iv), we get
J () = limsup [l =9I + 19 = vl Vo € H.

As consequence,
F@) =)+ 10— l?, YpeH
and
F(Sp) = f0) + 19 = Sp0)?
_ 1 _Cx9l12
= f(v) + o+ 1)2||19 9|4, Yy € H. (3.8)
Observe that

F(3p) = lim sup [, — S0
= limsup |[¢n, — Spton + Spthn — Spv|?
= limsup ||¢n, — [(1 = B)n + BSYn] + (1 — B)hy

+ By, — [(1— B0 + BIY]|?
= limsup | (¢ = ) + (1= B)(¢hn — 9) + (S — 39)|?

o 1 2
— 1s - _ e _ Cx
= hzn_)sol(l)p Ha+ 1(% ) + p— 1(\91% \sﬁ)H
- (Hll)Q timsup o (4 = 9) + S — S0
1
< ——— limsup[(o + 1)?||thn — O|* + 2(thn — Sthn, I — SV))]
(O'+ 1) n—oo
= limsup [y, — 9[* = f(9). (3.9)

(3.8) and (3.9) imply
|9 — || <0,
so that ¥ € F(S) as required. O

Proposition 3.7. Let H be a real Hilbert space, ) #C C H and S : C — C be
an o-enriched nonspreading mapping such that F(¥) # 0. Then, the averaged
type operator

S =1 6(1 — 35) = (1 - 6)I +3[(1 — §) + B3]
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1S quasi-nonexpansive mapping, where I is the identity mapping.

Proof. Set Sg = (1 — ) + B so that by Lemma 2.1(iii), we have

18551 — Sapol” = [|(1 = 6) (¢ — @) + 6(Spp — S9)|1?
= (1=08)lv — ol* + 6l — ¢l
—5(1 = 0)|I( = Spv) — (& — Sp0)|I?
= (1=0)|l —¢l* + 61 = B) (¢ — ¢) + Y — IB9|?
—6(1=8)(¢ — Spv) — (¢ — Sp9)|1?

= (1= )= 0IF + gyl = )+ S = S0P
- S %u - (0 - S0P

= (L= 0)llY — ol + qpzllot — @) + 3w — S|
- S - - - 39)?

< (=) - o)
+ oapyello + DP9 = ol + 20 — 36,6 - 39)
- %u - (0 - So)P

= (1= )= 0IF + gy = 36~ 30
- S - 30 - (6= 3P (3.10)

Since

(Y —Sspb, ¢ — Sepp) = (¥ — [60 + (1 — 0)S¢], ¢ — [06 + (1 — §)Ip9])
= (1= 06)*(¢Spt, ¢ — Sp0)

and

(Y —Sprh, ¢ — Spg) = (¥ — [(1 = B)y + BS], ¢ — [(1 = B)p + BI9])
= B — S, ¢ — S9),
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it follows that
1
_ox A — -
(0 +1)?

- (1—10)2 (¥ —Sopt, & — Sspd)- (3.11)

(Y — s, ¢ — Ss30)

(3.10) and (3.11) imply
19559 — Sapol® < Il — o)1 + =9 5) (VSsp1, & — Sopd). (3.12)

In particular, choosing ¢ = 1, where ¥ € F(SQ) = F(Sg) = F(S5), we get
18580 = Sepoll < [lvb — ¢l (3.13)

as required result. O

Lemma 3.8. Let H and C be as described above. Let S : C — C be an
o-enriched nonspreading and let

A=(c+1)I - (c+9).
Then,

| AY — A9 < (o + 1)(¢ — ¢, A — Ag) + %(HMH2 + [l A40]%)
for all v, ¢ € C.
Proof. Put A= (0 + 1) — (0 + ). Then, for any 1, ¢ € C, we obtain
| AY — Ag|]* = (Ap — Ao, Ay — Ag)
=0+ D)) —¢) — (0 + )Y — (0 + 3)¢], A — Ad)

= (0 +1){¥ — ¢, AY — Ag)
— (0 +9)Y — (0 + )¢, Ay — Ad). (3.14)

Also, from Lemma 2.9, we obtain

2((0 + )Y = (0 + )¢, Ay — Ad)
=2((0+ )¢ — (0 + )9, (0 + DY = ¢) = (0 + )¢
— (0 +3)9)
=2((0+ )Y — (0 + )9, (0 + D) — (0 + 1)¢)

—|lo(¥ — ¢) + S — S|
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> (0 + )¢ = (0 + 1|1 + [[(o + )¢ — (o + 1)¢|?
— (o + )¢ — (o + 1)Y[]> = [[(0 + )¢ — (0 + 1)g|?
—[le+ ) — (e + Do|> + (o + 1)y — (0 + )]
=[l(c+ )¢ — (0 +1)o)* + (o + )¢ — (0 + D)¢|?
(6 + )¢ — (o + 1)Y[]> = [[(0 + )¢ — (0 + 1)g|?
— (e + )% = (e + 1)l + || = [(o + )¢ — (o + 1)¢]||’]
= l(o+ )% = (@ +Dol* + (0 + )¢ — (0 + Dy
(o + ) = (@ + )3l = (0 + )¢ — (0 + 1|
— (e + )% = (0 + )| + [|(0 + )¢ — (o + 1)y|’]
=~ = (e + 1)y — (o +)Y]|?
— = [(o+1)¢ — (0 +)¢]|?
= —[(c+1)¢ = (o + [ = (0 + 1) — (o + I)g|?
= — | Ay|* — || Ag|.

So, we obtain

Iy — A% < (0 + 1)(¢ — &, Ay — Ad) + (IIA¢II2+IIA¢>H2)-

This completes the proof. O
1
Example 3.9. Let X =R and C = {f

1
2,k},where§ < k < 1. For each ¢ € C,
let & : C — C be defined by

k
Seh) = _
Then, & is an enriched nonspreading mapping. To see this, observe that since
k k 2
— S — |2 = — — ) — —
o(6 = 6) + S0 — 9l \ow 0)+ - (k=) — 5 (k=)
= |ow -

= (o~ % )w o1,

1<2k1/}—¢—k2+kw,2k¢—¢—k2+k¢)

—((38k — 1)) — k%, (3k — 1) — k?) > 0
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and

k
(0= 55 1= 9 < (o + 17 — 0P,

it follows that
(0 + 1% — 0> + 20 — S, & = 3¢) > |o(¢) — ¢) + ¢ — S,
which in turn satisfies condition (3.2).
k 1
Now, by noticing that %1 > 1, %1 > 1, that is, k < 1, we have, for
any 1,9 € C and o = 0, that
lo(¥ = ¢) + Y =S¢l =

Thus, & is not L-Lipschitzian with L = 1.

