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Abstract. In this paper, we represent regular functions on ternary theory in the view of
quaternion. By expressing quaternions using ternary number theory, a new form of regular
function, called E-regular, is defined. From the defined regular function, we investigate
the properties of the appropriate hyper-conjugate harmonic functions and corresponding

Cauchy-Riemann equations by pseudo-complex forms.

1. INTRODUCTION

The non-commutative four dimensional R* of the hypercomplex numbers
have been studied by Hamilton, called quaternions with real numbers. Quater-
nions are interested in the characteristics of functions dealt with in complex
analysis from the perspective of a number system extended from complex num-
bers. In 1935, Fueter [2] has given a definition of regular quaternionic function
in R%. After then Deavours [1] and Sudbery [12] have developed a quaternion
analysis theory. K. Nono [10] have represented quaternions to complex num-
ber forms. Koriyama and K. Nono [6] have investigated hyperholomorphic
function and holomorphic functions in Quaternionic analysis.

Various combinations of number systems can be attempted by transform-
ing quaternions into ternaries. In particular, by transforming quaternions into
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ternary numbers, this paper examine how the form and properties of the reg-
ular function defined in ternary numbers are related to the properties of the
regular function applied in quaternions. Kim and Shon [3, 4] have investigated
quaternion variables modified with tri-complex form and properties of regular
functions of that variables. Kim [5] has given the corresponding differentiabil-
ity of functions of generalized quaternionic variables and their properties.

We consider the ternary representation of real quaternions and make pseudo-
complex number form with modified basis i. We define E-regular in R? and
relative properties of E-regular functions.

In this paper, we introduce definitions of E-regular functions on real ternary
numbers and represent pseudo-complex number form which is a special form
of the quaternion. In section 2, we give necessary variables, functions and op-
erators. In section 3, we define dirac operators and Cauchy integral theorems
and introduce properties and corollaries by Naser [9] and Noéno [10, 11]. Also,
we find a harmonic conjugate function on R3. In section 4, we reserch two
generalized Cauchy-Riemman systems introduced in [7, §].

2. PRELIMINARIES
In the skew quaternion field 7, let T be the set of all ternary numbers
T={z|z=uz9+x161 + 2262, T0, 21,22 ER} C T,
where €2 = 2 = —1 and let ejes = /—1.
The element is
z = xp + T1€1 + T2e2
aey + bes (axy +bras  bri — axo
Va? + b2 (\/a2+62 Va2 +b? ele2>
where a, b are real numbers except both zeros.
Let

aeq + besy ari +bras  bri — axe

%:7,2 = + e1e.
Vet T Vet Vet
Then T = R x C with

Z:x[)—i-%ZoERX(C, 2 =—1

called a pseudo-complex number form and
z+w = (xg +i20) % (yo + two)
= (w0 % yo) + i(z0 =+ w),
= (z0 + 120) (yo + 2wp)
= (

Toyo — Zowo) + i(Towo + 20%0),
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where zoi = ng), w=yo+ %wo and
wy — <ay1 +bys by — ay26162)
Va+0>  Va? +1? '
Let Z be the conjugate of z

§:$0—i20.

Then
2|2 : = 22 = (w0 + 120) (w0 — i20)
= x%—i—%zo
= 1:8 + x% + x%
and ~
_ Z
27t = W

Consider the following differential operators:

.9 .0 _ 90 0 0
T g 0% Oz ‘0x ‘Oz
~ 9 .0 9 ) )

D =-—teig—t+e—,

= om0 'om ome T Y on o,

where
R (S R
0z VaZz +v20r1 a2 + b2 0r
Y U A N U
V2 102011 a1 2 ors)
R S R
07y Va2 +b20zx1 /a2 + b2 0z2
b 0 a 0
| ——=—-—| e169.
VaZ +020x1 a? + b2 0z
Then the Laplacian operator is
0? 0* 02 0? 0?
Oxt " 0200z, Ox3  Ox? Ozl

Let Q be a domain in R3. We consider a function f defined on Q and with
values in R x C:

A:=DD=DD =

f=wuo+uie; +ugex = ug + i fo,

z = (20, 21,22) € Q> f(2) = uo(wo, 1, 2) + i fo(wo, ¥1,22) € R x C,
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where ug, u1, us are real valued functions and let

aul + bus bui — aus

vV E e, V] = Y.
YT Vaerr T Va2t

Then
Jo =0 +vieren
is an usual complex valued function.

