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Abstract. A new type of more general form of variational inequalities for quasi-pseudo-
monotone type III and strong quasi-pseudo-monotone type III operators has been obtained
on compact domains in locally convex Hausdorff topological vector spaces. These more
general forms of variational inequalities for the above types of operators used the more general
form of minimax inequality by Chowdhury and Tan in [3] as the main tool to derive them.
Our new results established in this paper should have potential applications in nonlinear
analysis and related applications, e.g., see Aubin [1], Yuan [11] and references wherein.

1. Introduction

In 1989, Shih and Tan derived advanced form of variational inequalities
in [9]. Now, for these advanced form of variational inequalities, we have de-
rived some general theorems for quasi-pseudo-monotone type III operators
and strong quasi-pseudo-monotone type III operators on comact domains in
topological vector spaces(TVS). We now state quasi-pseudo-monotone type
IIT operators and strong quasi-pseudo-mnotone type III operators below:
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Definition 1.1. Let G be a TVS, A be a nonempty subset of G and H be a
TVS over W. Let (-, ) : H x G — VU be a bilinear functional. Let us define
three mappings as follows:

(1) g: A= R,

(2) P: A— 2" and

(3) J:A— 28,
Then J is said to be an g-quasi-pseudo-monotone (respectively, Sg-quasi-
pseudo-monotone) type III operator if for each b € A and every net {bg}ger
in A converging to b (respectively, weakly to b) with

fim su inf inf  Re _U,b —a)+ b - a‘:| SO?
B p[fGP(b)ueJ(bB) f s — a) +9(bs) — g(a)

we have

lim supg [inffep(b) infyucr(b,) Re(f —u,bg —b) + g(ys) — g(b)}
> inf tc pg) inf e ) Re(f —w,b—a) +g(b) —g(a) forall a € A.

J is said to be a quasi-pseudo-monotone (respectively, strong quasi-pseudo-
monotone) type I operator if J is an g-quasi-pseudo-monotone (respectively,
Sg-quasi-pseudo-monotone) type 111 operator with g = 0.

We state and prove below a proposition which will provide examples of set-
valued quasi-pseudo-monotone type III (respectively, a strong quasi-pseudo-
monotone type III) operators:

Proposition 1.2. Suppose that A is a subset of a topological vector space
(TVS) G which is both nonempty and compact. Let J : A — 2¢" be an upper
semi-continuous mapping where we assume the relative weak topology on A
and we assume the strong topology on G* such that each J(a) is a subset of
G* which is compact in the original topology of G*. Let P : A — G* be any
single-valued map. Then J is both quasi-pseudo-monotone type III and strong
quasi-pseudo-monotone type Il operator.

Proof. Let a,b € A and let {bs}acr be anet in A which converges to b (respec.,
bz — b in the weak topology) with

limsup | inf Re(P(b) —u,bg—a)| <O0. 1.1
sup | int  Re(P(b) ~u.bs —a) (11)

Since A is compact and J is upper semi-continuous on A with relative weak
topology on A and we consider strong topology on G*, then for all 8 € I' there
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exists ug € J(bg) such that

li inf Re(P(b) —w,bg — = lim Re{(P(b) — ug, bg —
i | int Re(P(0) ~ w05 - @] =l Re(P(0) - s 05 - a

= Re(P(b) — u,b—a),

where u = limg ug and v € J(b). Then

limsup[ inf Re(P(b) —u,b —a}
sup | nt Re(P() ~/,b; —a)

=i inf Re(P(b) —w,bs —
7 [wé?<ba> eAP(b) ~w, by aﬁ
= Re(P(b) —u,b—a)

> inf Re(P(b) —w,b— a).

weJ(b)
Hence , we have

inf Re(P(b) —w,b—a) < 0. 1.2
o e(P(b) —w,b—a) < (1.2)

by (1.1). Again,

lim su inf Re(P(b) —u,bg —b
s | int Re(P(B) s )

= lignRe<P(b) —wg,bg — b)]