CrDR o1 > - ol

Example 3.10. Let B,{¢) € H : [|¢|| < p} for p > 0 and C = By C H and
define a mapping &: C — C by

%w _ 1/}7 1/) € BQ
PB1¢7 Tﬂ € \B27

where P4 is a metric projection of H onto A. Then, & is an enriched non-
spreading mappings which does not admit continuity. Obviously, F(J) = Bs.

Let ¢, ¢ € C. It suffices to check the case 1) € C\ Ba,¢ € Bs. Now, since
Pp, is nonexpansive (and hence 0-enriched nonexpansive) and ¢ — ¢ = 0, it
follows that

lo(w — ) + S =S¢ = o (b — ¢) + Pp, v — o
= [lo(v — ¢) + Ps,v — Py, ¢||”
< (0+)?y — ¢l
= (o)l — ¢lI* + 2(¢ — S, 6 — I9).
Therefore, & is an enriched nonspreading mapping. Clearly, & is not continu-

1
ous. In fact, for 19 € 9By, ¢g € IC, consider 1, = (1 — E)gbo + ﬁwo € C for

each > 1. Then, 1, — ¥y but ¢, = Pp, ¥, - g because || Pp, 1, = 1 and
[[%oll = 2.

Remark 3.11. Note that & is not continuous in the last example. Hence, $ is
not uniformly continuous. In other words, the class of enriched nonspreading
mappings is generally not Lipschitzian.

The following examples demonstrates the fact that the class of enriched
nonexpansive and the class enriched nonspreading mappings are independent.
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1

Example 3.12. Let RD> C = [5, 2} be endowed with the usual norm and let
1

S : C —> C be define by S = v for all ¢ € C. Then,

is not nonexpansive,

F(3) = {1},
is not i—enriched nonspreading.
To validate (i)-(iv),
(i) assume  is nonexpansive. Then, by the definition of nonexpansive
mapping, we should have

F i

~ 3 . .

Q' is a —-enriched nonexpansive,
S i

90 - 90l = [2F| <l -l wwoec

1
which, when 9 = 5 and ¢ = 1, yields a contradiction.
(ii) for all Vi, ¢ € C,

o= 6) + 3% = 39| = [o(w = ) + - — 5]

6=
= [otw—6)+ "7

= (7= g)lw ol

3
Observe that for any o > 2 the last identity becomes
lo( —¢) + 3P —J¢| = (e + [ — |, VY, €C,

3
and as such validates our conclusion that & is a i—enriched nonexpan-
sive
(iii) F() = {1} is not difficult to see.
(iv) since every o-enriched nonexpansive mapping satisfies o-enriched Lip-
schitz condition (see, for instance, [26])

lo(¥ = @) + 3¢ =S¢l = (o +1)L[[Y —¢ll, Vi, €C,
where L is the Lipschitz constant, and since every c-enriched non-
spreading mapping is generally not Lipschitzian, it follows from (ii)
that & is not an o-enriched nonspreading mapping.
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Example 3.13. Let X = R denote the set of real numbers with the usual
norm. For each ¢ € R, let the mapping & be given by

o )0, if e (—o0,2]
Sy = {1, if e (2,00).
Then, for all ¥, ¢ € (—00,2] and for all o € [0, 00), we have
(0 + 129 — o> + 20 — S, ¢ — I¢) = (6” +20 + 1)|¢) — ¢f* + 200
= (0% +20)[¢) — ¢ +9* + ¢
> 0’|y — ¢f
= lo(¢ — ¢) + 3¢ — S,
Also, for all ¥, ¢ € (2,00) and for all o € [0,00), we have
(0 + 1% = o> + 20 — S, ¢ = I¢) = (0 + 1)°[pp — ¢ +2(v — 1)(¢ — 1)
> % — ¢f
= lo(¢ — ¢) + ¢ — Sg*.
Finally, if ¢ € (—00,2] and ¢ € (2,00), then for all o € [0, 00), we get
(0 + 12 = o> + 20 — S, ¢ = S¢) = (0 +20)|¢) — §* + 4% + ¢* — 2
> |o( — ¢) — 1
=lo(¥ — ) + 3¢ — S¢|”.
Thus, for all ¥, ¢ € X for all for all o € [0, 00), we obtain
lo(% = ¢) + S0 = S¢I” < (0 +1)°[ = ¢” + 2(¢ = 39,6 — I9).

Hence, & is o-enriched nonspreading. Since every o-enriched nonexpansive
mapping & must satisfy o-enriched Lipschitz condition (see, for instance, [26])

lo(¥ = ¢) +S¢ =S¢l = (o + 1)Ll —ll, V¢, é€C,

where L is the Lipschitz constant, it is not difficult to see that & is not o-
enriched nonexpansive mapping.

The next example shows that an o-enriched nonspreading mapping needs
not be nonspreading so that the class of o-enriched nonspreading mappings
properly contains the class of nonspreading mappings.

Example 3.14. Let R denote the reals with the usual norm and suppose the
mapping & : R — R is given by

Sep = 1.
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Then, it is an o-enriched nonspreading mapping. Indeed, for all ¢, ¢ € R with
(= ¢) + 3P = So° = (0 -1)%]Y —of
and
(0 + 1[0 = o +2( = S, 6 — I9) = (0 + 1)*[ — 6> + 2(20), 20)
= (0 + 1%y — ¢I” + 899,
there exists an o € [1,00) such that

lo(¥ = ¢) + S = I¢|* < (0 +1)*9) — O + 2(¢) — I, & — I9).
However, & is not nonspreading, for if ¢ # 0 and ¢ = —1, then

Sp — S| = 4¢® > —4? = |¢p — ¢* + 2(¢p) — Y, ¢ — F9).

Remark 3.15. If F(J) # 0 in (3.2), then we obtain a class of mapping called
o-enriched quasi-nonexpansive mappings. The example below shows that this
class of mappings properly contains the classes of o-enriched nonspreading
mappings and o-enriched nonexpansive mappings.

Example 3.16. Let R denotes the reals and R D C = [—m, 7r|. Let a mapping
& : C — C be given by

S0 = peos(¥), Y eC.
Observe that F(3){0}. Also, for all ¢ € C,

lo(¥ = 0) + S — 0] = |09 + ¢ cos(¥)]
< ol| + |y cos(y)]
< olyp| + |¢]
=(oc+ 1)y —0].