(2.1)

We let G be a domain in R x C. We consider a function i defined on G and

with values in C x C:

z = (x0,20) € G+ h(z) = u(xo, 20) + %v(mojzo) e CxC,

where u and v are complex valued functions.

3. PROPERTIES OF A E-REGULAR FUNCTION

Lemma 3.1. Let Q be a domain in R®. Let a function f be defined on Q and

with values in R x C. Then Ef =0 if and only if
ou _0fy 0f0 __Ou

org 0z = Omg 0%
Similarly, leD =0 if and only if
Oup ofy  Ofo Oug

dxg 9z Oxg 07

Proof. By the definitions of the operators D and D we have

D= (i) iy - (204 20

5f:<£o+zaao> (o +2fo) = (ggg—gfg%
fD = (ug +ifo) (8?50 320) <gzg gﬁg) +i
1D = t-+i) (e i) = (G- ) +i (52

Thus, the results are obtained.

Referred [10] and [11], we give the following definitions:

dfo

(3.1)

Definition 3.2. f(z) = ug(zo, 21, 22) + ifo(20, 21, 22) is called Fj-regular

function if

(1) up and fy are continuous differential functions,
(2) Df =0 on Q.
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Definition 3.3. h(z) = u(xo, 20) +iv(zo, 20) is called LEy(RE3)-regular func-
tion if

(1) w and v are continuous differential functions,

(2) Dh=0 (hD =0) on Q.

By comparing (3.1) and (3.2), we don’t need to distinguish left and right
calculation and just call Ej-regular function. However, Dh = 0 if and only if

ou ov ov ou

T e P 33
Similarly, hD =0 if and only if
Ou _0v v _ _@' (3.4)

dxo 0z Owo 0%

Since u and v are complex-valued functions, we have to distinguish L Ep-regular
which is satisfied Dh = 0 and RE,- regular which is satisfied hD = 0 in the
above definition.

From the definitions of fy and zg, we obtain the following equations:

8uo o 8u1 auZ 8U1 - 8’&2

I 3.5
910 Om | Omy’ Oz Om @3)
and
8’LL0 8’LL1 8UQ 8U1 8U2
el e T s 3.6
Oxg Ox1 + Oxy’ Oxy Ox (36)
Equation (3.5) is equivalent to
Oug  9dfo
— == 3.7
(9:60 820 ’ ( )
and Equation (3.6) is equivalent to
Oug dfo
= __Z0 3.8

Proposition 3.4. Let Q be an open set in R and f be an E-reqular function
on . Then, we have

of ~Of
D = / = — = —7—.
f=7 O0xo 28%
In particular, we obtain
871
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and
n n 0" o
D"f=(-1)2—s——f, ifn is even,
0z5 0% 2
. ntl " e
i(—1)2 n;1—n+1f7 if n is odd.
0zy° 0Zy 2

Proof. By the definition of a E-regular function on Q and [11],
Oug  Ofo ~(0fo  Oug Oug - 0fy 0
D == —_ —_ _ = —_— _—
/ <8xo * 820> T <8x0 7% ) = Oz om0y’

prp= 2 (L) _ X

a0 \Ozg? ) = Ba2’

By continuing calculations, we have

and

np_ O0"f
D"f = 5y
Similarly,
_0fo _;0u0 __50f _;0u0
DI = o T T an om

(P D) -l
= —1 6%10 870u0 = ZBZT)

and by continuing the operator D calculations, we get

D'f = (_1)%37”]‘, if n is even,
924 07

i) =X s odd
2% 0%

0

Example 3.5. Let f(z) = 2" = (z9-+1i20)". Then if f is an E-regular function
on  in R3, then

9" f(z)
D"f(z) = — =n!
oxg
and hence 10" f(2)
7 z n
f(2) = n! Ozl =
Similarly,
a1 0"f(2)

F(2) = (=) = o "

n! 0zy' 0zp"
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where 1 and r9 are integers with r; < rg and r1 + 19 = n.

