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Abstract. In this paper, we study the existence and uniqueness of solutions for the frac-
tional time-varying delay integrodifferential equation with multi-point multi-term nonlocal
and fractional integral boundary conditions by using fixed point theorems. The fractional
derivative considered here is in the Caputo sense. Examples are provided to illustrate the

results.

1. INTRODUCTION

The mathematical modeling of systems and processes in the fields of physics,
aerodynamics, polymer rheology, electrodynamics of complex medium, signal
processing, tomography, chaotic dynamics, statistical physics, etc. involves
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derivatives of fractional order. In consequence, the subject of fractional dif-
ferential equations has been gaining much importance and attention among
researchers. Fractional-order models incorporate implicitly memory effects
that are difficult to describe using classical calculus. For the basic theory
and applications of fractional differential equations, one can refer to the books
[5, 16, 26, 33, 35].

In recent years, the theory of existence and uniqueness of solutions for
nonlinear fractional boundary value problems has attracted the attention of
many researchers. For noteworthy papers dealing with fractional boundary
value problems, see [1, 2, 12, 17, 20, 25, 31, 39, 40, 41, 45] and the references
therein. Integral boundary conditions have various applications in applied
fields such as blood flow problems, chemical engineering, underground water
flow, population dynamics, cellular systems, mathematical chemistry and so
on. Also many practically important problems lead to multipoint boundary
value problems which arise in many areas of applied sciences; for example,
in the theory of elastic stability, heat conduction, electric power networks,
electric railway systems, telecommunication lines, to name but a few.

Delay is very often encountered in many real world systems and there has
been widespread interest in the study of delay differential equations for many
years. For example, in modeling HIV infection of CD4" T-cells, the time delay
describes the time between infection of CD4%T-cells and emission of viral
particles on a cellular level [43]. In biology, the population growth depends not
only on the current population size but also on the size some times ago. The
same situation occurs in many economic growth models. As a result, in recent
years, fractional delay differential equations begin to arouse the attention of
many researchers due to their applications in various fields.

Several papers have been devoted to the study of existence results for integer
order delay differential equations [4, 6, 7, 19, 30, 38]. But in the case of frac-
tional order delay differential equations comparatively less theory is developed

and few of the works can be found in [3, 8, 10, 11, 13, 14, 23, 24, 34, 37, 42, 44]
and the references therein.

The existence of mild solutions for a class of abstract fractional integrodif-
ferential equation with nonlocal condition of the form

t
DI ut) + et ) tult)+ £ 1. 0(0) ula(0), [, u(s),u(B9)ds ).
0
u(0) + g(u) =wuo,
was studied by Balachandran et al. [8], where “D? is the Caputo fractional

derivative of order 0 < ¢ < 1, ¢t € J = [0,a], A is a closed linear unbounded
operator in a Banach space X with dense domain D(A), ugp € X and f :
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IxX? 5 X, e: JxX - X, k: AxX? = X,g9:00;X) = X,
a,f :J — J are continuous with A = {(¢,s) : 0 < s <t <a}.

Ouyang et al. [34] studied the existence of positive solutions to the nonlinear
system of fractional order differential equations with delays of the form

Dazul(t) + fi (t, Ul(Til(t)), ...,UN(TiN(t))) =0,t¢ (0, 1),
W) =0, j=0,1,0cm; 2,0 =1,2,..., N,
W"V) =, i =1,2, .., N,

7

where D% is the standard Riemann-Liouville fractional derivative of order
a; € (n; — 1,n;) for some integer n; > 1,7; >0fori=1,...,N, 0 < 7;(t) <t
for i, = 1,2,..., N, and f; is a nonlinear function from [0, 1] x Rj\_f to Ry =
[0, 00).