Hence, $ is an g-enriched quasi-nonexpansive mapping. However, & is neither
o-enriched nonspreading mappings nor g-enriched nonexpansive mappings. To

see this, take ¥ = 7 and ¢ = g Then,

o(1h — ¢) + Sp — S| =

e
2
> i(a +1)%2x2 — 27
= (0 + 1% — 6" + 20 — 3¢, ¢ — I9)

2 1
- 7T‘ = Z(O’ + 1)2x?

2
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00— 6) + S0 — 39| = (o + 2)7n

1
> 5(0 + )w

=@+ 1))y -9l

Therefore, & is neither g-enriched nonspreading mappings nor o-enriched non-
expansive mappings, respectively.

Lemma 3.17. Let H be a real Hilbert space, ) # C C H,u € C fized, S an
o-enriched nonspreading mapping from C into itself and 0 an o-enriched non-
expansive mapping such that F () N F(0) # 0. Consider a bounded sequence

{(bn}?zozl . Then7

(1)

if ||¢n, — Odn|| — 0 as n — oo, then

lim sup(u — 9, ¢, — ¥) <0, (3.15)

n—oo

where ¥ € Pryu is the unique fized point in F (0 that satisfies the
variational inequality

(u—10,9—1) <0, V¢ e F(D). (3.16)
if |on — Son|| — 0 as n — oo, then

lim sup(u — 9, ¢, — ) <0, (3.17)

n—0o0

where ¥ € Pp(gyu is the unique fized point in F () that satisfies the
variational inequality

(u—v,¢9—9) <0, Y¢eF(Q). (3.18)
if [|¢n — O0dn|| — 0 as n — oo and ||¢pn, — SPp|| — 0 as n — oo, then

lim sup(u — Vg, ¢, — ¥9) <0, (3.19)

n—o0

where Yo € Pp)nps)u is the unique fized point in F () that satisfies
the variational inequality

<u — o, — ’l9()> <0, Wye F(%) (3.20)

Proof. (1) Let ¥ satisfy (3.16). Let {¢,, }32; be a subsequence of {¢,,}52; such
that ¢,, — v as k — oo (this is possible by the boundedness of {¢,}>2 ).
Applying the hypothesis ||¢, —0d,| — 0 as n — oo, and by the demiclosedness
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of I — 0 at 0, we obtain that v € F/(0) and
limsup(u — 9, ¢, — ) = klim (u—"1,¢n, — V)
—00

n—oo
=(u—19,v—1)
<0.

(2) The proof is the same as in (1) since & is demiclosed at 0.
(3) {#n, }72 be asubsequence of {¢,, }52; such that ¢, — w ask — co. Then,
by the demiclosedness of I — @ and I — < at 0, and applying the hypotheses
|pn — Opp|| — 0 as n — oo and ||¢p, — Sép| — 0 as n — oo, we get that
w e F(0)NF(3). So,
lim Sup<u — 190, gf)n — 190> = lim <u — 190, ¢nk — 190>
n—00 k—o0
= <’LL—190,(U —190>
<0.
O

Lemma 3.18. Let u € C be an anchor and {1, }32 be the sequence given by

Vnt1 = ot + (1 — pn) Znthn, (3.21)
where Zy, = pndsg + (1 — 1,)S58. Then,

(1) Z, is quasi-nonezpansive for all n € N.

(2) {¢n ?f:p {6¢n ;L.o:p {%¢n %O:p {551/’71 ;L’OII’ {%B@Z)n}%ozlv {655¢n}%o:1v

{Ssptntney and {Z, )52, are bounded sequences.

Proof. Since S5 and 053 are quasi-nonexpansive, it follows that Z,, is quasi-
nonexpansive giving the fact convex combination quasi-nonexpansive map-
pings is quasi-nonexpansive. The boundedness of {,}2° follows directly
from the nonexpansivity of Zn. Indeed, let ¥ € F(0) N F(3). Then, from
(3.21), we have

[bn1 = 9| = llpn(u —9) + (1 — pn)(Zntbn — D)
< pullu = I + (1 — pn) | Znibn — I
< onllu =9 + (1 = pn)lltn — I (3.22)
Using the fact that
[¢1 = I = max{[ju = 9|, [[¥1 — 2|},
and, by induction,

[[n = | = max{{lu — 9, [ — I},
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it follows from (3.22) that
[nt1 = Ol < pnllu = O + (1 = pn) max{fu = II], [¥r — I}

max{||lu — I, 1 = I} + (1 = pn) max{[ju = I, |1 — I}
= max{|ju — |, [[¢r — I}

IN

Consequently, {¢,}22 is bounded. The boundedness of the rest of the se-

quences [{0¢n 72 1, {S¥n b2y, {08 121, {SsUn 121 {0650 ntrs {Sspthn it
and {Z,}>2,] follows directly from the boundedness of {¢,,}>°; and by the
quasi-nonexpansivity of involved mappings. O

Now, we establish our strong convergence theorem.

Theorem 3.19. Let H be a real Hilbert space and let ) # C be closed and
convex. Let & : C — C be og-enriched nonspreading mapping and S : C — C
be o-enriched nonexpansive mapping such that F () N F(0) # 0. Let Ysp
and 053 be averaged type mappings, where Ssp = (1 —0) 4+ 6Sp and 058 =
(1 —9)+ 005. Suppose that {pn}o, is a real sequence in (0,1) satisfying

0 Iepn =0,

(ii) § Pn = 00.

n=1

Let {110, }52 1 be a sequence in [0, 1] and define the sequence {1} as follows
wn-i-l = Pnpu + (1 - pn)[uni‘j(wﬂ)n + (1 — Mn)%66¢n]- (323)
Then, the following results hold:
(1) If >° (1 — pn) < oo, then {Yn}p2, converges strongly to ¥ = Ppg)u
n=1

which is the unique solution in F(0) of the variational inequality (u —
Y, —49) <0 for all p € F(O).
(2) If > pn < 00, then {1, }52 converges strongly to ¥ = Pr(gyu which is
n=1
the unique solution in F () of the variational inequality (u—1, 1 —19) <
0 for all Y € F(S).
(3) If lirr_1>inf,un(1 — tn) > 0, then {1, }5°, converges strongly to ¥y =

Pp(g)nr(s)u which is the unique solution in F'(0) N F(J) of the varia-

tional inequality (u — Yo, — Yo) <0 for allh € F(3) N F(I).

