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Abstract. The purpose of this paper is to introduce and study a new kind of strongly non-
linear operator inclusions involving generalized m-accretive mapping in Banach spaces. By
using the resolvent operator technique associated with the generalized m-accretive mapping
due to Huang and Fang, we prove the existence theorems of the solution for this kind of
operator inclusions in Banach spaces, and discuss the convergence and stability of a new
perturbed iterative algorithm with mixed errors for solving this class of nonlinear operator
inclusions in Banach spaces. Our results improve and generalize the corresponding results

of recent works.

1. INTRODUCTION

In this paper, we introduce and study the following new kind of strongly
nonlinear operator inclusion problems involving generalized m-accretive map-

ping:
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Find z € X such that p(x) € Dom(M) and
feN(S(), T(x),U(x)) + M(p(z)), (1.1)

where f is an any given element on X, a real Banach space, S,T,U,p: X — X
and N : X x X x X — X are single-valued mappings and M : X — 2% is a
generalized m-accretive mapping, 2% denotes the family of all the nonempty
subsets of X.

We remark that for a suitable choice of f, the mappings N,n,S,T,U, M,p
and the space X, a number of known new classes variational inequalities, vari-
ational inclusions and corresponding optimization problems can be obtained as
special cases of nonlinear quasi-variational inclusion problem (1.1). Moreover,
these classes variational inclusions provide us a general and unified framework
for studying a wide range of interesting and important problems arising in
mathematics, physics, engineering sciences and economics finance, etc. See
for more details [1, 3, 5, 7, 10, 11, 17, 18, 20] and the references therein.

The study of such types of problems is motivated by an increasing interest in
the operator inclusion problems with applications in Banach spaces. It is well
known that if 7 : X — 2% is a multi-valued operator, where 2% denotes the
family of all the nonempty subsets of X, then the following operator inclusion
problem of finding x € X such that

0€T(u) (1.2)

has been studied extensively because of its role in the modelization of uni-
lateral problems, nonlinear dissipative systems, convex optimizations, equi-
librium problems, knowledge engineering, etc. For details, we can refer to
[1,2,3,4,5,6,7,9, 10, 11, 12, 13, 20] and the references therein. Concerning
the development of iterative algorithms for the problem (1.2) in the litera-
ture, a very common assumption is that 7' is a maximal monotone operator
or m-accretive operator. When 7' is maximal monotone or m-accretive, many
iterative algorithms have been constructed to approximate the solutions of the
problem (1.2).

Recently, Huang and Fang [8] first introduced the concept of a generalized
m-~accretive mapping, which is a generalization of an m-accretive mapping, and
gave the definition and properties of the resolvent operator for the generalized
m~accretive mapping in Banach space. Furthermore, Bi et al. [2] introduced
and studied some new class of nonlinear variational inclusions involving gen-
eralized m-accretive mappings in Banach spaces, they also obtained some new
corresponding existence and convergence results (see, [6, 9]). On the other
hand, many authors discussed stability of the iterative sequence generated by
the algorithm for solving the problems what they studied. See, for example,
[4, 7, 10, 11, 12, 14, 15, 19, 20]) and the references therein.
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Motivated and inspired by the above works, in this paper, we shall introduce
and study the new kind of strongly nonlinear operator inclusion problems
(1.1) involving generalized m-accretive mapping in Banach spaces. By using
the resolvent operator technique for generalized m-accretive mapping due to
Huang and Fang [8, 9], we prove the existence theorems of the solution for
this kind of operator inclusion problems in Banach spaces, and discuss the
convergence and stability of a new perturbed iterative algorithm for solving
this class of nonlinear operator inclusion problems in Banach spaces. Our
results improve and generalize the corresponding results of [3, 7, 10, 11, 13].