The pantograph equation is a kind of delay differential equation where it
gets the name from the work of Ockendon and Taylor [32] on the collection of
current by the pantograph head of an electric locomotive. It arises in differ-
ent fields such as electrodynamics, astrophysics, nonlinear dynamical systems,
probability theory on algebraic structures, quantum mechanics, cell growth
and so on. The pantograph equation is given by

{ y'(t) = ay(t) +by(M\t), 0 <t < T,
y(O) = Yo,

where a, b, yp € C and 0 < A < 1. Properties of the analytic solution of this
equation as well as numerical methods have been studied by several authors

[27, 28]. Iserles and his coworkers [15, 21, 22] studied extensively on the
ordinary pantograph equations. The multi-pantograph equation of the form

m

W (t) = au(t) + 3 wtyu(nit) + £(2), £ >0,
=1

where a € C; pi(t) and f(t) are analytical functions with 0 < A\, < Appm1 <
.-+ < A1 < 1, has been receiving considerable interest among the researchers.
The generalized nonlinear multi-pantograph equation of the form

{ ' (t) = f(t,u(t),u(Mt), -, u(Ant)), 0<t<T,
u(0) = uo,

where ug € C, f is a given function and 0 < A, < A1 < -+ < A1 < 1, has
been discussed by Liu and Li [29], whereas the nonlinear neutral pantograph
equation

W (t) = F(t,u(t), u(M), ' (D)), >0,

u(0) = uyp,



806 K. Shri Akiladevi, K. Balachandran and Daewook Kim

was investigated by Sezer et al. [36]. Due to its interesting applications in
many fields, recently, Balachandran et al. [9] studied the existence results for
the fractional model of the pantograph equation

{ “Diu(t) = f(t, u(t),u(\)), t € J=[0,T],
u(0) = uo,

where 0 < ¢ < 1,0 < A < 1, ug € X and the function f: J x X x X — X is
continuous.

Motivated by the above works, in this paper, we discuss the existence and
uniqueness of solutions for the following nonlinear time-varying delay inte-
grodifferential equation of arbitrary order ¢ € (n — 1,n|,n € Nyn > 2, t €
J = [0, 1], of the form

( C;anJr:L‘(t) = f(t,z(t), z(a1 (1)), z(az(t)), ..., w(ar, (1)), Kz(t)),
Zaix(g)zo,0<¢1<42<...<cm<1,
7(0) = a(0) = ... = 20 2(0) = 0 -
x(1) = > bi(If )( i), 0 < <M < ..<nym<l

H

MS

1
t

Here Kx(t):/ k(t,s,z(s), z(B1(s)), z(B2(s)), ..., z(Br,(s)))ds. The functions

0

frdx XNt 5 X k:Qx Xt 5 X, a;, B + J — J are continuous
with 0 < oy(t),B;(t) < t, t € J, i =1,2,...,1m,j = 1,2,...,r9, and a;,b; are
suitably chosen real constants. Igjr is the Riemann-Liouville fractional integral
of order p; > 0fori=1,2,....m. Here Q = {(t,s) : 0 < s <t < 1}. (X, ]|-]) is
a Banach space and Z = C(J, X) denotes the Banach space of all continuous
functions from J — X endowed with the topology of uniform convergence
with the norm denoted by || - ||c-

\

.
Il

The paper is organized as follows: In Section 2, we introduce definitions,
notations and some preliminary notions. In Section 3, we present our main re-
sults on existence and uniqueness of solutions using Krasnoselskii’s, Schaefer’s
fixed point theorems and Banach contraction principle respectively. Examples
are presented in Section 4 illustrating the applicability of the imposed con-
ditions. No contributions exist in the literature, concerning the existence of
solutions to the fractional time-varying delay integrodifferential equation with
multi-point multi-term nonlocal and fractional integral boundary conditions
in Banach spaces. Hence our aim in this paper is to fill this gap.

2. PRELIMINARIES

In this section, we give some basic definitions, notations and lemmas [26]
which will be used throughout the work.
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Definition 2.1. The Riemann-Liouville fractional integral of a function f €
LY(R™) of order ¢ > 0 is defined by

19, /(1) = F(lq) /0 (t— )7 f(s)ds,

provided the integral exists.

Definition 2.2. The Caputo fractional derivative of order n — 1 < ¢ < n is
defined by

DRI = =g [ = s

I'(n—gq

where the function f(t) has absolutely continuous derivatives upto order (n —
1). In particular, if 0 < ¢ <1,

opt rn_ L[PG
P10 = 7, G

where f'(s) = Df(s) = d];(ss).