Proof. (1) Set Qn = (1 — pn)(Sss¢n + 0581n) so that (3.23) becomes
¢n+l = pnu + (1 - @n)aﬁﬂwn + (1 - Mn)Qna (3'24)
where @, is bounded, that is, ||@Q,|| < O(1). Firstly, we prove that ILm ||t —
0s53¢n|| = 0. Let ¥ € F(0) = F(0g) = F(053) be the unique solution in F'(9)
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of the variational inequality
(u—1v,¢ =) <0. (3.25)
Then, we get from (3.24) that

[¢n41 — 19”2 = [lpnu + (1 — pn)0s50n + (1 — 1) Qn — 79H2
= [[[(1 = n) (OspYn — ¥n) + 15 — V]
+ [pn(u —¥n) + (1 - Mn)Qn]HQ
The last identity together with Lemma 2.1 gives
[thn+1 — 79“2 < (1 = 9n)dB(0%n — Pn) + 1 — 79H2

+ 2{(pn(u — ¥n) + (1 — fin) Qns Ynt1 — )

< (1 = 9n)dB(0%n — Pn) + b — 19"2
+ 20n((u — n), Y1 — I) + 2(1 = pn)(Qns Ynt1 — V)

< (1 - @n)deﬂZH&pn - %Hz + Hf‘/}n - 79"2
= 2(1 = pn)0B(Yn — U, — Op)
+ 20nllu = Pulllltbnr = O+ 2(1 = pa) | Qnlll[nr1 — 2|

<(1- @n)252ﬂ2"6¢n - wnH2 + 19on — 19"2
—2(1 = pn)6B(¢n — 9, (I = 0)¢pn — (I — 0)7)
+ 2pnllu = Unll[[ont1 — I
+2(1 = ) |Qnll[¢on41 — ||

< [t = 91> + (1 = 9n)?6° B[00 — nl|?
— (1 = pn)dBII(I = B)tpn — (I —0)J||
+ 9nO(1) + (1 = 1n)O(1)

= 9 =9I + (1 = pn)dB[1 — (1 = a)B10¢n — vu1?
+ nO(1) + (1 — py)O(1). (3.26)

and from which we obtained
0 < (1—pn)dB[1 = (1 — pn)dB]||0¢y, — %HQ
< (= 01 — s — 012 + 90O() + (1 — )01, (3:27)

In view of the fact that the sequence {||1, —9||}5; is monotone, we consider
the following two cases:
Case 1: {||¢, — 9|}, is monotonically non-increasing.

In fact, since {||¢)n, —9||}72; is monotonically non-increasing, nh_)rrolo |1, — V]

oo
exists. Using the fact that li_>m pn =0and > (1 — u,) < oo, we obtain from
n—oo

n=1
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(3.27) that
0< limsup[(l - @n)(sﬁ[l - (1 - pn)(Sﬁ}”EMﬁn - ¢n”2]
n—oo

< lirrasogp(llwn — |7 = [[$ns1 = 9)* + 9,0(1) + (1 = 1) O(1))

= 0. (3.28)
Hence,
lim sup|[3¢n — || =0 (3:29)
and
Tim [ — Dggtn | = 66 lim [ — Tt = 0. (3.30)
It therefore follows from Lemma 3.17 that
linﬁup(u — 9,1, — 1) <0. (3.31)

Finally, we show that {1,,}5%, converges strongly to ¥. Now, from (3.24) and
Lemma 2.1, we get

1 = I = lpn(u —0) + (1 = 9n) (Bs5¢n —0) + (1 = 1) Qn?
< llpn(u—0) + (1 = 9n) [@s5%n = N> + 2(1 = 1) (Qn, Ynt1)
< pnllu =01 + (1 = pn)?|[0559n — II*Ds50n — )
+ 200 (1 — pp){u— 39, +(1 — up)O(1). (3.32)
Since 0 is o-enriched nonexpansive, it follows from
1855¢n — Il = [|(1 = 6) (b — V) + 6(Dp¢pn — V)|
< (1= 0)llvn = O +60[[(1 = B)¢pn + S0Py — V|

= (1_5)“1/}71_79” + Ha(wn_ﬁ)"i_ﬁwn_@‘?”

c+1
< (1= 0)|[thn =9 +
= ”wn - 19”7

[0+ Dl¢pn =9}

c+1

0s5ptn — V¥ = (1 — )1y, + 608, — 0
= (1 - 5)1/}71 + 5[(1 - 6)1/}71 + 661/}71] -4
= % — 0+ 55(5% - wn)

1)
= n _"9+o_7_|_1(6¢n_¢n)

and (3.32) that
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lnss =912 < (1= pu)2llion — ]2 + £20(1)
+ 200 (1 )=, =0+~ (Bba =) + (1) O(1)
< (1= gn)? [ — DI + G2O(1) + 20n(1 — ) (e — 0, o — 0)

n —¥n 6
g 2ol g, — i)+ (1 m)O()
< (1 - pn)2H¢n - 79“2 + piO(l) + 2@n(1 - pn)<u - 197 wn - 79>
+ pno(l)“6¢n - %H + (1 - Un)O(l) (3'33)

If we set &, = pn)O(1)+)O(1)[|0¢y, — Yn|| + 20n(1 — @n)){u — 9,1, — ¥) and
©n = (1 = py,))O(1), then we obtain from (3.33) that

Hwn—I—l - 79H2 S (1 - @n)2‘|¢n - 79H2 + @nfn + ©n- (3'34)

oo oo

Thus, from assumptions »_ (1 — pu,) < oo and > py, < 0o, and from the fact
n=1 n=1

that lim sup(d — 9,1, — ) > 0, we obtain Lemma 2.6.

n—oo

Case 2: We can find a subsequence {1, }?°, such that
Hwnk - 19” < Hwnk—i—l - 79”7 Vk € N. (3.35)

Then, by Lemma 2.7, we can find a sequence {7(n)}"2 that satisfies the
following requirements:
Requirement (Z)

(i) {7(n)}5>, is s nondecreasing;;

(ii) ILm 7(n) = oo;
(111) Hwﬂ'(n) - 19” < ||1/)T(n+1) - 0”7 Vn > no;
(V) [¥on =9l < ¥r@sry =9I, Vn = no.

