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Abstract. In this paper, we study the existence and uniqueness of solutions for a class of
fractional differential inclusion including a maximal monotone operator in real space with
an initial condition. The main results of the existence and uniqueness are obtained by using

resolvent operator techniques and multivalued fixed point theory.

1. INTRODUCTION

The existence and uniqueness of solutions for a class of fractional differen-
tial inclusions including a maximal monotone operator is a complex topic in
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mathematics. It involves studying the behavior of fractional differential equa-
tions with inclusion terms and the properties of maximal monotone operators.
To determine the existence and uniqueness of solutions in this context, it is
necessary to consider various mathematical techniques and theories specific to
fractional calculus and monotone operators. These may include fixed point
theorems, variational methods, and functional analysis. It is important to
note that providing a comprehensive answer to this question would require a
detailed analysis of the specific fractional differential inclusion and the prop-
erties of the maximal monotone operator involved. Differential inclusions of
fractional order have played a major role in physical, chemical and electronic
[1, 3, 4, 7, 13]. These differential inclusions are used to describe the nonlinear
viscoelastic behavior of some viscoelastic materials

In this paper, we consider the following fractional differential inclusion with
initial condition

P) Dg.x(t) € —Az(t), ae. te (0,77,
timay (t)‘tzo =u1x9, xp€ R*,

where T > 0, A : R = R is a maximal monotone operator (set-valued map-
ping) and D, is the standard Riemann-Liouville fractional derivative of order
a € (0,1). Research regarding the differential inclusion in situations where
the normal derivative (o = 1) has been studied in [2, 14].

Within this paper, we shall establish both the presence and singularity of the
solution to the posed problem by employing the Banach fixed point theorem,
specifically when the operator A is an inverse strongly monotone. To show
the existence and uniqueness of solutions of (P), for all A > 0, we consider the
following problem:

Py) { Dy.x (t) = —Ay (z (t) = ADg (), ae. t € (0,77,

= (t)|,_, = zo € R¥,

where T' > 0, Ay is a Yosida approximation of A (see, Definition 2.9) and D
is a Riemann-Liouville fractional derivative of order a € (0,1).

2. PRELIMINARIES

In this section, we recall some basic notions. Let T > 0, denote by C (][0, 7], R)
the Banach space of all continuous functions from [0, 7] into R with the norm:

z — ||z|l = sup{[z ()] : ¢ € [0, T7]}.
For all A > 0, we consider the space

Oy ([0,T],R) := {x: 0,7] - R | thz € C (0, T] ,R)}
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)

with the norm: z — ||z, = s[l(l]pT] [t*z (t)|. Clearly (CA ([0,T],R), ”HC)\) )
te

then it is a Banach space.

By L' ([0,T],R), we denote the space of all Lebegue-integrable functions
from [0,7] into R with the norm

T
2 — |lall = /0 @ ()] dr.

Let AC ([0,T],R) be the space of functions  which are absolutly contin-
uous on [0,7]. It is known see [16, p.338] that AC ([0,7],R) coincides with
the space of primitives of Lebesgue summable functions.

x € AC([0,T],R) <= a(t)=c+ [y o(s)ds (¢()€ L' ([0,T],R)).

For n € N* we denote by AC™ ([0,T],R) the space of real-valued functions
x which have continuous derivatives up to order n — 1 on [0,7] such that

" ¢ AC(]0,T],R). In particular, AC? ([0,7],R) = AC ([0,T],R).
Definition 2.1. ([15]) The Riemann-Liouville fractional integral of order v >
0 of a function x € L' ([0,T],R) is defined by

I |
Iz (t) = =—— t—s)*" d
pea )= iy | =9 e () as

where T'(+) is the Euler gamma function defined by I' (o) = 0+°° to~te=tdt.

Definition 2.2. ([15]) For a function x € AC"™ ([0,7],R), the Riemann-
Liouville fractional derivative of order a > 0 of x, is defined by

DS (1) = F(nl_a) (i)n/ot (t— )" Vo (s)ds, tel0,T],

where n = [a] + 1 ([«] denotes the integer part of the real number «).

Lemma 2.3. ([15]) The general solution of linear fractional differential equa-
tion
Dgix(t) =0, t>0
s given by
T (t) = crt® 4 ot 2 4 et (2.1)
where ¢; R, 1 =1,2,....,n.