For brevity of notation, I, is taken as I? and “D{, is taken as “DY.
Lemma 2.3. ([26]) Let p,q > 0, f € L'la,b]. Then IPI9f(t) = IPYif(t) =
TP £(t) and <DUIUf(t) = f(t) for all ¢ € [a, b].

Definition 2.4. A function z(t) € C(J, X) is said to be a solution of (1.1) if
it satisfies the equation

CDIx(t) = f (t, 2(t), (i (t)), ..., z(ap, (1), Kz(t)), n—1 < g<n,teJ

and the boundary conditions

daiw(G) = 0,0<G << <l <1,
=1

2'(0) = 2"(0) = ... = ("2 (0) = 0,
2(1) = Y bi(IPz)(n:), 0<m <2 < ... < < 1
=1

To study the nonlinear problem (1.1), we first consider the linear problem
and obtain its solution.
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Lemma 2.5. For f(t) € C(J, X), the unique solution of the fractional bound-
ary value problem

( CDix(t) = f(t),n—1<qg<n,te
Zlaix(@) =0,0<<@<...<{m<l,

2(0) = 27(0) = ... = 2=2)(0) = 0, (2.1)
z(1) = Z:lbi(lpix)(m), O0<m<m<..<nm<l,
s given by
2(t) = Tf () +(As—At™™) > " ail*f(G)
i=1
s ) - i) 22)

i=1

where

A= %Zai, Ay = %Z%Cin_l,
i1 =1

1 - " 1 2 P ()
As = —(1— ), Ay = = (1— L S o4
’ A< be(pﬂrl)) ! A( ;b T(p; +n)

i=1 1
with
m m pi+n—1
n; ['(n) >
A= i byt—r—-—7-"--—1
() (S

(e ) (L)

Proof. For some vector constants cg, c1,...,chn—1 € X, the general solution of
(2.1) can be written as [26]

z(t) =I9f(t) + co + crt + ... + cp1t" L. (2.3)
Using the boundary conditions 2/(0) = 2”(0) = ... = z(®=2)(0) = 0 in (2.3),
we get
Cl =C = ... =Cp—9 — 0.

m
For the boundary condition ) a;x(¢;) = 0, we have
i=1

Cozai —|—Cnflzaicinil = —Zalqu(g) (24)
=1 =1 i=1
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m

Next, using the boundary condition x(1) = Y b;(I?iz)(n;) and Lemma 2.3 in
i=1
(2.3), we have

m Di m pi+n—1

; m T Tn)

1= bi=—"t— | —cn- b~ -1

CO( ; T(pﬂrl)) ‘ 1(; L'(pi +n) )
= TP f(n) — I9f(1). (2.5)
i=1

Solving (2.4) and (2.5) for ¢ and ¢,,—1, we have

> Zazqu G)
2l ) { B )-1sf |

m p,+n 1

+ (ia){ Z b IPi T f (i qu(1)” .

=1

Substituting the above values of ¢, c1, ..., ¢p—1 in (2.3), we get

2(t) = I9F(t) + (As—Ast™ ) > ai I £(G)

i=1

# (o= w1
i=1

Hence the proof is completed ]

3. MAIN RESULTS

In view of Lemma 2.5, we transform (1.1) as
x = F(x), (3.1)

where F': Z — Z is given by
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t(_ g)a-1
(Fx)(t) = /0 (tF@))f (s,z(s), z(1(8)), ..oy x(r (8)), Kx(s)) ds
)it
)

_ n—1 . @ ¢ (CZ - S
+(Ag — Ast ); z/o T T
X f (s,2(5), 2(1(5)), oo, (ary (5)), Ka(s)) ds +(Ag— A" 1)

m'niw s,x(s), x(o(s r(op (S r(s))ds
X{;b/o Tt ©e@sa(e(s), . lan (), Ke(s)d

_ 1% s,x(s), z(ay(s z(a (s 2(s)) ds
| T ) atan(s) sl (o). Ka9) ds |, (32

for t € J.