2. PRELIMINARIES

Throughout this paper, let X be a real Banach space with dual space X*,
(-,-) the dual pair between X and X*, and 2% denote the family of all the
nonempty subsets of X. The generalized duality mapping J, : X — 2X" s
defined by

Jo(z) = {z" € X" ¢ (z,2%) = ||z]|%, ||l2*|| = ||z}, Vo e X,

where ¢ > 1 is a constant. In particular, Jy is the usual normalized duality
mapping. It is well known that, in general, J,(x) = ||z]|92J2(z) for all  # 0
and J; is single-valued if X* is strictly convex (see, for example, [16]). If
X = H is a Hilbert space, then Jy becomes the identity mapping of H. In
what follows we shall denote the single-valued generalized duality mapping by

Jq-

The modules of smoothness of X is the function px : [0,00) — [0,00)
defined by

1
px(t) = sup{llz +yll +llz —yll = 1 [lz]] < 1, [lyll < t}.

A Banach space X is called uniformly smooth if lim;_,q pr(t) =0 and X is
called g-uniformly smooth if there exists a constant ¢ > 0 such that px < ct9,
where ¢ > 1 is a real number.

It is well known that Hilbert spaces, L, (or l,) spaces, 1 < p < oo, and the
Sobolev spaces WP 1 < p < oo, are all g-uniformly smooth. In the study
of characteristic inequalities in g-uniformly smooth Banach spaces, Xu [16]
proved the following result:

Lemma 2.1. Let ¢ > 1 be a given real number and X be a real uniformly
smooth Banach space. Then X is q-uniformly smooth if and only if there
exists a constant cq > 0 such that for all x,y € X, jo(x) € Jy(x), there holds
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the following inequality
lz +yll* < [zl + gy, jq(2)) + cqllyl*-

Definition 2.2. Let X be a g-uniformly smooth Banach space. Then the
mapping g : X — X is said to be

(i) a-strongly accretive, if for any =,y € X, there exist j,(z—y) € Jy(z—vy)
and constant o > 0 such that
(9(x) = 9(y), Jo(z — y)) = allz —y[|%

(ii) B-Lipschitz continuous, if there exists a constant > 0 such that

lg(z) — gl < Bllz —yll, Vz,ye X.

Definition 2.3. Let X be a g-uniformly smooth Banach space and h,g : X —
X be two single-valued mappings. Then the mapping N : X x X x X — X
is said to be

(i) o-strongly accretive with respect to h in the first argument, if for any
z,y € X, there exist j,(z —y) € Jy(z — y) and constant ¢ > 0 such
that

(ii) ¢-relaxed accretive with respect to g in the second argument, if for any

z,y € X, there exist j,(x —y) € Jy(z — y) and constant ¢ > 0 such
that

(N(,9(@),)) = N(,9(y), ), Jo(x — y)) > —sl|lz — yl|%

(iii) e-Lipschitz continuous with respect to the first argument, if there exists
constant € > 0 such that

||N(.’L‘,,)—N(y,,)” Se”x_ynv ViﬁayEX-

Similarly, we can define the £, ~-Lipschitz continuity in the second and
third argument of N(-,-,-), respectively.

Definition 2.4. ([8]) Let n: X x X — X* be a single-valued mapping and
A: X — 2% be a multi-valued mapping. Then A is said to be

(i) n-accretive if
(u—wv,n(z,y) 20, Vr,yeX,ucA)veAy);

(ii) generalized m-accretive if M is n-accretive and (I + AM)(X) = X for
all (equivalently, for some) A > 0.
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Remark 2.5. Huang and Fang gave one example of the generalized m-accretive
mapping in [8]. If X = X* = H is a Hilbert space, then (i), (ii) of Defini-
tion reduce to the definition of n-monotonicity and maximal 7-monotonicity
respectively; if X is uniformly smooth and n(z,y) = Ja(x — y), then (i) and
(ii) of Definition reduce to the definitions of accretivity and m-accretivity in
uniformly smooth Banach spaces, respectively (see [8, 9]).