= Re(P(b) — w,b —b)
=0, (1.3)

where w = limg wg and w € J(b). Therefore, by (1.2) and (1.3) we have

limsup | inf Re(P(b) —wu,bg—b
sup | inf  Re(P() ~ by~ b

=0
> inf Re(P(b) —w,b— a).

weJ(b)

Consequently, J is both quasi-pseudo-monotone type III and strong quasi-
pseudo-monotone type III operators. ]

Chowdhury and Tan derived in [3] an advanced form of minimax inequality
of Ky Fan [6] which will be used mainly to obtain our main results on quasi-
pseudo-monotone type III operators.
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2. PRELIMINARIES

The following is a definition of quasi-pseudo-monotone type II and strongly
quasi-pseudo-monotone type II operators in [4]:

Definition 2.1. Let E be a topological vector space, X be a non-empty subset
of E and F be a topological vector space over ®. Let (-, -) : FFx E — ® be a
bilinear functional. Suppose we have the following three maps:

(1) h: X - R,

(i) M : X — 2F and

(43i) T : X — 2F.

Then T is said to be an h-quasi-pseudo-monotone (respectively, strongly
h-quasi-pseudo-monotone) type II operator if for each y € X and every net
{Ya}aer in X converging to y (respectively, weakly to y) with

lim su inf inf R(f —u, Yo —y) + h(ya) — b <0,
o FEM (yo) uET (ya) (f Yo —y) + h(ya) — h(y)
we have

lim sup,, [inffEM(ya) inquT(yo() R(f —u,ya — x) + h(ya) — h(l‘)]
> inf pepr(y) infyer) R(f —w,y —x) + h(y) — h(z) forall z € X.

T is said to be a quasi-pseudo-monotone (respectively, strongly quasi-pseudo-
monotone) type II operator if 7" is an h-quasi-pseudo-monotone (respectively,
strongly h-quasi-pseudo-monotone) type II operator with h = 0.

The following is an example of quasi-pseudo-monotone type II operators in
[4]:

Example 2.2. Consider X = [-1,1] and £ = R. Then E* = R. Let M :
X — 2R be defined by

_J[0,22], ifxz>0;
M(z) = { [2z,0], ifz<0.
Again, let T : X — 2R be defined by

[ {1,3),  ifz<l,
T(z) = { {1,2,3}, ifz=1.

Then M is lower semi-continuous and T is upper semi-continuous. It can be
shown that T becomes a quasi-pseudo-monotone type II operator on X =
[—1,1].

The following result is Lemma 3 of Takahashi in [10]:
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Lemma 2.3. Let X and Y be topological spaces, f : X — R be non-negative
and continuous and g : Y — R be lower semi-continuous. Then the map
F: X xY — R, defined by F(z,y) = f(x)g(y) for all (z,y) € X XY, is lower
semi-continuous.

We shall need the following Kneser’s minimax theorem given in [7, pp.2418-
2420]:

Theorem 2.4. Let X be a non-empty convex subset of a vector space and Y
be a nonempty compact convex subset of a Hausdorff topological vector space.
Suppose that f is a real-valued function on X XY such that for each fixed
x € X, the map y — f(x,y), i.e., f(x, -) is lower semi-continuous and convex
on'Y and for each fixed y € Y, the map x — f(x,y), i.e., f(-, y) is concave
on X. Then

min su x, y) = sup min f(x, y).
yEY;peEf( y) megerﬂ y)

3. EXISTENCE THEOREMS FOR MORE ADVANCED FORM OF BQVI oOF
QUuASI-PSEUDO-MONOTONE TYPE III AND STRONG
QUASI-PSEUDO-MONOTONE TYPE OPERATORS

Quasi-pseudo-monotone type III (respectively, strong quasi-pseudo-monotone
type III) operators with compact domain will be used in deriving some new
results for generalized bi-quasi-variational inequalities (GBQVI) in locally con-
vex topological vector spaces (LCTVS). Certainly these extends and general-
izes similar results in [9].