Observe that the problem (1.1) has solutions if the operator equation (3.1)
has fixed points. Assume that the following conditions hold:

(A1) There exist positive constants Ly and Ly, such that
ri+1
(1) |’f(t,$071171, "'7$T‘1+1) - f(tvyﬂayla "’ayT1+l)H < Lf Z ||mZ - yl”’
=0
te J7 Ti, Yi er Z‘:O717'“7T.1 +17
T2
(11) ||k(t783$07$1> "'7$T2)_k(t787y0ay17 "'7y7“2)|| < Lk’ Z sz - yzHa

=0
t,seJ, x,y; € X,1=0,1,...,7r9.

(A2) There exist continuous nondecreasing function 1 : [0,00) — (0, 00)
and p € L'(J,R*) such that, for each (¢, 20, T1, ..., Zr 1) € J x X"1H2,

1 (& z0, 21, o @ry 1) < (@) p([|2]])-
(A3) Let Ay = Lg{(r1 +1)61 + Ly(r2 + 1)02} < 1, where

1+ |Ag| + [A4]
hh=—i———+(A A A A
1 T(g+1) + (|A4] + |A3])p1 + (|A2| + |A1])p3
and
1+ |Ag| + A4
o= ————— + (|4 A A A
2 T(q+2) + ([Aal + [As])p2 + (|A2| + |A1])pa
with

_ ) i _ ) i
P1 —Zzl|az’1—‘(q+1)a P2 Zzl|a1’1_‘(q+2)a

and
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pz+q pz-l-q—s-l

Z|z| p+q+1 /04—Z|1| pz+q+2)

We prove the existence of solutions to (1.1) by applying Krasnoselskii’s fixed
point theorem.

Lemma 3.1. ([18]) (Krasnoselskii Theorem) Let S be a nonempty closed con-
vex subset of a Banach space X. Let P, Q be two operators such that

(i) Px+ Qy € S, whenever z,y € S,
(ii) P is compact and continuous,
(iii) Q is a contraction mapping.

Then there exists z € S such that z = Pz + Oz.

Theorem 3.2. Suppose that the assumptions (Al) and (A2) hold with

p= a4 [ i+ Jaabon + el + 41D
# e+ )| LR 4 Ll (1l + L]}
<1. (3.3)

Then the boundary value problem (1.1) has at least one solution on J.

Proof. Consider B, = {z € Z : ||z|| <r}. Now, for t € J, we decompose F' as
F1 4+ F5 on B,., where

t(p_ gyl
(Fia)(0) = [ o (5009, (a1 (5)) v, (9), Ka() .

(q)
1y GG —s)r!
(Fox)(t) = (Ag — At ) > a; Wf(s,w(t?),x(m(s», e
;=1

= 0
z(ap, (s)), Kz(s))ds
I e e s 2(). 2l (s). - -
G [T oo et -
z(ay, (8)),Kz(s))ds
—1ﬂ syx(s),z(ar(s)), - x(ap (s z(s))ds
| T o) st (o) aan (). Kan(s) s .
Choose r > ||u|| 1 (r)61. For x,y € By, we find that
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| Fiz + Fayl|
S 1 3
< [ (91160 o, () K ) s H Ak A
0 =1
. g)q1
x/o (Czr(qi 1 (5,5(8), y(@1(5)), .oy ylar, (5)), Ky(5)) l|ds+ (| Az|+| A1)
m ) i s)pita—l d
{Z 1 /0 e M (0 p(01(9), - ylon, (), Ky(5) s
b [ ). 006Dl (), Ks) s
. t(t—s)al (¢i—s)!

m Gi
u(s)(llzl)ds +(|A4|+|A3|)Z |az‘|/0 ()Y (llyll)ds

o I'(g) ['(q)

+(14zl+41]) {Z\br/ O eyl ds

(-9
v [ O utioias

1+ [As| + | A4 % ¢
. ST T AL (Al + A o=
<o) | Ry (A 1D Y
p+q
+ ([Az2] + [A1]) Z‘b’Jqurl)]
< pllprp(r)és
<r.