Lemma 2.4. ([15]) For t > 0, we have

_ T _
I P :%tﬂm 1L q,8>0. (2.2)
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Lemma 2.5. The function ) (-) solves the problem (Py), if and only if it is
a solution of the integral equation:

zy () =zt — —— /0 (t—s)* 1 Ay (za (s)=ADgrxx (s))ds, te(0,T].
(2.3)

Proof. Suppose the function x) (-) satisfies the problem (PA). Then applying
I8 to both sides of DY,z (t) = —Ay (2 (t) — ADgy 2 (1)), we find

19 D8y ay (1) = —I9 Ay (x5 (t) — AD% 2 (1)) .

In view of Lemma 2.3, we get

1 t
zy (t) = et — / (t—s)* P Ay (zy (s) — ADg xy (s))ds.  (2.4)
I'(a) Jo
The condition t'~%xz) (t)’t:O = 1z, implies that
Cc1 = Xop. (25)
Substituting (2.5) in (2.4) we get the integral equation (2.3). The converse
can be proved by direct computations. The proof is completed. O

A multifunction and a set-valued map are related concepts in mathematics,
particularly in the field of functional analysis and set theory see, [5, 6].

Definition 2.6. ([6]) Let X and Y be twosets. F: X =2 Y or F: X — P(Y)

(where P (Y') = 2¥ denotes set of all possible subsets of V) is a multifunction

or set-valued map, if to each element x of X, we associate a subset F'(z) C Y.
The domain of a multifunction F': X =2 Y is the subset of X denoted by

domF :={zx € X : F () # ¢}.
The graph of a multifunction F': X =2 Y is the subset of X x Y define by
graphF = {(z;y) € X xY :x € domA and y € F (x)}.
We call the reverse of F', the set multivaued map F~!: Y = X such that
reF 1l (y) << yecF(x).
A monotone operator and a maximal monotone operator are concepts from

convex analysis and functional analysis, often used in the study of convex
optimization and variational inequalities see [10, 11, 12, 17].

In the following, we consider X a real Hilbert space and A : X = X a
set-valued map.
Definition 2.7. ([6]) The operator A : X = X is said to be monotone, if
(y1 — y2, 1 — x2) > 0 for all (z;,y;) € graph A,7 = 1,2, where, (.,.) represents
the inner product.
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Definition 2.8. ([6]) A monotone operator A is called maximal, if there is no
other monotone operator whose graph strictly contains the graph of A.

Maximal monotone multifunctions find applications in various areas, in-
cluding convex analysis, optimization, game theory, and economics. They are
particularly useful when dealing with problems that involve non-differentiable
or non-convex functions, as they allow for a more flexible modeling of relation-
ships between variables. Understanding maximal monotone multifunctions
involves a deep understanding of set-valued mappings, convexity, and func-
tional analysis. It’s a sophisticated mathematical concept used in advanced
optimization and variational inequality problems. The resolvent operator and
the Yosida approximation are concepts closely related to maximal monotone
operators in convex analysis and optimization.

Definition 2.9. ([5]) Let A : X =2 X be a maximal monotone operator. For
A > 0 the operator J;\“ : X — domA C X defined by
Ji = (Ia+24)7"

is called the resolvent of A or the resolvent operator of A. and for A > 0 the
operator Ay : X — domA C X defined by

1
:X(Id—sz)

is called theYosida approximation of A, where 14 is the identity operator in X.

Ay

Proposition 2.10. ([5]) Let A : X = X be a mazimal monotone operator.
Then for all A > 0 we have the resolvent Jf‘ 18 a maximal monotone, single-
valued and Ay is Lipchitz with constant %

Proposition 2.11. ([6]) Let A : X = X be a mazimal monotone operator.
Then, we have

(1) Forall \,pp >0 and for all z € X, J§! (z) = J2} (ho + (1 - §) J¢ (2)) .
(2) For all A, p >0, (Ay), = Axtp
(3) For all A > 0 and for all y € X, A, (y) € A (J{! (v))
(4) For all A > 0, domJ;! = domA, = X.

Theorem 2.12. ([5]) Let A : X =% X be a mazimal monotone. Then for all
A >0, Iy + AA is bijective, in other terms for each y € X, there is a unique
x € dom A such that y € x + NA (z) .

