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Abstract. In this paper, we developed the existence and uniqueness results by monotone
method for non-linear fractional reaction-diffusion equation together with initial and bound-
ary conditions. In this text the Hilfer fractional derivative is used to denote the time frac-
tional derivative. The employment of monotone method generates two sequences of minimal

and maximal solutions which converges to lower and upper solutions respectively.

1. INTRODUCTION

In recent times, there has been a significant rise in the study of fractional
calculus in mathematics, as well as in other areas of science and engineer-
ing. Researchers have been focusing on studying various fractional differential
operators with different characteristics, such as generalization and qualitative
properties. Some of these operators include Riemann-Liouville (R-L), Caputo,
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Hadamard, Hilfer, 1-Caputo, i-Hilfer, and more. Among these, the Hilfer
fractional differential operator has been found to be useful in many physical
situations, which has attracted researchers to work on it.

Over the last decade, several authors have made significant progress in this
field, as described in articles like [1, 2, 4, 5, 10, 11, 15, 23]. These articles
provide preliminary properties and basic results in this area. Researchers have
also studied initial boundary value problems (IBVP) for fractional diffusion,
and monotone iterative techniques have proven to be useful in dealing with
such problems.

For instance, Furati et al. [9] considered an initial value problem for a class
of Hilfer fractional differential equations. The monotone method combining
lower and upper solutions for R-L IBVP for reaction-diffusion equations is
exhibited in literature [7, 22, 28, 29]. The developments of such problems
using the monotone method have been extensively studied in [8, 17, 16, 18,
19, 20, 21, 26]. However, more literature is needed on IBVP for nonlinear
Hilfer fractional diffusion equations by the monotone method.

This has motivated us to develop a monotone method with lower and upper
solutions. Two monotone convergent sequences are constructed, which con-
verge to the minimal and maximal solutions to the problem. The application
of the method existence and uniqueness of the IBVP discussed in detail.

Consider the nonlinear Hilfer fractional reaction-diffusion equations with
initial and boundary conditions

Ota’ﬁu — kugy = f(z,t,u) on Qr, (1.1)
u(0,t) = A(t),u(L,t) = B(t) in T'r,(boundary conditions), (1.2)
L(a)t™%u(z,t) |—o= f°(x) z € Q, (initial condition) , (1.3)

where f € C[[0,L] x [0,T] x R,R], @ =1[0,L], J=(0,T], Qr =J xQ, k>0
and I'r = (0,T") x 9Q2. The equation (1.1)- together with initial and boundary
conditions (1.2)-(1.3) is called IBVP for nonlinear fractional reaction diffusion
equation. Here 0} P s partial Hilfer fractional derivative with respect to time
toforder0<a<land0<fg<1.

The paper is organized as follows: Section 2 provides the basic definitions,
while Section 3 presents the comparison results. In section 4, we discuss the
monotone method and the existence and uniqueness of the solution of IBVP
(1.1)-(1.3). Finally, the paper concludes with a summary.

2. PRELIMINARIES

In this section, we will review some definitions and results that will be
helpful in developing our main findings.
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Definition 2.1. ([25]) The Riemann-Liouville fractional integral of order «
of a function u(t) is defined as
1
Igh u(t) =

— t — 8)* Lu(s)ds o )
| 9 s, 0<a<

Definition 2.2. ([25]) The Riemann-Liouville fractional derivative of order o
for a function u(t) is defined as
Dg u(t)zldn/ (t—5)*tu(s)ds, t>0, n—1l<a<n
0+ T'(n—a)dt" J, ’ ’ '
Definition 2.3. ([25]) The Caputo fractional derivative of order « for a func-
tion wu(t) is defined as
n—1 tk
u(t) — Huk(O) , >0, n—1<a<mn,
k=0 "

where n = [a] + 1 and [«] denotes the integer part of .

“Dgu(t) = D,

Definition 2.4. ([11]) (Hilfer fractional derivative) The generalized Riemann-
Liouville fractional derivative of order 0 < o < 1 and 0 < 8 < 1 with lower
limit @ is defined as
d (1-a)(1-
Dyfult) = 107 217 ()
for functions such that the expression on the right-hand side exists.