Definition 2.6. The mapping n: X x X — X™ is said to be

(i) o-strongly monotone, if there exists a constant 6 > 0 such that
(@ —y,n(z,y)) =8|z —yl?, Va,yeX;
(ii) 7-Lipschitz continuous, if there exists a constant 7 > 0 such that
In(z, ) < 7llz—yll, Vo,yeX.
In [8], Huang and Fang show that for any p > 0, inverse mapping (I +pA)~!
is single-valued, if n: X x X — X* is strict monotone and A : X — 2¥ is a

generalized m-accretive mapping, where [ is the identity mapping. Based on
this fact, Huang and Fang [8] gave the following definition:

Definition 2.7. Let A : X — 2% be a generalized m-accretive mapping.
Then the resolvent operator .J ﬁ for A is defined as follows:

Jh(z) = (I +pA)'(2), VzeX,
where p > 0 is a constant and n : X x X — X* is a strictly monotone mapping.
Lemma 2.8. ([8,9]) Let X be a g-uniformly smooth Banach space andn : X X
X — X* be 7-Lipschitz continuous and 6-strongly monotone, and A : X — 2%

be a generalized m-accretive mapping. Then the resolvent operator JY for A
18 %—Lipschitz continuous, i.€.,

-
14(@) = Ta)ll < 5llz =yl Vo,y e X.

3. EXISTENCE THEOREMS

In this section, we shall give the existence theorems of problem (1.1). Firstly,
from the definition of J¥,, we have the following lemma:

Lemma 3.1. x is the solution of problem (1.1) if and only if
p(x) = Ji;p(z) — p(N (S(2), T(2), U(z)) - f)]. (3.1)
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Theorem 3.2. Assume that X is a g-uniformly smooth Banach space, map-
pings S, T, U : X — X is &, p, v-Lipschitz continuous, respectively. Let
p: X — X be a-strongly accretive and B-Lipschitz continuous, N : X X
X x X — X be o-strongly accretive with respect to S in the first argument
and s-relaxed accretive with respect to T in the second argument, and €, &,
~v-Lipschitz continuous in the first, second and third argument, respectively.
Letn: X x X — X* be 7-Lipschitz continuous and J-strongly monotone, and
M : X — 2% be generalized m-accretive. If

{ h=(1+43)(1—qga+cp07 <1, 1 52)
T[(1 = gp(o — <) + cgp?(er + Ep)9) @ + pyv] < 6(1 —h),

where cq is the same as in Lemma 2.1, then problem (1.1) has a unique solution

x*.

Proof. From Lemma 3.1, problem (1.1) is equivalent to the fixed problem (3.1),
equation (3.1) can be rewritten as follows:

v =x—p(x) = Ji[p(x) - p(N(S(z), T(x),U(x)) - f)]-

For every z € X, take
Qz) =z — p(x) = Ji;[p(x) — p(N(S(2), T(x), U(x)) - f)]. (3.3)

Then z* is the unique solution of problem (1.1) if and only if z* is the unique
fixed point of Q. In fact, it follows from (3.3) and Lemma 2.8 that

|Q@) - QW)
<z —y = (p(z) — p(y))l

I8 [p(@) = p(N(S(@). T(@). U() = /)]

~T34lp(y) = p(N(S (). T(y). Uw)) — ]I
< (14 Dl =y - (p(@) -~ pw))]

5 {lle =y = PV (S(). T(@). U(@)) = N(S(y), T(2), U ()

+(N(S(y), T(x),U(x)) = N(S(y), T(y), U(x)))]l
+PIIN(S(y), T(y), U(x)) = N(S(y), T(y), Uy)}- (3.4)

By the hypothesis of S,T,U, p, N and Lemma 2.1, now we know there exists
cq > 0 such that

[z =y = (p(x) =p)[|* < (1 = ga + ¢z =yl (3.5)
IN(S(y), T(y), U(x)) = N(S(y), T(y), Uy))ll <yvlz —yll, (3.6)

—~

p(x
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|2 =y = p(N(S(2), T(2), U(x)) = N(S(y), T (x), U(x)))
+HN(S(y), T(x), U(x)) = N(S(y), T(y), Ux)]l|

< llz =yl
—qp((N(S(z), T (x),U(x)) = N
+(N(S(y), T(2),U(x)) = N(S(y), T(y), U(2))), jg(x = y))
+egp?[(N(S(2), T(x), U(x)) = N(S(y), T
H(N(S(y), T(x),U(x)) = N(S(y), T(y), U(x)))*

< [l =yl
—gp[(N(S(2),T(x),U(z)) = N(S(y), T(x), U(x)), j
+WN(S(y), T(x), U(x) )