As a consequence, and following the o-enriched nonexpansivity of 9, we have
0 < liminf([r (n + 1) = 9] ~ 46, — V)
< 1im_>sup(\|¢7(n+1> = = [[¥rm) =9I
= 1iHl_>Sllp[H@T(n)(u — 058%r(n)) + 068%r(n) — U + (1 = Lr(n)) Qrw) |

— 17y — 9]
< 1iII;SUP[@T(n) |u — 05507yl + 1058%r(my — Ol + (1 = pr () [1Qr ()

- ||w7'(n) - Q9”]
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< limsup[p-(n) | — 0550y || + (1 = ) [[907 () — V|

n—00
1)
ﬁ“a(wﬂ'(n) - 19) + 6w7(n) - 819”
< hHl_)SUp[[{JT(n)HU - 655¢T(n)” + war(n) - 19” + (1 - /’LT(’VL))HQT(H)H
— |7y — 9] = 0, (3.36)
so that
T (brgus1) — O — [y — 1) = 0. (3.37)
Since from (3. 27)
< (||¢T(n) —9I|* ~ H%Z)T yi1—011%)
+ @T(n)O(l) + ( - /LT(n))O(l)v

it follows from (3.37), Z (1 = pir(n)) < o0 and li_>m ©r(n) = 0 that

n=1
By Lemma 3.17, we get
lim sup(u — ¥, ¥,y — ) = 0. (3.39)
n—oo

Finally, we prove that {1, }>2; converges strongly to . Following the same
approach as in Case 1, we obtain

Tim [ty — 0] = 0
and from Requirement Z(iv) and (3.37), we reach the conclusion that

Tim [, — 9] = 0. (3.40)
(2) Now, we rewrite (3.23) in the form

Ynt1 = @nu + (1 - @n)%&@d)n + i Qn, (3'41)
where @, = (1 — pn)(0580n — Ssptn) is bounded, that is, [|Q,| < O(1).
Firstly, we show that lim ||, — Ss1n| = 0.
n—oo

Let ¥ € F(0) = F(93) = F(9s3) be the unique solution in F(J) of the
variational inequality
(u—1,¢% =) <0. (3.42)
Then, we get from (3.41) that
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Int1 = 91% = llpnt + (1 = pn)Sss¢n + 1nQn — I
= 111 = on) (Ss5tn = ¥n) + ¥ — 9] + [on(u = ¥n) + HnQn] ||

From the last identity (together with Lemma 2.1), we obtain

[n 41 = OI* <111 = 9n)6B(SYn — tn) + 1o — I|°
+ 2(pn(u — ¥n) + unQn, Yny1 — V)
<1 = pn)dB(SYn — Pn) + tn — 19”2
+ 200 ((u — ¥n), Y1 — V) + 200 (Qn, Yni1 — V)
<(1- @n)25262”%¢n - ¢nH2 + [|9on — 19”2
—2(1 = pn)0B(Yn — 0,0 — Stn) + 9,O0(1) + 1, O(1).
(3.43)

Since ¥ € F(0) = F(03) implies that
¥ = QY = Y,
which further implies that
0=(c+1)J—(c+ ),
it follows from (3.43) and lemma 3.8 that

[—l
2(1 — ©,)0 1
< (1= 9n)22 B82S — U2 + [ — )2 = ilﬂg+>

X (=0, (0 + D)n — (0 + I)Pn — [(0 + 1) — (0 + 3)0])
+ 9nO(1) + pnO(1)
(1 B @n)éﬁ

2
<1 _pn)262/82”%¢n_1/}n”2+ H%-WP - o+ 1

X {H(U + )¢ — (0 + ) — [(0 + )0 — (0 + 3)0]|”

- %[II(U + 1)tbn — (0 + )4nl*[|(o + 19 — (0 + 9)19H2]}

+ pnO(l) + Mno(l)
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= [[n = 9% + (1 = n)*82 8% [ Sn — vul

Oy P + 9 0(1) + 001
= lon =912 = L2 (1= 93500+ Dl ~ Sl
+ 9aO0() + pnO(L). (3.44)
Hence,
0< E 200 (1 60560 + Dl — Sl
< (o =917~ [ta = 91) + 9nO(1) + (1= p)O(1). (349

Again, we consider the monotony of the sequence {||¢, — ¥|/}°2; in the fol-
lowing two cases:

Case 1: {||¢o,, — 9| }22 is monotonically non-increasing. Since {||1, — 9| }22
is monotonically non-increasing, lim ||¢, — 9| exists. Using the fact that
n—oo

[e.e]
h_)m on=0and > (1 — p,) < oo, we obtain from (3.27) that
n o

n=1

1- n
n—o00 oc+1

[1— (1= pn)dB(o + )]llvon — Stnl|?

< timsup((ln = 9] = 1 = 912 + 9,0() + (1= )O(1) = 0

and as a consequence

lim sup [, — Stn | = 0 (3.46)
Nn—00
and
71151010”1#” - 3661%“ = 5ﬁnhﬁnolo‘|wn - C\\ﬂ/}nH =0. (347)

It therefore follows from Lemma 3.17 that

limsup(u — 9, ¢, — ) <0. (3.48)

n—oo

Finally, we show that {i,}° converges strongly to ¥. Now, from (3.41)
and Lemma 2.1, we get
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41 =011 = llpn(u —0) + (1 = pn)(Ssptn — 9) + i Qul®
< llpn(u—0) + (1 = n)(Ss5%n — DI* + 20(Qns Pt1)
< pnllu =911 + (1 = pn)?[|Ssptn — 0|
+ 2pn(1 — @n){u — 9, SspWn — V) + 1, O(1)

< ppllu =917 + (1 = pn)? 18550 — IN*Sspn — vn)+
+ 20n(u — 0, S5ptn — ¥n) + 20n(u = U, ¢n — 9) + 1, O(1)
< (1= pa)[¥n = III* + 9 0(1) + 9nO(1) St — ¥nl|
+ 20n(1 = pn)(u =9, ¥ — 9) + pa O(1) (3.49)
Set &, = @n0(1)+)0(1)||%¢n - wnH + 2@n(1 - @n))<u — U, Yn — "9> and Pn =
pn,O(1), then (3.49) becomes

e =917 < (1= pn)lltn = II° + pnén + @n- (3.50)

o0 [e.e]
Thus, from assumptions Y u, < co and > p, = 0o, and from the fact that
n=1 n=1
lim sup(¢ — ¥, ¢, —¥) > 0, we can employ Lemma 2.6 and obtain the required
n—oo
result.