Definition 2.5. ([25]) The two parameter Mittag-Leffler function is defined

as -
Ato‘
(At%)
Ea, r( kzo I(ak +7r)

Definition 2.6. ([11]) A function ¢(t) € C(J,R) is a C,, continuous function,
if t!1=2¢(t) € O(Jo,R), where p = 1 —a, J = (0,T], Jo = [0,T]. The set
of C,, continuous functions is denoted by C,(J,R). Further, given a function
B(t) € Cp(J,R), we call the function t1=%¢(¢), the continuous extension of ¢(t).

Remark 2.7. Note that any continuous function in Jy is also a C), continuous
function.

Lemma 2.8. ([8]) (Comparison Result) Let n € Cp[Jo,R] be such that for
some t1 € (0,T], n(t1) =0, and t'=n(t) <0 on [0,t1]. Then Dn(t1) > 0.
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3. AUXILIARY RESULTS

In this section, we obtain a comparison results for the nonlinear Hilfer frac-
tional reaction-diffusion equations with initial and boundary conditions (1.1)-
(1.3). The comparison theorem is with respect to the lower and upper solutions
when the nonlinear term is of the form f(x,t, u), where f(z,t,u) satisfies one
sided Lipschitz condition. In this case, we assume the nonlinear function in

u(z,t) for (x,t) in [0, L] x [0,T].

Consider the non-linear Hilfer fractional diffusion equations

af’ﬂu — kugy = f(z,t,u) on Qr, (3.1)

u(0,t) = A(t),u(L,t) = B(t) in I'r, (3.2)

L(a)t'u(z,t) [i=o= f'(z) zeQ, (3.3)
where f € C[[0,L] x [0,T] x R,R], @ =1[0,L], J=(0,T], Qr =J xQ, k>0

and I'r = (0,7) x 0.
For compatible conditions for IBVP (3.1)-(3.3), we assume that

£O(0) = A(0) = f°(L) = B(0) = 0, T(a)t'™u(x,t) [i=o= f(z).

In the throughout of this work, we assume that initial and boundary condi-
tion satisfy the compatibility conditions. Using the method of eigenfunction
expansion, the solution of (3.1) is of the form:

t) = an(t)qbn(x)v (3.4)
n=0

where the eigenfunctions of the related homogeneous problem are known to
be ¢n(z) = sin™* and its corresponding eigenvalues are A, = [(“)?]. Using
the standard arguments, one can compute b, (t) as follows:

t
ba(t) = B0 By (— kAt + / (t = 7)% L B o (— kM) (7)
0

+ 2 A(T) — (<1 B(r)ldr,

L
=1 | rws.wa

L
— ]2;/0 [z, t,u)dn(y)dy.

where

and



Monotone method for nonlinear Hilfer fractional reaction-diffusion equations 757

Therefore,

L
blt) =7 [ P00 ) B (—ort?)

t L
+ /0 (t—T)a—lEa,a(—kAnta)% /0 f(y,t,w)dn(y)dydr

k7 [ 0 B (M)A ~ (-1 B(dr

So, using b, (t) in above equation, the solution u(x,t), we have

L
u(z,t) :/0 !
1
Z %(t — T)a_lEa,a(_k)‘n(t - T)a)(bn(x)(b"(y)]
1

[e.o]

3 zEa,a<—kAnta>¢n<x>¢n(y>] () dy

t L
o
0Jo |Z
X f(y,t,w)dydr

ok /0 t [QL”;(t O By (—kAn(t — T)a)¢n(x)] A(r)dr

—k /Ot [QL”;(t — ) By 0 (kA (t — T)a)gﬁn(x)] B(7)dr.

After, simplifying we get
L t L
u(e, t) = / NG 2, g, 1) 1) dy + / / Gla,y,t — 1) f(y,t, u)dydr
0 0 0

t t
+ k‘/ Gy(z,0,t — 7)A(T)dT — k‘/ Gy(z,L,t —7)B(7)dT,
0 0

where
G(z,y,t) = Z %Ea,a(_k)\nta)¢n(x)¢n(y)'
n=0

This result is useful in our main result for computing the linear approxima-
tions of the monotone iterates. We recall lemmas regarding the Mittage-LefHer
function in the series form.