Thus Fiz + Foy € B,.. Next we prove that F5 is a contraction.

e Eayl
< Qa3 ol [ S 000, ), e, (). ()
o) 1<s>>7...7y<an< DY) s + (4] + [41)

771 s)P
{1 a1 ), o, (), )

—f(S y(s),y(ar(s)), ..., y(am, (5)),Ky(s)) [|ds
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b —s)t
—i—/o T'(q) If (s,2(s), z(1(8)), .oy x(r, (5)), Kx(s))

m ¢ 1

< (|A|+143)) _ las ; S Ly [llz(s)=y(s)ll+llz(ar(s)) =y (ea(s))]
=1

+oo A flz(an (s) = y(an( NI+ 1Kz (s) = Ky(s)]|]ds + (|A2| + [As])

{Z b / =) e(s) — () + (e (s)) — y(aa(s))]

L(pi +q)

1 — s qg—1
+ o+ (e, (5) = ylar, ()| + | Kz (s) — Ky(s)|]ds + /0 . I‘(q))

s Ly [le(5) = y(5)]| + (01 (8)) = p(@a(s)) | + o + 2(ans (5))—y(an (s))]
+Ka(s) — Kyl s

< (il +14a) Y ] « Ly[(r1 + Dl —
=1

+ || /OS k(s,m,2(7),z(81(7)), .., x(Bry (7)))dT
- /0 k(5,7 y(r), 9(Br (1)), e y(Bra (7)) dr|[] s

p+q 1

771_5
(JA A b; ||z —
+(14s] + |41 {§j| [y + Dl i

+ H/o (s, 7, 2(7),2(B1(7))s ooy (Bry (7)) )dT

— [ kom0 B )y r s + [

0 0
< L[4+ Dl =yl + 1L Ko () (51 (0). o (B
- 7<:<s,7,y<r>7y<m<f>>,...,ywm(ﬂ))dru]ds}

m

¢
< (Aal +14) 3 Lol [ «
=1

+ Li(rs + D)l — ylls]ds

5)a1
o Lrltn + Dlle =]
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n;—s)Pita 1

+ (1] + ) {Zm/ e L[+ Dl
+ Li(rz + Dlz — ylls]ds

1 _ )1
. / <1>qLf[<n+1>ux—yu+Lk<m+1>ux—yus]ds}
0

I'(q)
<yt 0 EEEEL L i+ Laalon + 1l + 141

|Ag| 4 | A1

< Lz -yl

(Al + [ AsD)pz + (|As] + |A1\>p4} }|x _yl

Hence F5 is a contraction. Continuity of f and k& implies that the operator F}
is continuous. Also Fj is uniformly bounded on B, as

—g)a1
|(Faz)(t) < / ( F()) 1f (5. 2(5), 201 (5)), o 2(ctry (5)), Kx(s)) s

bt —s)at
< /0 e las

el Laeo(r)
~ ID(g+1)
To prove that the operator F} is compact, it remains to show that Fj is
equicontinuous. Now, for any t1,ts € J with t; < to and x € B,, we have

[(F1z)(t2) = (Faz)(t) |

l(ta—5)17! = (t1—5)""]]
S/O ) 1f(s,2(s), z(a1(s)), ..., z(ar, (5)),Kz(s))[|ds

(=5t
—|—/t1 T(q) Il f (s, 2(s), z(1(8)), ..., x(ap, (5)), Kz(s)) ||ds
1

“(t2=s)"" = (i =s)"!] Bt =)
< I(@) M(S)i/)(||m||)ds+/tl riwlalds

f(t = 5)11 = (61 = 5)7] Bty )
v [ — s Loy

As ty — t1, the right hand side of the above inequality tends to zero indepen-
dent of z € B,.. Thus F} is equicontinuous. By Arzela-Ascoli’s Theorem, F} is
compact on B,. Hence, by the Krasnoselskii fixed point theorem, there exists
a fixed point z € Z such that Fx = x which is a solution to the fractional
boundary value problem (1.1). O
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The next existence result is based on Schaefer’s fixed point theorem.