Use of the Lemma 3.1 in [5] is necessary for our research finding below:

Theorem 3.1. Suppose G is a locally convexr Hausdorff topological vector
spaces over W, A is a subset of G which is convex, nonempty and compact
and H a topological vector space (TVS) with whose field is ¥ and which is a
T, topology. We assume that the bilinear functional (-,-) : H x G — V¥ is
continuous. Assume also the following:

(1) L : A — 24 is upper semi-continuous with every L(a) a subset of A
which is a convex and closed subset of A;

(2) g: A— Ris a single-valued continuous function which is also a convex
function;

(3) J: A — 2 s a g-quasi-pseudo-monotone type III (respectively, sg-
quasi-pseudo-monotone type I11) operator and is upper semi-continuous
such that each J(a) is a compact set (respectively, a compact set in
weak topology) and a convex set and J(A) is also bounded subset of H
in the original topology of H;
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(4) P: A — 2" s a single valued mapping for all a € A which is both a
continuous and a linear mapping also;
(5) £ = {b e A supyer infucsy Re(P(b) —1u,b—a) + g(b) — g(a)) > 0}
is an open subset of A.
In addition, we assume the following conditions are satisfied:
(i) for each B € F(A) (where F(A) is the set of all non-empty subsets
of A) and each a,b € co(B) and any net {bg}acr in A converging to
y we have limsupg[inf,c jp,) Re(P(b) — u,bg — b) + g(bg) — g(b)] < 0
whenever limsupginf, e ;3,) Re(P(b) — u,bg — a) + g(bs) — g(a)] < 0,
and
(ii) limsupglinfye;,) Re(P(b) —w,bg — a) + g(bg) — g(a)]
> inf e yp) Re(P(b) — w,b — a) + g(b) — g(a) whenever
lim supg[inf e s(s,) Re(P(b) w,bg —b) + g(bg) — g(b)]
> inf e yp) Re(P(b) —w,b—a) + g(b) — g(a) for all a € A.
Then there exists a point be A such that
(i) be S(b) and
(i)’ there exist a point w € J(b) with Re(P(b) —w,b—a) < g(a) — g(b) for
all a € S(b).
Moreover, it is not necessary that G will be a locally convex (LC) space if
L(a) = A for alla € A, and if J =0, the continuity assumption on (-, ) can
be weakened to the assumption that for each f € H, the map x — (f,x) is
continuous (respectively, weakly continuous) on A.

Proof. The main thing here is to show that there exists a point b € A such
that b € S(b) and

sup | inf Re(P(b) —u,b—a)+ g(b) —g(a)| <O.

aeS(b) [ueJ(b)

If we do not agree with the above consequence, then for each b € A, either
b & L(b) or there exists a € L(b) such that
inf Re(P(b) —u,b—a)+ g(b) — g(a) > 0;
ueJ(b)

that is, for each b € A, either b & L(b) or b € ¥. Suppose that b ¢ L(b).
Then we can use an advanced form of Hahn Banach Theorem in functional
analysis for locally convex Hausdorff topological vector spaces to derive that
there exists p € G* such that Re(p,b) — sup,erp) Re(p,a) > 0.

Let v(b) = supge () infue sy Re(P(b) —u,b—a) + g(b) — g(a) and suppose
that

Y=Wp:={be A|~() >0}
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and for each h € G*, set

Wy, = {b € A: Re(h,b)y — sup Re(h,a) > 0} .
a€L(b)
So, we obtain A = Wy U U, cq+ Wh. Clearly, W}, is an open subset of A for
each h, by Lemma 2.2 in [10] and by our assumption, Wy is an open subset
of A by hypothesis. So, we see that {Wy, W}, : h € G*} is a covering for A
which is also open. But A is compact, so, there exists hy, ho,- -+ , hy, € G* such
that A = Wy UJ;; Vi;. To make it more convenient, we write W; = W}, for
i =1,2,---,n. Suppose that {dg,d1, - ,0,} is a partition of unity which is
continuous on A and which also subordinates the covering {Wy, Wy, --- W, }.
Then &g, d1, - - , 6, are functions on A which are real valued and non negative
and are also continuous such that §; becomes zero on A\ Wj;, for all i =
0,1,--- ,nand > " ;d;(a) =1 for all a € A.
Define ¢ : Ax A — R by