Definition 2.13. (]9]) Let A : X = X be an operator and 5 > 0.

(1) We say that A is f—strongly monotone if for all (z,u) € graphA, (y,v) €
graphA, (z —y,u—v) = Bz -y |*.
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(2) A : X = X is called maximally S—strongly monotone operator if
there is no S—strongly monotone operator B : X == X such that
graphA C graphB, that is, for every (z,u) € X x X, (z,u) € graphA
if and only if for all (y,v) € graph4, (x —y,u—v) > B |z —y .

Definition 2.14. ([9]) Let A : X = X be an operator and 5 > 0.

(1) We say that A is f—inverse strongly monotone if for all (z,u) €
graphA, (y,v) € graphA, (z — y.u—1v) > 8 || u—ov |2

(2) A B—inverse strongly monotone operator A : X = X is called maxi-
mally S—inverse strongly monotone operator if there is no f—inverse
strongly monotone operator B : X = X such that graphA C graphB,
that is, for every (z,u) € X x X, (x,u) € graphA if and only if (y,v) €
graphA? (x—y,u—v> > 5 H u—-v H2 :

Proposition 2.15. ([8]) If A is a S—strongly monotone, then J/\A is ﬁ-
Lipschitz.

Proposition 2.16. ([8]) If A is mazimally f—inverse strongly monotone, then
Ay is ﬂ—}r/\—Lipschitz.
Now, we will state the Banach fixed point theorem.

Theorem 2.17. ([14]) Let X be a Banach space with a contraction mapping
T:X = X. Then T admits a unique fized-point.

3. MAIN RESULTS

3.1. Existence and uniqueness of solutions to differential inclusions
with inverse strongly monotone operator. In this subsection, we con-
sider A: R = R is a maximally S—inverse strongly monotone operator.

Theorem 3.1. If 5 > Fr(é)z)a and for all A > 0, there exists a unique solution

of problem (Py) in C1— ([0,T],R).
Proof. Let A > 0. For our problem, we define the function f: R x R — R by
F(u,0) = = Ay (= Xo).

Then, we should note that f is well-defined because Ay : R — R is singular
and domA) = R.
We define the operator ® : C1_, ([0,7],R) = Ci_, ([0,T],R) by

1

=gt — —— t —5)*tg(s)ds
(@) (1) = a0 — s [ = g ds e 0.7,
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where g : [0,7] — R is a function satisfying the functional equation

g () =—Ax(z(t) = Ag (1))

By Lemma 2.5, the fixed points of operator ® are solutions of (Py).

In order to prove that ® accepts a fixed point, We will follow the next steps:
Step 1. The operator ® is well-define, that’s to say: for every
z () € C1—o ([0,T],R) and t € (0,7] the integral ﬁfg (t—s)*"tg(s)ds
belongs to C1_4 ([0,7],R).
For each t € (0,7, we have

lg ()] = [ (0,0)] < g (t) = £(0,0)], where f(0,0) = Ax(0),
< [=Ax (2 (1) = Ag (1)) + Ax (0)]

w ()] + 2 g (1),

<
- A+

1
A+ B
because A) is ﬁ—Lipschitz. After doing some simple arithmetic operations
of the above, we get

9] < 5le 0]+ 252 14 O,

Then, |g (t)| < 3 |2 (£)| + ¢, where ¢ = 22214, (0)].
For every z (-) € Ci1—o ([0,T],R), we have

tlfa
I'(a)

t
JRCEEICL
0

tl—a /t 1 g1 1 -
< t— ) s — sup |t Yz (t)| |ds
I' () 0( ) Bte[O,T}| ( )‘

tlfoz t
+ / (t —s)* Leds,
0

11—« 1 1 ! a—1 a—1
<t (Gl ) g | (6

Lot
I'(a+1)

1 t
<t (el ) () 0+ s
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By using (2.2), we get
tlmo ot 1 T°T () cT

t—s)” ds| < —_—
F(a)/o (=)™ (s)ds| < oy Mellewo * Tia 1y
that is to say that the integral exists and belongs to C1_, ([0, T],R).
Step 2. Let 2 (.),y(.) € Ci—4 ([0,T],R). Then for ¢t € (0,T], we have