Case 2: We can find a subsequence {1, }32; such that
[4ny, = Ol < g1 =9, Yk €N (3.51)

Then, by Lemma 2.7, we can find a sequence {7(n)}"2, that satisfies the
following requirements:
Requirement (Z)

(i) {r(n)}>2, is s nondecreasing;

(ii) h_)m T(n) = oo;

(lll) war(n) - ﬁ” < ||w7'(n+1) - 79”? Vn = no;

(i) [[¢n =9l < [¥r@ut1y =9I, Yn = no.
Consequently,

0 < liminf([ (n + 1) 9] = 46, — V)

< li7r1n_>S£P(H¢T(n+1) = = [ty — 9

< lim sup(fjson 1 — Ol = [|von — 1))

= liisolip[llpn(u — S6ptn) + Sstn — O + pnQnll — llton — V]

< 11}}_}8;11)[%”“ = Soptnll + ISepthn — V|| + pnl|Qnl| — 1t — V]

< limsup[pnO(1) + [[n = Ol + pn[|@nll — l[¢bn — [|] = 0.

n—oo
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Therefore,
Since from (3.45),

1- T(n 6ﬁ
(;p_'_(l))[l - (1 - K)T(n))éﬁ]HwT(n) - %wT(n)HQ

< (||¢T(n) - 79”2 - HwT(n)—H - 19"2) + @T(n)o(l) + /"[’T(H)O(]‘)a

0<

it follows from (3.52), > ptr(n) < 0o and li_)ln ©r(n) = 0 that
nel n—oo

nlgglouw‘r(n) - %d}‘r(n)u =0. (3'53)
By Lemma 3.17, we get
lim sup(u — 9, ¢7(n) — ¥) = 0. (3.54)
n—oo

Finally, we prove that {1, }°2, converges strongly to 9.
Following the same approach as in Case 1, we obtain

Jim |4y = I = 0
and from Requirement Z(iv) and (3.53), we conclude that

Tim [, — 9] = 0. (3.55)
(3) Set Zp = pn058%n + (1 — 1r) 581 so that (3.23) becomes

Ynt1 = ot + (1 — pn) Zy. (3.56)

Firstly, we prove that lim ¢, — Z,| = 0.
n—oo
Let 99 € F(0) N F(S) be the unique solution of the variational inequality

(u—"1o,9 — o) <0 (3.57)
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for all ¢ € F(0) N F(J). Then, we estimate as follows:
1Zn3py, — Dol
= || n(B5p¢n — Vo) + (1 = ) (Ss55¢n — Do)
= tn|055vn — Yoll* + (1 = 1a) | Ss5¢n — Vol®
= (1 = ) [[05500 — S5lI?
2(c+1)
o
= (1 = ) 85590 — Sasl® (by  (?7))

=l — ol - ZLZENTE D g2

— (1 = ) [[8055%00 — S5l (3.58)

< finllvon — B0l + (1 = pn) | ¥ — Vol* — lvon = Ssatnll?

But,

[thnt1 — Dol = | Zntn — Do + on(u — Znthy)||?
= 1Zaton — FolI* + @nlpnllu — Znton|?
+ 2/ Zntpn — Vollllv — Zatnll]
= [|Zntn — Dol” + pnO(1)

L)% D)y, g

— pn(1— Nn)HEiémz)n - %5/3”2 + pnO(1).
The last inequality implies that

2(1 — pn) (o + 1)

2
< [4hn — Dol —

19 —S5s¢nll* < [on—Dol* = [onr1—Dol|*+£.0(1) (3.59)
and

pn (1 = ) 1855%n — Satn|* < llon — Yoll* = Ins1 — Joll* + nO(1). (3.60)
Now, we consider the following cases.
Case 1: Since {||t), — ¥0|[}52; is monotone non-increasing, lim ||¢, — Yol|
n—oo
exists. Also, since lim @, = 0 and lim inf, (1 —pu,) > 0, it follows from (3.59)
n—oo n—oo
that
lim lin — Sgtnll = T 0 — Stonl] = 0. (3.61)
n—oo n—oo
Moreover, from (3.60), we obtain

lim (|35, 50n — Ssgthn|| = lim [|5, — S| = 0. (3.62)
n—oo n—oo
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Since

[ — 0l < [lon — Stnll + [1S¥n — 0¥l
it follows from (3.61) and (3.62) that

11_}111 Hwn - 61/%” =0 (363)
and
Jim [[¢by, — Bsptpn| = 6 lim [, — Opihn|
=0. (3.64)
Now, since
||Zn7w[)n - %II < ,U/nH656¢n - wnH + (1 - Hn)”géﬁwn - ,QDTLH’

it follows from (3.61) and (3.64) that

nlggoﬂwn — ZnPnl| = 0. (3.65)

Finally, we show that {1, }7°; converges strongly to ¥Jy. For this, using
the quasi-nonexpansivity property of Z,, we estimate as follows. Now, from
(3.56) and Lemma 2.1, we get

[¥ns1 = Doll* = (1 = 9n)(Zatn — Y0) + pn(u — Vo) |?

< (1= 9n)?[1 Znthn — DolI* + o3 Ju — Do *
+ 205 (1 — pn){(ZntPn — Yo, u — Vo)

< (1= o)1 Zntfn = Yoll* + o7 lu = Do]”
+ 200 (1 — Pn){Znn — Pn,u — Vo)
+ 20 (1 = 9n) (¥ — ¥, u — Jo)

< (1= pu)ll9on = 9oll* + 910(1) + PuO(V)|| Znthn — ¢
+ 20, (1 — pp) Yy, — o, u — Vo). (3.66)

Set fn = pnO(l)_’_)O(l)Hann - wn” + 2(1 - @n))<u - 797 Q;Z)n - 19) and Pn =
prO(1), then (3.66) becomes

Ions1 =9I < (1= pn)[¥n = III* + pnn + ¢n- (3.67)

oo oo
Thus, from assumptions Y u, < oo and > o, = 0o, and from the fact that
n=1 n=1
lim sup(d — ¥, ¢, — ) > 0, we can employ Lemma 2.6 and obtain the required
n—oo
result.

Case 2: There exists a subsequence {¢,, }32; for which
Hwnk - 79” < Hwnk—i—l - 79”7 Vk € N.
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Then, by Lemma 2.7, we can find a sequence {7(n)}"2, that satisfies the
following requirements:
Requirement (Z)

(i) {7(n)}>2, is s nondecreasing;
(il) lim 7(n) = oo;

n— o0
(111) ’|¢T(n) - "90H < ||¢T(n+1) - 190”7 Vn > no;
(iv) l[on = Dol < [[rn+1) — Yoll,  Vn = no.
Consequently,