Lemma 3.1. ([6]) Let Ey1(—At") be the Mittage-Leffler function of order «,

where 0 < a < 1. Then, % < 1, where A1, Ao > 0 such that Ay = \g+c
forc> 0. 7
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Lemma 3.2. ([6]) Let Eqo(—At*) be the Mittage-Leffler function of order
a, where 0 < o < 1. Then, % < 1, where A1, s > 0 such that

A1l = Ay +c¢ forc> 0.

Now, we show the convergence of the above solutions using Lemma 3.1 and
Lemma 3.2 above. We can split the solution of (3.1) as wuj(x,t), ua(z,t) and
us(x,t) respectively as follows:

(a) ui(z,t) is the solution of (3.1), when f(x,t,u) =0, A(t) =0 = B(t),
(b) wg(z,t) is the solution of (3.1), when A(t ) 0= B(t), f'=0,
(c) us(x,t) is the solution of (3.1), when f(z,t,u) =0, f* = 0.

Theorem 3.3. ([6]) u1(x,t), us(z,t) and ug(x,t) converge when |fO(x)] < Ny,
Ny > 0, |f(z,t,u)] < Na, No > 0; |A(t)] < My, My > 0 and |B(t)| < Ms,
My, Mo > 0, respectively.

Definition 3.4. ([6]) The functions v(z,t), w(x,t) € C?>*[Qr,R] are called
the natural lower and upper solutions of (3.3) if

8?’511 — kvge < f(z,t,v) on Qr, (3.5)
v(0,t) < A(t),v(L,t) < B(t) in T,
L)t (x,t) [—0< fO(z) z€Q

and
afﬁw — kwyy > f(x, t,w) on  Qp, (3.6)

w(0,t) > A(t),w(L,t) > B(t) in T,
()t w(x,t) [i=0> fO(x) z€Q.
The next result is a comparison result relative to lower and upper solutions
of (3.3).

Theorem 3.5. Assume that

(i) v(z,t),w(z,t) € C**[Qr,R] are natural lower and upper solutions of
(3.3), respectively and

()t~ (x,t) [i=o< T'(a)t ™ w(z, t) |i=o,
v(0,t) < w(0,t), v(L,t) <w(L,t).
(ii) f(z,t,u) satisfies the one sided Lipschitz condition
f(@tu) = fa,tu™) < M(ur —u3),
whenever u < u* and M > 0.
Then v(x,t) < w(x,t) on J x Q.
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Proof. The primary aim to prove the theorem is to first show that one of the
inequalities in (i) is strictly satisfied.

For this purpose, consider m(z,t) = v(x,t) — w(z,t). We claim that
m(z,t) < 0, (x,t) € Q@ x J. Suppose that the conclusion is not true. Then
there exists a t; € J and o7 € Q such that t!~%m(xz1,t;) < 0 on [0,t1),
m(z1,t1) = 0. It easy to check mg(z1,t1) = 0 and my 4 (21,t1) = 0. Then,
using Lemma 2.1, we get 8?”8m(ac,t) >0

From the hypothesis, we also have

8;1’5m(a:1, tl) = ata’ﬁv(iﬂl, tl) — ata’ﬂw(xl, tl)

0?v(xy,t1)
< kT + f(.'lfl,tl,’l)) — k

< f(xl,tl,v) — f(l'l,tl,’w)
=0,

(9211)(1:1, t1)

81‘2 _f(wlytlvw)

which is a contradiction. Therefore, v(z,t) < w(z,t) on Qr.
In order to prove the theorem for the non strict inequalities, let

w*(x,t) = w(z,t) + et By o[2Mt7],
v*(z,t) = v(x, t) — et By o[2M17].
From this, it follows
w*(0,t) > v*(0,t), w(L,t) > v(L,t),
()t w* (z,t) |i—o > [(a)t* w(z,t) |=0> [(a)t' v (x,t) |1—o
> T(a)t' = *(x,t) |4=o -
Then
O*w*(x,t)
0z

o 0*w(x,t)
= 8t HBU)(I',t) — ]’CW

> f(x,t,w) + et 12ME, o[2M1°]
= f(z,t,w) + Met® ' E, o[2M1°]
= f(x,t,w*) + eMt* 1 E, o[2Mt"]
> f(z,t,w™) on Qrp.