I 1

@xt—@yt:/t—sa g (s) —h(s))ds,

(@) (1) — (Py) (1) F(a)o( )" (g (s) —h(s))
where g (.),h(.) € C1—« ([0,T],R) such that

g(t)=—Ax(z(t) = Ag(t) ,h(t) = —Ax(y (1) = AR (1))
Since A : R = R is a maximally S—inverse strongly monotone operator, then
Ay is ﬁ—Lipschitz and we get

g () =h(®)] = [=Ax (z (1) = Ag (1)) + Ax (y () — AR (D))]

iﬂ|x(t)_y(t)|+]g(t)—h(t)|,

A
So, g (t) = h(t)] = 33519 (1) = h ()] < 375 |z (8) — y ()] . We get,

<

For t € (0,T], we have

(@) (t) — (By) (1)] < 1a) /0 (t— 5" g (s) — h(s)| ds
1

—

<

AT (a) /0 (t — s)a—l Sa—l ’51—11 (l’ (5) _y (S))’ ds

1
< 3 lz = ylle, ., (I5+t27") (@)

- F(j)tQa—l H ”

— || — .
- Bl (2(!) y Cl-a
Therefore, we have

-2 (@) ()~ (@) ()] < 505 e =l

which implies that

') T
[z — Pyllo, . < B (20) Iz =yle,_. -

r

1£ , thus

Since 6 >

)T
(

5y F(Q)T(; < 1. So ® is a contraction.

BT (2



Fractional order of differential inclusion 747

As a consequence of Banach fixed point theorem, if we get that ® has a
unique fixed point which is a unique solution of the problem (P)). O

Example 3.2. Let A : R = R be a maximal monoton operator defined as
A (x) = {2z} . We consider the following problem

—Ddx(t)e —A(x(t)), ae te(0,7], ac(0,1),
{ tl 0 ( )}t:(] = 20, To € R*. (31)

The operator A (-) is 2—inverse strongly monotone operator. The fractional
inclusion (3.1) is given, by the following linear initial value problem

D0+w( ) =2z (t), ae te(0,T], ac(0,1),
thi—og ’t o = Z0s xg € R*.

The unique solution has the form [15, 18],

z(t) =T (a) xot* ' By (—2t%),
where E, , (-) is Mittag-Leffler function [15] defined by

0 k

Eaa(z) =Y o

£ ((k+1)a)

In the next proposition, we prove that the solution of problem (P)) is not
depend by A. For all A > 0, we define the set,

By = {2 € C1a (10, T),R) | D§ra (t) = —Ax (¢ (t) ~ DGz (1)) ,t € [0,T]}.

Proposition 3.3. For all A\, ju > 0, we have E\ = E|,.

Proof. Let A > 0. Then, we have

reBy <= Dpr(t)=—A(r(t) - wm()) e [0, ]
= Dyax(t)=—5 (id- I (z (t) ADg () ,t € [0,
= -ADp.r() =2(t) ~ ADf.x (1)
—J (z(t) = ADgx (1)) ,t € [0,T)
= zt)=J}(z(t) - >\D0+x()),te[0,T].

Using the Proposition 2.11, equivalence (3.2) becomes as follows
reE, < z(t)= JA( (z(t) = ADgx (1) + (1 — &) z (1))
= a(t) = JA (2 (1) — uDg 2 (1) i € [0,7]
= D2a(t) = —Ay (o (t) - pD (1) .t € [0,7]
<~ T € E

This completes the proof. O
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In the following hypothesis, we will show that problems (Py) and (P) have
the same set of solutions.

Proposition 3.4. Let A : R = R be a maximal monotone operator. Then,
for all x>0 and t € [0,T], we have

DSa() € —Az(t) & Dfur(t)= —Ay(x(t) — DS (1)
Proof. For all A > 0 and t € [0,T], we have
D§,x (t) € —Ax (t) —AD§, () € Mz (1)

(07 ADG ()€ 1+ M) ()

z (t) = J{ (2 () = ADgyx (1))

~ADg (1) = DD L 1
_J)\ ( (t) )\Daﬂ( ))
Dpe (1) = A (2 () ~ ADg2 (1)

II MM

O

Theorem 3.5. If 3 > 1F((2°2) T, then problem (P) has unique solution in the
space C1-4(]0,T],R).