Lemma 3.3. ([18]) (Schaefer Theorem) Let X be a Banach space. Assume
that F': X — X is a completely continuous operator and the set

S(F)={z € X :2=AFz for some 0 <\ <1}

is bounded. Then F has a fized point in X.

Theorem 3.4. Suppose that there exists constant M* > 0 such that, for all
zi€X,1=0,1,....,m1 + 1,

| f(t, zo, 21, ey Tpy41)|| S M*, € J

Then the boundary value problem (1.1) has at least one solution on J.

Proof. Let B, ={z € Z : ||z|| < r}. The continuity of F' defined by (3.2) fol-
lows from the continuity of f and k. Now we show that F' maps bounded sets
into bounded sets in B;.

[(Fz) (@)l
Lt — g)a-1
< [T (), (9) (50, Ka(9) s

i=1
X\ f (s, 2(s), 2(@1(s)), oo 2y (s)), Kz(s)) [|ds
i (n; — s)Pita—l

+ (| Aa] + |A1){ > ’bi|/0 CTita)

=1
X Hf(S,.CC(S),.’L‘(Oél 8)),,,,,;12(047«1(8))71(1'(3)) HdS
(] _ gya-1
# [T (o) @) v (), Kl s |
< [W + (|As4| + | As|)p1 + (|A2| + |A1|)pz]

< M*0,.
Hence F' maps bounded sets into bounded sets in B,.

Next we show that F' maps bounded sets into equicontinuous sets in B,.
For that, let t1,to € J with t1 < t9. Then, for z € B,
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[(Fx)(t2) = (Fz)(t1)
(

f(tg—s)17" —(t1—5)7"]
S/O () £ (s, 2(s), x(ar(s)), ..., z(ar (8), Kz (s))||ds

(ta =)t
+/t1 I'(q) IIf (s,2(s), z(a1(8)), ..., x(ayr, (8)), Kz(s)) ||ds

+ | Ag|(t5t = Z]az\/
X |f (s, 2(s), z((s)), ..., @(aw )) ( ) [|ds

m ni — s)pita—l
+|A1 tn 1tn1{2’bl|/ 77 S

i—1 pz"’q
X IS (s,2(s), 2(0n(s)), ..., (o, (s)), K (s)) [|ds

ﬂ S, T a1(s I\« S TS S
+/0 U (5,209, 0(01(5). ol (), Kals) s .

As ty — t1, the right hand side of the above inequality tends to zero indepen-
dent of x € B,. Thus F' maps bounded sets into equicontinuous sets in B,.
By Arzela-Ascoli’s Theorem, F' is completely continuous. Now it remains to
show that the set

Gi C_Sql

S={x€Z:x=NF(x), forsome 0 <\ <1}

is bounded. Let x € S, then z = AF(z) for some 0 < A < 1. Thus, for each
t € J, we have

[z = A(F) D)

(t—s)0!
</0 T(q) If (s, 2(s), z(a1(5)), ..., x(r (5)), Kx(s)) ||ds

(G =)t
+<|A4+|Ag,|>;|az|/0 S
< 1f (5,2(s),a@1(5)), sl (), Kx(s)) s

m
(n; — s)Pita—t

77
+ (JAz| + |Aq)) {Z\bz!/ T 1 a)
< |Lf (s, 2(s), (ar(s)), ., 2(er, (5)), K (s)) ||ds

(I—s) 1
+/0 T M (5 as)al@i(s)), s aan (5)), Kos)) Hds}



On fractional delay integrodifferential equations with boundary conditions 817

1+ |As] + | A

<M*
- I'(g+1)

+ ([Aa] + [A3))pr + (| A2] + [Ar])ps
< M*6;.

This shows that S is bounded and as a consequence of Schaefer’s fixed point
theorem, we deduce that F' has a fixed point which is a solution to the frac-
tional boundary value problem (1.1). O

The next uniqueness result is based on Banach contraction principle.

Theorem 3.5. Assume that the hypotheses (A1) and (A3) hold. Then the
boundary value problem (1.1) has a unique solution on J.