P (x,t) — k + et VB, o [2M1t°]

Similarly,
i 0*v*(z, 1)
0z

By the strict inequality result, v* < w* on Qr. Letting € — 0 we have v < w
on Qr. O

8?’51)*(x,t) — > f(z,t,v*) on Q.
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The next result is the maximum principle for the Hilfer parabolic equation
in one dimensional space which will be useful in proving the uniqueness of the
solution.

Corollary 3.6. Let

o Pm(x,t
0, ’ﬁm(a:,t) - k(9§:2) <0 on Qr,

m(0,t) <0,m(L,t) <0 on I'r,
L(a)t'®m(z,t) [(=0< 0 on .
Then m(xz,t) <0 on Q.

Proof. Suppose m(z,t) has positive maximum at (z1,t1). Let m(z1,t1) = K.
Let m(x,t) = m(x,t) — K. Then t!=*m(x,t) < 0 on (0,t;] and m(x1,t;) = 0.
Using Lemma 2.1, we get 6?”8m(a:1,t1) > 0. Also Gf"ﬁm(xl,tl) < 0. Combin-
ing these two, we get
82m(a:1, tl)
a?’ﬁm(ivl,tl) - kT Z 0.

Also, we have

2 2 a-1
0B o'm(x,t)  Lap 0*m(x,t) t
;" m(x,t) — KT =0, "m(z,t) — K o KP(a)
0?m(z,t)
0y m(x,t) — Ky
< t m(:E? ) 81’2
<0,
which gives a contradiction. Hence, m(x,t) < 0. O

4. MAIN RESULTS

This section, to develop monotone method for Hilfer fractional reaction-
diffusion equation (3.3) using lower and upper solutions. Also obtained exis-
tence and uniqueness of solution of problem (3.3).

Theorem 4.1. (i) Let f(x,t,u) in C>*[Q x J x R,R] be nondecreasing.
(ii) Let (vo,wo) be the lower and upper solutions of (3.3) such that t'~%vy <
t'=%wo on Qr.
(i) Let f(x,t,u) satisfies the one sided Lipschitz condition

f(x,t,u) - f(xvta U*) Z _M(u - U*)7

whenever u* < u and M > 0.
Then there exist monotone sequences {t'~“v,(z,t)} and {t'~“w,(z,t)} such
that t1=%y, (z,t) — t1=%p(x,t) and '~ %w, (z,t) — t1=%(x,t) uniformly and
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monotonically on Qr, where p(z,t) and v(z,t) are minimal and mazimal so-
lutions of (3.3) respectively.

Proof. We construct the sequences {v,(x,t)} and {wy(z,t)} as follows:

2U xT
P 1o ), on @r, (1)

F(a)(t)l_avn(x,t) lt=0= fo(x), x €,
vn(0,t) = A(t),vn(L,t) = B(t) in TI'p

O v, (x,t) — k

and )
ang(f’ﬂ = f(z,t,wp—1(x,t)) on Qr, (4.2)

L(a) ()" “wn (2, t) |i=0= fo(x), = € Qr,

wp(0,t) = A(t), wn(L,t) = B(t) in I'r.
It is easy to observe that vi(z,t) and wi(z,t) exist and unique by the rep-
resentation form of linear equation and Corollary 3.6. By induction and the
assumptions on f(z,t,u), we prove that the solution vy, (z,t) and wy,(z,t) exist

and unique by Corollary 3.6, for any n. Let us prove first vg < v; and w; < wy
on Qr. Let p(x,t) = vo(x,t) — vi(z,t). Then

08 wy (z, 1) — ki

o 0%p(x,t o 0%z, t
80 p(a, t) — k8($2 ) _ 9By, t) k§i2 )
fe' 82Ul (I, t)
- 8t 7ﬂ1}1($,t) — kw

< f(IL’,t,Uo) - [f(xvtva]
=0,

where p(0,t) = 0,p(L,t) = 0 on Q and T'(a)t'~%p(z,t) |4=0= 0 on T'r. There-
fore, by Corollary 3.6, it follows that p(x,t) < 0 on Q7 and t'~%wvg(z,t) <
t1=; (2, t) on Q.