Proof. If B > 7 (a)) T, then from Theorem 3.1, the problem (P,) has unique
solution z (+) in the space C1_4([0,7],R). From Proposition 3.4, we get x (-)

is a solution of (P) in the space C1_,([0,T],R). O

3.2. Existence and uniqueness of solutions to differential inclusions
with maximal monotone operator. In this subsection, we consider A :
R = R is a maximally monotone operator. We will prove the existence of the
solution and its uniqueness in the next case.

For all € > 0, we consider the following fractional differential equation
D +af( ) =—A.(z(t)) ae. t€(0,T], a€(0,1),
1%a,, . (3.3)
t ‘t 0 = To € R*.

To show the existence and uniqueness of solutions of (3.3), we have proved an
equivalence with the following disturbed problem

D% x(t) = —Axie (v (t) = ADY z (t)) ae. t€(0,T], a€(0,1),
(P)\a) { tloa (t)}t:() ZAQ—UFoéR*, 0 )

for all A, > 0.

Theorem 3.6. Ifec > F(Q)a) , then for all X > 0, there exists a unique solution

of problem (Py.) in C1—o ([0,T],R).
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Proof. We define the operator ® : C1_, ([0,7],R) — Ci1_4 ([0, T],R) by

1

= zot® - —— t — 5Ly (s)ds
(@) () = a0t = s [ =9 g () ds 1e 0,71,

where ¢ : [0,7] — R is a function satisfying the functional equation

g () = Axe (z (t) = ADgr 2 (1)) -

By Lemma 2.5, the fixed points of operator ® are solutions of (P ).
Since A : R = R is a maximal monotone operator, Ayy. : R — R is
—Lipschitz, singular and domAy,. = R, we can follow the same steps in

,\+
Theorem 3.1, or € > FIS?Q);F) that is, S%OE)QQ) < 1 thus, ® is a contraction. By
Banach fixed point theorem, we get that ® has a unique fixed point which is

a unique solution of the problem (P ). a

In the next proposition, we prove that the solution of problem (P .) is not
depend by A. For all A,e > 0, we define the set

Exe={z € C1a([0,T],R) | Dgra () =—Axie (x (t) = ADgra (1)) £ € [0, T}

Proposition 3.7. For all A\, > 0, we have E) . = E,, .

Proof. Let A, i > 0. We have,

r€ B\, <= —(A\e)Dg§x(t)=ux(t)—AD§,x(t)
—Jit (@ (t) = ADg.@ (t)), t € [0,T]
— J{, (@)= ADgx(t)) =z (t) +eDga(t), t €[0,T].

Using the Proposition 2.11, we get x € E) . is equivalent to

J,ﬁa(ﬁiz( () = DG (1) + (1 = 452 ) Jik. (2 (1) = ADgx (1) )
z (t) +eDgx(t).

(3.4)
So (3.4) is equivalent to,

JA <u+s( (t) = ADg, @
€|

(1)) +( 2) (o (1) + <Dg (1))
= (t)+ eD0+a:<> 0,7]

e Ju—l-e ( (t 0+x (t )

= v FE,,.

() + D (t), t € [0,T]

This completes the proof. O

Theorem 3.8. Ife > Fp(?gg)a, then there exists a unique solution of problem
(3.3) in C1-» ([0, T],R).
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Proof. If € > FF(‘()‘Q)OZC)Q, by Theorem 3.6, the problem (P, .) has unique solution
in C1—4 ([0,7],R). Since A is a maximal monotone operator, by Proposition

2.11 and Proposition 3.4, we find
D8 (1) = — Ay (1 (6) — ADgy (1)
< Dg,x(t) = — (Ae)y (z(t) — ADG x (t))
< D, (t) = —Acx (t).

()T
I'(2a)

Then for all e > , the problem (3.3) has unique solution in C1_,([0,7],R) .

g

Conclusion: If the goal of the paper is to prove the existence and uniqueness
of solutions for a problem without imposing any conditions, it indicates that
the authors are aiming for a very general result that applies broadly. This
can be a challenging task, as proving existence and uniqueness without any
conditions often requires a deep understanding of the mathematical structures
involved and potentially involves more abstract or advanced techniques.
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