0 < Tlim inf([|eor(ny1) = Joll = [¢¥r(m) = Dol])
< liTILn_)SOIéP(||1/JT(n+1) — Dol = l[¥+mn) — Yoll)
< liﬁsogp(”wnﬂ = ol = [[¥n = Joll)
= ﬁrILILSOICl)P[”@n(U — o) + (1 = pn)(Znthn — Do)l — [[tbn — I]]
< limsup[pq[lu — Jol| + (1 — pn)[| Znton — ol — [|ton — V]

n—00
< timsupln b = doll + (1 = ) [0 = ol = I — 9]
< lirgsuP[@nO(l) + ([t — 9| = [[vn — 9] = 0.
Therefore,
Tim (45 s1) = V1l = [y — ) = 0. (3.68)
By (3.59),
(1 — Pr(n )66
0< #[1 - (1 - pr(n))éﬁ]uw‘r(n) - Szpﬂ-(n)Hz

oc+1
< (Hw‘r(n) - 19H2 - qubf(n)—i-l - 19”2) + pT(n)O(l) + :UJT(n)O(l)
and by (3.60), we have
,U"r(n)(1 - MT(n))H85ﬁ¢T(n) - $55wr(n)|’2 < ”wT(n) - 790”2 - Hw‘r(n)+1 - 790”2

Using the same argument as in Case 1, we obtain that

and
7}1_>HOIOH¢T(TL) - ZanT(n) | =o0. (3.71)
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Thus, by Lemma 3.17, (3.69), (3.70) and (3.71), we get
lim sup(u — 9, ¥7(,) — ¥) = 0. (3.72)
n—o0

Finally, we prove that {1, }5° ; converges strongly to 9.
(o]

Using (3.71), the assumption that ) o, = oo, (3.72) and following the
n=1
same approach as in Case 1, we obtain

From Requirement Z(iv) and (3.72), we conclude that
lim |[¢, — 9 = 0.
n—oo

g

Remark 3.20. (1) The main result of this paper provides an affirmative
answer to the question of Kurokawa and Takahashi; see Remark of
page 1567 in [13].

(2) Note that [14, Theorem 4.1] is a weak convergence result and that
our Theorem 3.19 is a strong convergence result. However, it worths
mentioning that the method of proving Theorem 3.19 is very different
from the one employed in proving Theorem 4.1.

(3) In most cases, strong convergence is more desirable than weak conver-
gence.

4. APPLICATIONS

In this section, we present some applications of Theorem 3.19 for the Ky
Fan minimax inequality and other related Problems.

We know that Ky Fan minimax inequality problem is to search for v € C
that guarantees

(EP) g(¥,¢) >0 foreach ¢ €C,

where g : C Xx C — R is a bifunction. This problem includes the following
problems as special cases: optimization problems, Nash equilibrium problems,
variational inequality problems, fixed point problems, minimax inequalities,
and saddle point problems (see, for instance, [4] and other related literature
for more detail). The solution of Ky Fan minimax inequality problem (EP, for
short) is represented with EP(C, g).
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To solve the Ky Fan minimax inequality problem, the following assumptions
are imposed on g.

Assumption:

(A1) g(¢,¢) > 0 for each ¢ € C;
(A2) ¢ is monotone, that is, g(v, @) + g(¢,v) < 0 for any ¥, ¢ € C;
(A3) for each wa (Z)a KAS C7 thUPQ(t¢ + (1 - t)¢a Z) < 9(% )7
t—o0
(Ay) for each 1) € C, the scalar function ¢ — g(1, ¢) is convex and lower

semicontinuous.

Theorem 4.1. Let H be a real Hilbert space, () # C C H be closed and convex
and G : C x C — R be a function satisfying Assumption. Let S :C — C be
an o-enriched nonspreading mapping and let

1
Ty = {¢>€C:G(¢,e)+r<e—¢,¢—¢> >0, VyeC}
for all ¢y € H. Let 5,6 € (0,1), Ssp be an averaged type mappings, where
Ssp = (1 —0)I + 035 and Sg = (1 — )] + B3, Suppose that I' = Fiz(3) N
EP(C,G) # 0. Let {pn}32, be a real sequence in (0,1) satisfying

(

1) Jim on =0,
(2) X pn=oo.
Let 4o € C [0,1] and define {1}, by
Pnt1 = pntho + (1 — on)Ses(T ). (4.1)

Then, lim Prig exist and convergent to a point in I
n—oo

Theorem 4.2. Let H be a real Hilbert space, ) # C C H be closed and convex
and G : C x C — R be a function satisfying Assumption. Let & :C — C
be an o-enriched nonspreading mapping. Let 3,6 € (0,1), Ss5 be an averaged
type mappings, where Ssg = (1 —9)1 46 and Sz = (1 — B)1 + Y. Suppose
that T' = Fix(I) # 0. Let {pn}5°, be a real sequence in (0,1) satisfying

(1) lim o, =0,
(2) 3 pn =00
Let 1o EE [0,1] and define {1}, by
Un1 = pntho + (1 — pn)Ss¢n. (4.2)

Then, li_>m Prigy exist and convergent to a point in I
n [o.¢]
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Another worthy application of Theorem 3.19 is in the study of split fea-
sibility problem (shortly, SFP). In [7], Censor and Elfving commenced an
investigation on SFP for modeling inverse problems that emanates from medi-
cal image reconstruction. Since then, SFP has found numerous applications in
such fields as bimedical engineering, control theory, geophysics, approximation
theory, image processing, communications, etc; see [6], [17] for more details.
The SFP is presented as follows:

Search for ©* € C whic guarantees that 7" = Sp* € Q, (4.3)

where () # C, Q are closed and convex subsets of real Hilbert spaces H; and
Ha, respectively, and & : Hi — Hs is a bounded linear operator.

Theorem 4.3. Let & : H1 — Hi be an o-enriched nonspreading mapping
with F(Y) # 0. and 0 : Ho — Ha be o-enriched nonspreading mapping
with F(0) # 0. A: Hy — Ha be a bounded linear operator with ||Al > 0.
Suppose that T' = {¢ € Fiz(3), Ay € Fiz(d)} # 0. Let 6,8 € (0,1) and

V=1

— HAH2A*(IQ — 053)A, where Iy and Iy are identity mappings on

H1 and Ha, respectively. Let S5 and Osg be averaged type mappings, where
Ssp = (1—-0) + 033, 05 = (1 — 0)I2 + 003, Sp = (1 —pP)1 + B and
0 = (1 — B)Io + BOg. Suppose that {pn}o>, is a real sequence in (0,1)
satisfying

(1) 7}5{3@ pn =0,
(2) 2 pn = o0
Let 1)y EE and define the sequence {1, }52 1 by
Yny1 = ntho + (1 — on)IsaV¢n. (4.4)

Then, li_>m Prigy exist and convergent to a point in I
n [o.¢]

REFERENCES

[1] K. Aoyama, Y. Kimura, W. Takahashi and M. Toyoda, Approzimation of common fized
points of a countable family of nonexpansive mappings in a Banach space, Nonlinear
Anal., 67 (2007), 2350-2360.