Assume that vg_1 < vg. Now we show v < vy1. Let p(x,t) = vg(x,t) —
Vg+1(z,t). Then
&*p(x, 1)

aQUk (IE, t)
02

0x?
2
t
- aféﬁvf—‘_l(xat) - ka vk+1(m7 )

Ox2
< f(xatavk’) - [f(xvtavk—i-l)]
< M(vg+1 — vg)
< —Mp(.%,t),

8?’5;)(:6,75) —k = 8taﬁvk(:c,t) —k
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where p(0,t) = 0,p(L,t) = 0 on Q and T'(a)t'~%p(z,t) |4=0= 0 on T'r. There-
fore, by Corollary 3.6, it follows that p(z,t) < 0 on Qr and t' %y (x,t) <
t'=vp1(z,t) on Q7. Hence by mathematical induction, we have

oy <t <L < <0 <L <%, <%, (4.3)

We show that wq(z,t) < wo(x,t) on Qr. Let p(x,t) = wi(x,t) — wo(x,t).
Then

2 2
a,fB 0 p(.’[‘,t) _ aa,p 0 'wl({L’,t)
8t p(.’I},t) — le = 815 wl(x,t) — kw
0w (x,t)

o,
— at w0($7 t) —k aIEQ
< f(@,t,wo) — [f (=, t, wo
—0,

where p(0,t) = 0,p(L,t) =0 on Q and I'(a)t'=*p(x,t) |4=0= 0 on I'r. There-
fore, by Corollary 3.6, it follows that p(z,t) < 0 on Qr and t'~%wq(z,t) <
t' =y (z,t) on Q7.

Assume that wg(z,t) < wg_1(x,t). To show that wii1(z,t) < wg(z,t). Let
p(x,t) = wii1(z,t) — wi(z,t). Then

o Fp(x,t) o Pwiy1(z, 1)
O plat) = k=g 7= = O Pwn (at) — k=5 5=
2
o, 8 wk(x,t)
— |07 wg(x, t) — k:iagc2

< f(xvtvwk) - [f($,t,wk+1)]
< M(wg — Wit1)
< —Mp(.’E,t),

where p(0,t) =0, p(L,t) = 0 on Q and I'(a)t'=%p(x,t) |=o= 0 on I'r. There-
fore, by Corollary 3.6, it follows that p(z,t) < 0 on Q7 and t'~ w1 (z,t) <
t!=%y(z,t) on Q7. Hence by mathematical induction, we have

%, < T, < < T < % < < Ty < %, (4.4)

Then, we prove that vy (x,t) < wi(x,t). Let p(x,t) = vi(z,t) —wi(x,t). Then
from hypothesis, we get
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2 2
o, 0 p(x7t) _ aa,p 0 Ul(xat)
3t p(fE,t) — kw = 8t ’L)l(l‘,t) — ]{ZT
fe% 8211)1(37775)
at ’BU)l(x,t) — kT

f( ) [f(x7t7 wl]

where p(0,t) = 0,p(L,t) =0 on Q and I'(a)t'=*p(x,t) |4=o= 0 on I'r. There-
fore, by Corollary 3.6, it follows that p(z,t) < 0 on Q7 and t'~%v(z,t) <
t'=%wq(z,t) on Q7. Hence,

g (x, ) < 1% (2, 1) < %01 (z,t) < T %wp(x, 1)
on Qr. By mathematical induction and equations (4.3), ( 4) we have

=y < .. <t %, <t %, < L < T
on Qr for all n. o
Furthermore, if t1=%yg < t'=%u < t1=%wy on Q7, then for any wu(x,t) of

(3.3), we establish the following inequality by the method of induction.

=% < . <t %, < 7% < %, < L < T % (4.5)
on Qr for all n. It is certainly true for n = 0, by hypothesis. Assume the
inequality (4.3) to be true for n = k, that is,

oy <L <%y < % < Ty < L < Y (4.6)

on Q7 for all n.
Let p(x,t) = vgi1(x,t) — u(x,t). Then from hypothesis, we get

2 2
t
0 o, 1) — kLD _gasy gy O Okn(@t)

0x2 Ox?
O?u(x,t)
a,B )
at u(x, t) — kw
Z f(flf,t,’l)]g+1) - [f(fl:,t,u)]
> —M(vgy1 — u)
> —Mp(l‘,t),

where p(0,t) = 0,p(L,t) = 0 on © and I'(a)t!~%p(z,t) |i=o= 0 on Tr.
Therefore, by Corollary 3.6, it follows that p(x,t) > 0 on Q. Therefore,
=g (2, t) < 1%, t) on Q.