Proposition 3.6. Let Q be an open set in R® and f and g be E-reqular

functions on Q. Then
(1) af is E-reqular on Q, if a is any real constant,
(2) fa is E-regular on Q, if « is any ternary constant,

(3) f+g is E-regular on €.
Proof. 1t is sufficient to show the second condition of the Definition 3.2.
(1) We have

D(af) = (8 + 28) (aouo — @ fo) + i(ao fo + uoo)

- 0xg 07y
(P ORN (o 0h, dw,
0 Ory Oz Oﬁxo 020 0

A dfo | Oug dug __09fo
+1 {CLO <agj0 + 6ZO> + (8z0 (87) 01087% .
If o is any real constant, D(af) = 0.

(2) Let « be a ternary constant, o = ag + 2o, where ag is real and
ci1a1 + coan  coa1 — C1a9

ap = +
2 2 2 2
Vet ASTRES
where c1, ¢, a1 and ag are real numbers. Then

D(fa) = <8axo + 28(;0) {(uoao — focro) + i(uoco + foao)}
duyg dfo duyg dfo )

€i€éz,

— S — 50— 3 -Ao

- (8950 0 8.%0 82’0 820

=0.
(3) Since f, g is E-regular functions on 2,
~ o .~ 0 .
D(ftg)=(=—+1t— + (fo £
(720 = (g i ) (ot o) + (o % )

ore 0z | 0z 0% 0z | 0x T dm

_<guoiavo dfo 590>+g<8u0iavo+afo i@go)
To

=0.

g
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Corollary 3.7. Let Q be an open set of R® and f, g be continuously differential
on ). Then the following equations are satisﬁed'

D(fg) = (Df)g+f7 - faz0

D(fg) = <Df>g+f— i s o

Proof. By the definitions of D and D, we have
D(fg) = D(ugvo + ifovo + itiogo — fogo)

B 9 . 9 . 5 _
= aTCO(UO’UO) + afxol(fovo) + aTCO@(Uogo) - aTCO(fOQO)
.0 P ) 0
+ Zgg(uovo) - aj,()(fovo) + Z%(UOQO) - Zf(fogo)

) <au0+Aafo+A6m_3fo> (o0 + ign) + /5 i 52

8700 8:60 8z0 820 820

:(Df)gﬂLfaTCO*%fg

Similarly, by expanding l~)( fg) and rearranging each term, we obtain the fol-
lowing equation.
D(fg) = <Df>g+f— vif s
20
O

Proposition 3.8. Let Q be an orientable smooth surface with boundary in
R3, and v : R? = R3, v(z,y) = (20,1, 22) be a smooth such that v(U) = Q
and y(bU) = b2, Let f = (ug,u1,u2) be an E-reqular on Q, where u; : R? —

R (i =0,1,2). Then
b2

where f = (ug, —u1, —uz) and - is usual inner product.

Proof. We define

Oy Iy
Gi=f —,Gy=f-—.
1 f 8x ) 2 ay
Then
?{ f-dy :y{ uodzo + uirdry + usdry = G1idz + Gody,
b2 b2 bU

by Greens’ Theorem,

/ Gidx + Gody = // Vxf- (87 X 87) dxdy,
bU bU dx Oy
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where x is usual outer product. Since f is an E-regular on €2,

Vxf=0

7€Qf-d7:0.

Referred [9] and [11], we define harmonic function on € in T:

and hence

921

Definition 3.9. Let Q be an open set in T. A function f = ug + i fy is said

to be harmonic on € if the component ug and fy are each harmonic on €.