[2] V. Berinde, Approzimating fized points of enriched nonezpansive mappings in Banach
spaces by using a retraction-displacement condition, Carpathian J. Math., 36(1) (2020),
27-34.

[3] V. Berinde, Approzimating fized points of enriched nonexpansive mappings by Kras-
nolselkii iteration in Hilbert spaces, Carpathian J. Math., 35(3) (2019), 277-288.

[4] E. Blum and W. Oettli, From optimization and variational inequalities, Math. Student,
63 (1994), 123-146.



[5]

[22]

[23]

[24]

Halpern’s iteration for approximating fixed points of a new class of mappings 709

C. Byrne, A unified treatment of some iterative algorithms in signal processing and
image reconstruction, Inverse Problems, 20(1) (2004), 103-120.

Y. Censor, T. Borteld, B. Martin and A. Trofimov, A unified approach for inversion
problems in intensity-modulated radiation therapy, Phys. Med. Biol., 51 (2006), 2353-
2365.

Y. Censor and T. Elfving, A multiprojection algorithm using Bregman projections in a
product space, Numer. Algorithms. 8 (1994), 221-239.

C.E. Chidume and C.O. Chidume, [terative approximation of fized points of nonexpan-
siwe mappings, J. Math. Anal. Appl., 318(1) (2006), 288-295.

B. Halpern, Fized points of nonexpanding mappings, Bull. Amer. Math. Soc., 73 (1967),
957-961.

T. Igarashi, W. Takahashi and K. Tanaka, Weak convergence theorems for nonspreading
mappings and equilibrium problems, in: S. Akashi, W. Takahashi, T. Tanaka (Eds.),
Nonlinear Anal. Opti., (2009), 75-85.

F. Kohsaka and W. Takahashi, Fized point theorems for a class of nonlinear mappings
relate to mazimal monotone operators in Banach spaces, Arch. Math.,(Basel) 91 (2008),
166-177.

F. Kohsaka and W. Takahashi, Fzistence and approzimation of fixed points of firmly
nonexpansive-type mappings in Banach spaces, Siam J. Optim., 19 (2008), 824-835.
Y. Kurokawa and W. Takahashi, Weak and strong convergence theorems for nonspread-
ing mappings in Hilbert spaces, Nonlinear Anal., 73 (2010), 1562-1568.

S. Iemoto and W. Takahashi, Approximating common fized points of nonexpansive map-
pings and nonspreading mappings in a Hilbert space, Nonlinear Anal., 71 (2009), 2082-
2089.

E. Masad and S. Reich, A note on the multiple-set split convex feasibility problem in
Hilbert space, J. Nonlinear Convex Anal., 8 (2007), 367-371.

A. Moudafi, Krasnoselski-mann iteration for heirarchical fixed point problems, Inverse
Problems, 23 (2007), 1635-1640.

A. Moudafi and B.S. Thakur, Solving proximal split feasibility problems without prior
knowledge of operator norms, Optim. Lett., 8 (2014), 2099-2110.

G.A. Okeke, D. Francis and J.K. Kim, Ezistence and uniqueness of fixed point of some
expansive-type mappings in generalized modular metric spaces, Nonlinear Funct. Anal.
Appl., 28(4) (2023), 957-988.

G.A. Okeke, D. Francis and J.K. Kim, New proofs of some fized point theorems for
mappings satisfying Reich type contractions in modular metric spaces, Nonlinear Funct.
Anal. Appl., 28 (1) (2023), 1-9.

G.A. Okeke and J.K. Kim, Approzimation of Common Fized Point of Three Multi-
valued p-Quasi-nonexpansive Mappings in Modular Function Spaces. Nonlinear Funct.
Anal. Appl., 24(4) (2019), 651-664.

G.A. Okeke, A.E. Ofem and H. Isik, A faster iterative method for solving nonlinear
third-order BVPs based on Greens function, Boundary Value Prob., 2022:103 (2022),
https://doi.org/10.1186/s13661-022-01686-y.

G.A. Okeke, A.V. Udo, R.T. Alqahtani and N.H. Alharthi, A faster iterative scheme
for solving nonlinear fractional differential equations of the Caputo type, AIMS Mathe-
matics, 8(12) (2023), 28488-28516.

7. Opial, Weak convergence of the sequence of successive approximations for nonexpan-
siwe mappings, Bull. Amer. Math. Soc., 73(4) (1967), 591-597.

M.O. Osilike and F.O. Isiogugu, Weak and strong convergence theorems for
nonspreading-type mappings in Hilbert spaces, Nonlinear Anal., 74 (2011), 1814-1822.



710
[25]

[26]

[27]
[28]
[29]
[30]
31]
32]
[33]

[34]

I. K. Agwu, G. A. Okeke, H. O. Olaoluwa and J. K. Kim

F. Ouzine, R. Azennar and D. Mentagui, A fized point theorem on some multi-valued
maps in modular spaces, Nonlinear Funct. Anal. Appl., 27(3) (2022), 641-648.

N. Saleem, I.LK. Agwu, U. Ishtiaq and S. Radenovic, Strong convergence theorems for
a finite family of (b, k)-enriched strictly pseudocontractive mappings and ®r-Enriched
Lipschitizian mappings using a new modified mized-type Ishikawa iteration scheme with
error, Symmetry, (2022):14, 1032, https://doi.org/10.3390/sym14051032.

T. Suzuki, A sufficient and necessary condition for Halpern-type strong convergence to
fized points of nonerpansive mappings, Proc. Amer. Math. Soc., 135(1) (2007), 99-106.
W. Takahashi, Nonlinear Functional Analysis: Fized Point Theory and Its Applications,
Yokohama Publishers, Yokohama, Pub., 2000.

W. Takahashi and K. Shimoji, Convergence theorems for nonexpansive mappings and
feasibility problems, Math. Comput. Model. 32(11) (2000), 1463-1471.

W. Takahashi and M. Toyoda, Weak convergence theorems for nonerpansive mappings
and monotone mappings, Optim. Theory Appl., 118 (2003), 417-428.

H.K. Xu, Iterative algorithms for nonlinear operators, J. Lond. Math. Soc., 66(2) (2002),
240-256.

H.K. Xu, An iterative approach to quadratic optimization, J. Optim. Theory Appl.,
116(3) (2003), 659-678.

H.K. Xu, A variable Krasnoselskii-Mann algorithm and the multiple-set split feasibility
problem, Inverse Probl., 22 (2006), 2021-2034.

D. Youla, Mathematical theory of image restoration by the method of convex projections,
In: Stark, H (ed.) Image Recovery Theory Appl., Academic Press, Orlando (1987), 29-
77.