V(o) = 00) | inf. Re(PO) b 0) +.90) - g(a)

+ Y 6i(b)Re(pi, b — a)
=1

for each z,b € A. Then following derivations are obtained:

(1) Because G has a topology which is T5, for all B € F(A) and for all
a € co(B) arbitrarily chosen, the mapping

b inf Re(P(b) —u,b—a)+ g(b) — g(a)
ueJ(b)

is lower semi-continuous (Isc) (respectively, weakly lower semi-continuous (wlsc))
on co(B) by the Lemma 3.1 in [5] and hence we conclude that

b — () ué%b) Re(P(b) —w,b—a) + g(b) — g(a)

is lower semi-continuous (respectively, weakly lower semi-continuous (wlsc))
on co(B) by Lemma 2.2 in [10] and the Lemma 3 in [9]. Also for each fixed
a€A,

b X ,0:(b)Re(pi,b— a)
is a function on A which is also continuous. Consequently, for all B € F(A)
and a € co(B) arbitrarily chosen, the function b+ 1 (a,b) is Isc (respectively,
wlsc) on co(B).

(2) For each B € F(A) and for each b € co(B), minge ¢(a,b) < 0. Suppose
this is not true. Then for some B = {aj, a2, - ,a,} € F(A) and some
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b€ co(B) (say b= " \a; where i, Ay, - - )\n 0with D27 A =1), w

have minj<;<, ¥ (a;,b) > 0. Then for each i =1,2,--- ,n,
do(b) [ug}ﬁb) Re(P(b) —u,b—a;) + g(b } Z:: b)Re(p;,b—a;) > 0,
so that

0 =1(b,b)

Hence we end up with a contrary result.

(3) Assume that B € F(A), a,b € co(B) and {bg}acr is a net in A converging
to b (respectively, weakly converging to b) with ¢ (ta + (1 —t)b,bz) < 0 for all
g el and all t € [0,1].

Case 1: dp(b) = 0.
We see that do(bg) > 0 for each o € I" and dp(bg) — 0. Since J(A) is
strongly bounded and {bg}acr is a bounded net. So we conclude that

1imﬁsup [50(55)(ugi£6) Re(P(bg) — u,bg — a) + g(bg) — g(a))} =0. (3.1

Moreover,

5009 | iy, ReP(0) = .y — ) +900) ~ g()] =0,

Therefore,
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limﬁsup [5O(b’8)(ugi(2g) Re(P(bg) —u,bg — a) + g(bg) — g(a))

—1—25 YRe(p;, b — a)

Z b)Re(p;,b — a)

— o(0) [ugg) Re(P(b) — u.b— a) + g(b) — g(a)

+ Za )Re(pi, b — a). (3.2)
If t =1 we have 9¥(a,bg) <0 for all 5 €I, that is,

5o(55) | min Re(P(b3) .05~ a) + g(09) ~ g(a)

+ Z di(bg)Re(p;, bg — a)
i=1
<0, Vael. (3.3)

Consequently,

lim sup [60(1)5) min Re(P(bg) —u,bg —a) + g(bg) — g(a)
Jé] uEJ(b@)

+ lim inf 6;(bg)Re{pi, bg —
111}3111 [; (bg)Re(p;, b a)]

< lim sup [(50(65) min Re(P(bg) —u,bg —a) + g(bg) — g(a)
B uEJ(bg)

+ Z di(bg)Re(pi, bg — a)]
i=1
<0.

Therefore,
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lim sup [60(b5) min Re(P(bg) —u,bg —a) + g(bg) — g(a)
B8 uE](blg)

+ Z 3i(b)Re(pi, b — a)
i=1

<0. (3.4)
So, by (3.2) and (3.4), we derive that ¥(a,b) < 0.
Case 2: dp(b) > 0.