Proposition 3.10. Let Q be an open set in T. If a function f = ug + i.fo is

E-regular on Q). Then f is harmonic on €.

Proof. Since f is an E-regular function on €2,

e (9 0 N[(0w Ofo\  »(0f  Ou
bDf= (6960 28,20> {(83:0 azo> T <8x0 * 82’0)}
0? 02 . [ 0? 02
= <u2° + u”) +i (“’;0 + fo)
Ox; 02007 Oz 020079
_ (35“0 _ 33f0) 43 <_a‘9“0 N 33“0)

Oxg Oxg 0zp 0xg Oxg 07y 0% 0xg
=0.

We obtain a harmonic function on Q.

0

Proposition 3.11. Let G be an open set in T. If a function u(xg,z0) is
harmonic on G, then there exists v(xo, z0) such that h = w+ v is hL(Rh)-E-

regular.

Proof. Since wu is harmonic on G,

d%u 9%u

— 4+ ——=0
8%'(2) 020079
and then,
9o oo
Oxg Oz N 0zp 870
Let

ov ou ov ou

9z  Omg’ Ozg  O0F

Then, we have v which satisfied that h = u+iv is hL(Rh)-E-regular on G.

O
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Theorem 3.12. Let Q be an open set in R3. If a function ug(xo, 1, 22)
is harmonic on ), then there exists fo(xg,x1,x2) such that f = ug + ify is
E-regular.

Proof. Since ug is harmonic on {2,
82u0 82u0 82u0

=0.
83:3 890% *

> =
Oxs

We put
8u0 o aul 8u2
Oz Oy Owy’
aUO o 8u1 8u0 o 8UQ
dvy  Omg Ory  Oxo’
Then from ug, we have u; and wue, satisfied Cauchy-Riemann equations for
E-regular on €2, such that

ug + ejur + eaun = ug + 1 fo,

where fy is represented by (2.1). Hence we obtain fo by wp. O

The following proposition is Cauchy integral formula for E-regular functions
which is based on [7] and [8].

Example 3.13. Let f(z) be a function such that

To — 120
f(z) = 2 — 3
(l’o + Z()Zo) 2
A function f(z) is composed of

o 20

(2 + 2070)% .
Since ug and fy are continuous differential functions and the function f(z)
satisfies
dug  Ofo Oug dfo
— == and —=--—"—,
8{[}0 820 820 8{[}0
f is E-regular on R3.

uo (2o, 20) = and  fo(xo,20) = —

(42 + 20%0)*

Example 3.14. Let f(z) be a function such that

f(z) = —

T2

where ( is a real number. Then D f is expressed

ou _0f\ (0 _ o
Org 0Oz drg 07
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and satisfies Equations (3.7) and (3.8). Thus, the function f is E-regular on
R3.

4. GENERALIZATIONS OF CAUCHY-RIEMANN EQUATIONS

We consider two generalizations of Cauchy-Riemann equations to the 3-
dimensional Euclidean space. The first one, obtained by the Dirac operator,
is given by

o T T 4
ng - gz;, (4.2)
Tt fe_ (4.3)
The second one is given by
o <gzg—gzi—gzz>+u2:0, (4.4)
gzj - gz;, (4.5)
gzéz_ng, g::_gzz. (4.6)

The second system can be considered as a non-Euclidean version of the
former one.

Lemma 4.1. In T, we have that the first one, called the system (R), is

ow _ ol
8300 B 820’
ofy _ _ou o
Oxg B 870’
and the second one, called the system (H), is
0 0
20 <u0fo> + fo=0,
0170 8z0 (4 8)
oh _ 0w |
Oxg N 070

In particular, a function f = ug + ify from an open set Q in T into T sat-
isfying (R) is called E-regular or monogenic and satisfying (H) is H-solution.
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Proof. From the definition of operator 8%0, 8%7) and complex-valued function
fo, we obtain the replacing systems. That is, we can replace (4.1) and (4.2) to

Jug  Ofo
Oz Dz
Also, we can replace (4.3) to
dfo Oug
om0
Similarly, we can replace (4.4) to
Oug  Ofo
20 (83;0_820> +f0=0.