Proof. Let

Ml = sup ||f(t7 07 ey O)H
teJ

and

My = sup ||k(t78707 70)” :
t,s€J

Then, consider
B, ={r e Z:|z| <1},

where r > AQ w1th Ag = Ly Ms0Os+ M6 and Ay is given by the assumption
(A3).

Now we show that F'B, C B,, where F : Z — Z is defined by (3.2). For
x € B, we have

t(p_ g)a-1
IFa)ol < [ “F(q))Hf<s,x<s>,x<a1<s>>,...,x<am<s>>,f<x<s>> Ids

g [ G
F a3 [ ST
<1 (5, (s)s (01 (5)), 2l (), Kr(s)) s

m
(n; — s)Pita- L

(n
#al+a{ S [
1 5 8), (@1 (6)) o (51, Kins) s

L1 —s)t
b [T (o) (9) e, (61, Kl s
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bt —s)at
S/O T'(q) [”f(s,a?(s),x(al(s)),...,x(arl(s))’Kx(s))

—f(s 0,...,0)[ + [1 (5,0, .., 0)[[]ds + (| Aa| + | As])
1

ercm [ Cz;é;q (1 (5, 2(s), 2(@1(s)), - 2l (5)), Ka(s)
0, )H+Hf(, s 0))ds + (4] + |41)

q—1
{Zlb \/ s — o [I1f (s, 2(s), 2(a1(s)), ooy @(aur, (), Ka(s))

pl_l_q

L] g1
— £(5,0,.,0)[[ + [ £(5,0,..,0)[[]ds + /0 . r(q))

X [Hf (5,2(s), x(a1(s)), ..., x(ar (5)), Kx(s)) — f(s,0,...,0)]
+|1£(s,0, ...,o)H]ds}

b — g)a-1
<[ " r<q) {Ls [0+ Dl + [ Ka()]] + M }ds + (| As] + | 4s))

9 Z!azl/ 41 [+ Dl + 1 Kas)] + M s

i=1
+(142] + |41) {Z\b/ P [+ 1))
+ || Kx(s )||] +M1}ds

L1 —s)at
[T e+ Dl + 0] + s

bt—s)at 3
= /0 F(CJ){LJ‘[(H + 1)7"+/0 (1k(s, 7, 2(7), 2(B1(T)), -y 2(Bry (1))

—k(s,7,0,...,0)|| + ||k(s, 7,0,...,0)[|)d7] + Ml}ds
m Gi
(A + |A3|>;|ai|/o &
+/S(Hk:(5 T, 2(7), 2(B1(7)), .o, ©(Bry (1)) — k(s,7,0,...,0)|
0
+Hk‘(8,7‘, Y )H)dT]—‘er}ds—l- ’A2|+|A1 {Zb ’/

=1

- {Lf [(1"1 + 1)7‘

— s)pita-l

LC(pi +q)
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X {Lf[(rl +1)r —i—/OS(Hk:(s,T,x(T),x(ﬁl(T)), ey Z(Bry (7)) — k(s,7,0,...,0)]|

1
+ ||k(s, 7,0, ...,O)H)dT] + Ml}ds +/O %@{Lf[(rl + )r
+ /OS(||k(5aTv$(7)7$(51(7-))7 "'7$(Br2(7-))) - k‘(S,T, O> 70)”

+ ||k(s,7,0,...,0)|)dr] + Ml}ds}

< TLf{(Tl + 1)91 + Lk(?"Q + 1)(92} + LfMgeg + M;6;
< AIT + AQ <r.

This shows that F'B, C B,. Next, for z,y € Z and t € J, we obtain

I(Fz)(t) = (Fy)( )l
S/ Lt Hf(s (s), x(a(s)), ..., x(ar, (5)), K (s))
0

I
— F(5s(5), wlea(5))s e (5)), K(s)) s (1Al +1 45D
=1
(G — )T
[T RIS (509 2(01(9). (o, (3). Ka(s)