As 60(bg) — 09(b), there exists A € I" such that dg(bg) > 0 for all 5 > A. If
t =0, we have 9(b,bg) < 0 for all § €T, that is, for all @ € T,

ad%ﬂegg54P@m—uwg—w+gwm—mw]Q§&wMRdmw5—w<o,
usJos i=1
Then

limﬁsup [50(195)(“61%3) Re(P(bg) — u,bg — b) + g(bg) — g(b))

n

&Y S Relpn by~ )
i=1
<0. (3.5)
So, we have

limﬂsup {50(%)(%%@ Re(P(bg) — u,bg — b) + g(bg) — g(b))

+ lim inf 0;(bg)Re(p;, bg — b
jnt | 6 et bs )

< lim;up [50(b5)(u Re(P(bg) —u,bg —b) +g(bg) — g(b))

inf
€J(bg)

+ ) 6i(bg) Re(pi, b — b>]
=1
<0.

Since liminfg[Y """ | §;(bg) Re(p;, bg — b)] = 0, we have

lim sup [50(b5)( min Re(P(bg) —u,bg —y) + g(bg) —g(b))| <0. (3.6)
B ueJ(bg)

As dp(bg) > 0 for all & > A, we conclude that
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3o s | min Re(P(b) = by —) +o(bs) — o(6)

= 11msup [50(b5)(ug1(£1ﬁ) Re(P(bg) —u,bg —y) + g(bg) — g(b))} . (3.7

As §p(b) > 0, by (3.6) and (3.7) we derive that

hmsup [ min Re(P(bg) —u,bg —y) + g(bg) — g(b))] <0.
uEJ(bﬁ)

So, by condition (i), we have,

lim sup [ min Re(P(b) —u,bg — ) + g(bg) — g(a))} <0.
B uEJ(b@)

As J is a g-quasi-pseudo-monotone type III (respectively, sg-quasi-pseudo-
monotone type III) operator, we have
limsup[ min Re(P(b) —u,bg —b) + g(bg) — g(b)]
Jé] uEJ(bﬁ)

> wrél}l(lb) Re(P(a) —w,b—a) + g(b) — g(a), (3.8)

for all @ € A. So, by assumption (ii), we have,
[limsup( min Re(P(b) —u,bg —a) + g(bg) — g(a))]
B8 uGJ(bﬁ)
> [ min Re(P(b) —w,b—a) + g(b) — g(a)],
weJ(b)
whenever (3.8) is true.
As 0p(b) > 0, we can derive that
So()llimsup( win  Re(P(8) — u, by — a) + g(b3) — g(a)]
B uEJ(bﬁ)
> §p(b)[ min Re(P(b) —w,b—a) + g(b) — g(a)].

weJ(b)
So,
do(b)[limsup( min Re(P(b) —u,bg — a) + g(bg) — g(a))]
6 u€J(bg)
+ Z di(b)Re(pi, b — a)
> %(b)[w% Re(P(B) — w,b— a) + g(b) — g(a)

n

+ 6i(b)Re(pi, b — a). (3.9)
=1
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If t =1 we have 1(a,bg) <0 for all 8 €T, that is, for all « € T,

3o(s5) | min Re(P(b3) .05 ) + a(0) ~ )

+ ) di(bg) Re(pi, b — a)
=1
<0.

Then

0 > limsup[dp(bg) min Re(P(bg) —u,bg —a) + g(bg) — g(a)
B uEJ(b[g)

+ Y 6i(b)Re(pi, bs — a)]
=1

> limsup[dp(bg) min Re(P(bg) —u,bg —a) + g(bg) — g(a)]
B uEJ(bﬁ)

+ lim inf 0;(bg)R i,bg —
iyt 0i(0) Relpi by — )

i=1
= do(b) [hmﬁsup{ugl(il )Re( (bg) —u,bg —a) + g(bg) — g(a)}]

+ ” di(b)Re(pi, b — a)

=1

do(b) [lim Sup{ueﬂ}l(?ﬁ) Re(P(b) —u,bs — a) + g(bs) — g(a)}]
+ Y 3i(b)Re(pi, b — a)

=1

> bo(b) [wfg}&) Re(P(b) —w,b—a) + g(b) — g(a)]

3

+ > 6(b)Re(pi,b— a). (3.10)
i=1

Consequently, ¥(a,b) < 0 has been derived.