Let z =z + %zo in T. By induction, we have

Ui m & EE b m k k—1 kXl g
m __ m— 5,255 : m— 5. 2 =
2™ = E i %0 (—1)225%02 +1 g ;. | %o (1) 2 %% % 2,
k=0 k=1
k:even k:odd

where £ =0,1,2,---. More simply,

where .
o(k) = (_1>L@ %f k %s even,
1 if k is odd.
Also, we have

0
%

82’0

0 a b 0 b a
—{ = - Ve E— + Ve
{31‘1 <\/a2+62 Va? + b2 > dx1 (\/a2+b2 Va? +b? >}

a b b a
X + vV—=1|z1+ — \/—1>x }
{(\/a2+62 Va? + 2 > ' (\/a2+62 Va? + b ?
=1+1=2.

Similarly, we obtain

Zo=2 Z20 = 2z0=0
07 " 0z 07 ’
n n
8 m 271, m' _n a —m 2n m‘ —en
20 20 ) 20 = 20 )
ozl (m —n)! Zo" (m —n)!
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where a and b are real numbers both nonzero and m is a positive integer.

Theorem 4.2. In the system (H), the function 2™ is an H-solution, but it is
not an E-regular function.

Proof. We have

Oug 0 & m K k kB g
v _ Y m—k(_q 2
81)0 81‘0 ;0 <k>x0 ( )QZO 02
k:even
= (m Mk k Bk
= () om-maptenisgat,
k=0
k:even
8f0 0 i m —k k—1 Kkl g
7 _ m 1 2
82’0 820 Zl (k) 0 ( ) 2 %" %0 2
k:odd
" /m ok ko1 Bl py
D P i C VR U VEMCE e
k=1
k:odd
dfo 0 & (m\ . hor RBHL g
ZJo_ v m 1 2
Oxg  Oxo kZ:l </€>x0 (=)= 2" %
k:odd
n IR TS
=2 (ZL) (m— ka7 (1) 2 5 7
k=1
k:odd
Oug 0 & (m —k EE
-2 m—k(_1)5,2
820 820 Z_: <k> 0 ( )220 02
k:even
" k
=2 <Tg>m6”’“(—1)'5z5ko'5‘1
fve

Substituting the above terms into (H)-system satisfies the definition of (H)-
solution, we obtain the theorem. O

Theorem 4.3. The function D"z™™, m > n, is an H-solution for any
positive integer n.

Proof. Generalizing D™ by the definition of D, we obtain the following formula:



926 J. E. Kim

n
" n anfk k 6k
=5 (a0

k=0 023 702
k:even
n _
A n\ onF k1 ok
+ E —m () =
k) oznk L k+1
k=1 0 02y° %o 2
k:odd

To further simplify this and apply

m‘i@%Wm% B

& )
k=0 axg 820 2;0[ 2 ]

where

1

k
. -1)2 if k i ,
o= { OO, ke
(=1)= ¢ if k is odd,

to 2™ we get the following formula:

prgmn _ W S (m> c(j)xgl_jz(gj#]fo[%], (4.9)
j=0

where

(—D)EE if 5 is odd.
Since the equation (4.9) is satisfied Equation (4.8), the result is obtained. O

. —1)} if j is even,
mw{() /

5. CONCLUSION

In order to express quaternions as ternary numbers, we propose a pseudo-
complex form by defining a pseudo-basis of 7. The form of the function suitable
for the new number system is specified and a regular function named E-Regular
function is defined. Considering the properties of regular functions in the
existing quaternion form, we define the form of a ternary regular function.
This preserves the properties of regular functions in quaternion form. Hyper-
conjugate harmonic functions are defined from regular functions that deal
with the number system based on ternary numbers, and their relationship
with regular functions is specified. In addition, by defining Cauchy-Riemann
equations suitable for the ternary number form and investigating its properties,
it is possible to expect the use of regular functions in the ternary number
system.
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