— [ (s,9(s),y(1(s)), -, y(aum, (5)), Ky(s))l|ds+ (| Az[+ | A]) {Zlb\

<[ MHf<s,x<s>,x<a1<s>>,...,m<am<s>>7Kx<s>>
1 (sp(8) e (9) sl (61 Ky(9) s + [ “;@j)
X 1F (5,2(5), 21 (5)), o 200y (5)), K o(5))
= (5 p(8). e (90) ey (5). Ky (o) s}
< Le{(r1 + 101 + Li(r2 + )02}z — yll < Aqflz —yl|.
Here A; depends only on the parameters involved in the problem. By assump-

tion (A3), A; < 1 and therefore F' is a contraction. Hence, by the Banach
contraction principle, the problem (1.1) has a unique solution on J. O
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4. EXAMPLES

Consider the following fractional boundary value problem
t ()] + |2(5)] + [=()] + |=(3)]

31+ [2(0)] + o ()] + [o(t3)] + 2(L)

N 1/te‘5 o ()| + |=(332)|

3o 4 14 o3| + |u(22)]

DY 2x(t) =

ds, t € [0,1], (4.1)

4
D aiw(G)=0,0<G<<{<u<],
i=1
2'(0) =2"(0) = 2" (0) = 0,
4
z(1) :Zbi(fpil‘)(m), O<m<m<ngz<m<l.

K]
Here X =R, ¢=32, n=5 m=4,

— _ _ _ _ 1 _ 1 _ 1 _ 1
bl __197 b2_ 157 b3_53> b4_757 m= 9> 2 = 7 ns = 5> N4 = 3>

_ 1 _ 1 _ 1 _ 1
P1 =3 P2 =3 pP3=7 P4=3-

From the above given data, we see that A=-391.097603, A; =—0.263361,
Ay =-0.009743, A3=0.213051, A4, =-—0.001827, p; =0.051368, p2=0.00451,
p3=0.00293, p4 =0.000155, 8; =0.03616 and 62 =0.005433.

(i) From (4.1), we have
ft,2(t), .., w(an, (1), Kx(t)

)oK
ot T + Lo
31+ Ja0)] + ()] + 2() +]a(5)] 37

e |a(f)| + |2 (352
L1+ (P + |2 (32|

ar(t) = t2/2, as(t) = 3, az(t) = t/2,51(s) = V/s/9, Pa(s) = sins/2.

The condition (A1) is satisfied with Ly = % and Ly = 3. The condi-

tion (A2) is satisfied with p(t) = 1 and ¢(||z||) = . Computing the
value of L, we have L = 0.023231 < 1, thereby satisfying the condi-
tion (3.3). Thus all the assumptions of the Theorem 3.2 are satisfied.
Hence the problem (4.1) has at least one solution on .J.

ds

where, Kz(t) = /
0
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(ii) Now we take
[t x(t),...,x(an (), Kz(t))
_ 1 e®)] + |2(5)] + [2(5)] + [=()]
T+ 021+ [2(t)] + [2()] + o (5)] + ()]

+Ka(t) in (4.1),

et fe(s)] 4 a(s)] + 2(sins)
where Kw(t)/o 5 T+ [a()] + 2(sD)] + |2(ein )]
a1 (t) =t/2, as(t) = t3/2, as(t) =13, B1(s) = 52, Ba(s) = sins.
Clearly

1 (@& (t), 2(aa (b)), .., w(aw (1)), Kz(t)) [| < M

with M* = % Thus all the assumptions of the Theorem 3.4 are
satisfied. Hence the problem (4.1) with the given function f has at
least one solution on J.

(iii) Taking
F (b 2(t), s 2y (1)), K1)

et O+ )]+ feny] 1
ST T e+ (D] Jalm) 2o D,

" el +lals?)

z(s)|+x(s . 3
Kﬂ:(t)—/o 3 1—|—|x(3)|—|—|x(s3)|d5’ a1(t) =t/5, as(t) = sint, Bi(s) = s°.
The condition (A1) is satisfied with Ly = 3 and Lj, = 1. Computing
the value of Aj, we have Ay = 0.056051 < 1, thereby satisfying the
condition (A3). Thus all the assumptions of the Theorem 3.5 are sat-
isfied. Hence the problem (4.1) with the given function f has a unique

solution on J.
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