(4) As A is a compact (respectively, weakly compact) subset of the Hausdorff
topological vector space G, it is also closed. Now, if we take K = A, then for
any ap € K = A we have ¢(ag,y) >0 forallbe A\ K(= A\ A=0). So, the
assumption (4) of Theorem 1.1 in [3] has been verified to be satisfied.
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We can complete the last part of this proof by seeing the poof of the first
step of Theorem 1 in [4]. Consequently, the following has been derived:

sup | inf Re(P(b) —u,b—a) + g(b) — g(a)| <0.
acL(b) |uEJ(D)

So, if we apply Theorem 2.1 in [7, pp.2418-2420](see also Aubin [1, pp.40-41))
as we did in the third step of Theorem 1 in [4], it can be derived that there
exist a point & € J(b) such that Re(P(b) — w,b — a) < g(a) — g(b) for all
a € L(b).

Looking into the above proof, we get the conclusion that the need for G to
be LC is required when and only when the separation theorem is applied to
the case b & L(b). Therefore, if L : A — 24 is the constant mapping L(a) = A
Va € A, GG is not required to be LC.

In conclusion, we say that if J = 0, to derive that for all a € A, b — ¢(a,b)
is lower semi-continuous (respectively, wlsc), Lemma 3.1 in [5] will not be
required and the weaker continuity condition on (-, -) that Vf € H, the map
a — (f,a) is continuous (respectively, weakly continuous) on A is sufficient.
Consequently, we have completed the proof of this theorem. O

Below, we present the 2nd result of this paper:

Theorem 3.2. Let G be a locally convex Hausdorff topological vector space
over ¥, A be a nonempty compact convex subset of G and H be a vector space
(VS) over U. Let (-,-) : Hx G — ¥ be a bilinear functional such that (-,-)
separates points in H and for all f € F' and the map x — (f,x) be continuous
on G. Consider H with the strong topology §(H,G). Assume that

(1) L : A = 24 is a continuous map such that each L(a) is closed and
convex;

(2) g: A— R is convex and continuous;

(3) J : A — 2H is a g-quasi-pseudo-monotone type III (respectively, sg-
quasi-peudo-monotone type I11) operator and is an upper semi-continuous
mapping such that each J(a) is strongly, that is, 6(H,G)-compact and
convez (respectively, weakly, that is, o (H, G)-compact and convex) and
J(a) is strongly bounded, that is, bounded in the strong topology of H;

(4) P : A — 2 is a continuous linear map and is therefore single-
valued for each a € A; also for each b € ¥ = {b € A : sup,erp)
inf,c 7 Re(P(b) —u,b—a) + g(b) — g(a)] > 0}, there exists a point x
in L(b) with inf,¢ ) Re(P(b) —u,b —a) + g(b) — g(a) > 0.

Moreover, suppose that the following conditions are satisfied:
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(i) for each B € F(A) and each z,b € co(B) and any net {bg}acr in A

converging to y we have

lim sup [ inf Re(P(b) —u,bg —b) + g(bg) — g(b)} <0
B ’u,GJ(bB)

whenever

lim sup [ inf Re(P(b) —u,bg —a)+ g(bg) — g(a)] <0
B uEJ(bg)

and
(ii) limsupglinfy,espy) Re(P(b) —w,bs —a) + g(bg) — g(a)]

> infye y) Re(P (b) w,b—a) + g(b) — g(a) whenever

lim supg[info,e ) Re(P (b) w,bg —b) + g(bg) — g(b)]

> infye sy Re(P (b) w,b—a)+ g(b) — g(a) for all a € A.

Then there exists a point b e A such that
(i) be S(b) and A ) A
(i)’ there exist a point w € J(b) with Re(P(b) —w,b—a) < g(a) — g(b) for
all a € S(b).
Moreover, if L(a) = A for all a € A, G is not required to be locally convezx.

Proof. The proof of the above theorem is similar to the proof of Theorem 2 in
[4]. O

Before we end this paper, we would like to point out that the new results in
this paper should have potential applications in nonlinear analysis and related
applications, e.g., see Aubin [1], Yuan [11] and references wherein.
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