Similarly, we can show that t!=%u(x,t) < t!=%wp 1 (x,t) on Q.

Let p(x,t) = u(x,t) — wis1(x,t). Then from hypothesis, we get
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2 2
a,B 0 p($,t) _ aa,B 0 u(:r,t)
at p(.’l:,t) — kw = (9t U(éﬁ,t) — kw
o 0w x,t
> f(.’IJ,t, U) - [f($,t,wk+1)]
> —M(u — wgi1)
2 _Mp(xat)a

where p(0,t) = 0, p(L,t) = 0 on Q and I'(a)t!~%p(z,t) |t=0o= 0 on I'r.
Therefore, by Corollary 3.6, it follows that p(x,t) > 0 on Q. Therefore,
ti=y(z,t) < 1%y (2,t) on Q.

Hence we constructed the monotone sequence {vy,(z,t)}, {wy(z,t)} of lower
and upper solutions of integral representation of linear problem.

Now, we show that the sequences {tlfavn(:n,t)} and {tlfawn(x,t)} are
uniformly bounded and equicontinuous. Using the Ascoli-Arzela theorem,
we obtain subsequences of {tlﬂvn(x,t)} and {tlﬂwn(:n,t)} which converge
uniformly and monotonically on Q7. Since the sequences {tlﬂvn(x,t)} and
{t"*w,(x,t)} are monotone, the entire sequence {t" v, (z,t)} and {"*wy(z, t)}
converges to t“p(z,t) and t"%y(z,t), respectively. From this it follows that

% <t < L <t <L < <t

<tlony < <t %, < <t %y on Q.

Consequently, p(x,t) and y(x,t) are minimal and maximal solutions of (3.3)
since

1% <t <t <ty <ty on Q.

We prove the uniqueness of the solution of (3.3)in the following. O

Theorem 4.2. Let all the assumptions of Theorem 4.1 hold. Further, let
f(x, t,u) satisfy the one sided Lipschitz condition

flz,t,u) — flx, t,u™) < M(u—u*), M >0.
Then the solution u(x,t) of (3.3) exists and is unique.

Proof. We have already proved (p,~) are minimal and maximal solutions of
(3.3) on Qr. Hence, it is enough to show that v(z,t) < p(z,t) on Qr.

It is known from Theorem 4.1 that v(z,t) < p(z,t) on Qr. Let p(x,t) =
v(z,t) — p(x,t). By the hypothesis, we get
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o *p(z,t o 0%v(x,t
0, ’ﬁp(m,t) — k6($2 ) =0, ’ﬁ’y(m,t) — k@iﬂ )
2
.3 0 p(x, t)
— | P($>t)—‘k“?i;§‘*

< fla, (1) = [f (2,8, pl, 1))
< M ‘ ")/(Hﬁ,t) - p(mat) ‘
<M |p(z,?t) |,

where p(0,t) = 0, p(L,t) = 0 on Q and I'(a)t*~*p(z,t) |t=o= 0 on T'p.
Therefore, by Corollary 3.6, it follows that p(z,t) < 0. This proves that
v(z,t) = p(x,t) = u(x,t) on Qr and proof is complete. O

5. CONCLUSION

In this work, initially we have investigated the solutions of nonlinear Hilfer
fractional reaction-diffusion equations of IBVP (1.1)-(1.2) using maximal prin-
ciple and comparison theorem on Q7. By applying the comparison result as a
tool, we have developed a monotone method for the nonlinear Hilfer fractional
reaction-diffusion equations of IBVP (1.1)-(1.2). The monotone method yields
monotone sequences which converge uniformly and monotonically to minimal
and maximal solutions of IBVP (1.1)-(1.2). We have proved that the unique-
ness solution of u(x,t) of the problem.
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