) = N(S(y), T(y),U(x) —y))]
+cgp[[N(S(x), T(2), U(x)) = N(S(y), T(x),U(z))|
HIN(S(y), T(x),U(x)) — N(S(y), T(y), U(x))][]®
< [L=gplo = <) + cgp(er + Ep) ] ||lz — yl|“. (3.7)
Combining (3.4)-(3.7), we get
1Q(x) = Q)| < Ollz —yll, (3.8)

where
T 1
0=h+<[(1-gp(o <) +cqpiler +Eu)) 7 + pyv],
h=(1+ %)(1 — g+ B9

It follows from (3.2) that 0 < # < 1 and so @ : X — X is a contractive
mapping, i.e., @) has a unique fixed point in X. This completes the proof. [

(3.9)

Remark 3.3. If X is 2-uniformly smooth Banach space and there exists p > 0
such that

h=(1+35)vV1-2a+cp? <1,
0< p < 6(7};,/}0) 77/ < \/6(6% + 5;“)7
(0 — <) > oyw(l —h) + \/62 m +E&p)? —y2[r? — 52( —h)?,
’ G Gy +6'yu (h—1) ’ )—dyv(1—h)]%—[co(er+Ep)? —~2v2?][12 =62 (1—h)?]
P Flealentén)?— V"’] 7lez(en+Ep)?—y V2] ’
then (3.2) holds. We note that Hilbert space and L, rem (or [,) (2 < p < 00)
spaces are 2-uniformly Banach spaces.

Remark 3.4. Conditions (3.2) in Theorem 3.2 hold for some suitable value
of constants, for example, ¢ = 2, 7 = 0.25,0 = 0.38,5 = 0.75,a« = 0.65,¢3 =
0.65,7 = 0.15,v = 0.45,k = 0.45,¢ = 0.85, 4 = 0.85,£ = 0.72,0 = 0.75,¢ =
0.150, p = 0.8648 and the contractive coefficient § = 0.9010 < 1.
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4. PERTURBED ALGORITHMS AND STABILITY

In this section, by using the following definition and lemma, we construct a
new perturbed iterative algorithm with mixed errors for solving problem (1.1)
and prove the convergence and stability of the iterative sequence generated by
the algorithm.

Definition 4.1. Let S be a selfmap of X, z¢p € X, and let x,+1 = h(S,zy,)
define an iteration procedure which yields a sequence of points {x,}>2, in X.
Suppose that {z € X : Sz = 2} # 0 and {z,}5°, converges to a fixed point
z* of S. Let {u,} C X and let €, = |Jupt1 — h(S,up)||. If lime, = 0 implies
that u, — x*, then the iteration procedure defined by

Tn+1 = h<Sa 1'”)

is said to be S-stable or stable with respect to S.

Lemma 4.2. ([13]) Let {an},{bn},{cn} be three nonnegative real sequences
satisfying the following condition: there exists a natural number ng such that

ant1 < (1 - tn)an + bptn +cny, VN 2> ng,
where t, € [0,1], Y07 o t, = 00, limy oo by =0, Y 07 ¢n < 00. Then a, — 0

n=0
(n — o00).

The relation (3.1) allows us to suggest the following perturbed iterative
algorithm with mixed errors.

Algorithm 4.3. Step 1. Choose xg € X.
Step 2. Let

Tn4+1 = (1 - an)xn + an[yn - p(yn)
+J]F\)/[(p(yn) - p(N(S(yn)v T(yn)a U(yn)) - f))] + apln + Wn, (4 1)
Yn = (1 - ﬁn)xn + ﬁn[zvn - P(»Tn) .
+ Iy (p(zn) = p(N(S(@n), T(2n), U(zn)) = f))] + vn.

Step 3. Choose sequences {an}, {fn}, {un}, {vn} and {w,} such that for
n >0, {an}, {Bn} are two sequences in [0,1], {un}, {vn},{wn} are sequences
in X satisfying the following conditions:

(i) un = U;z + u;/w'
(i) limy oo Hu;zH = limy, 00 [|Un]| = 0;

(i) S22 ] < o0, 352 flwnll < oo
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Step 4. If Tpi1, Yn, Qn, P, Un, Uy and wy, satisfy (4.1) to sufficient accuracy,
go to Step 5; otherwise, set n :=n+ 1 and return to Step 2.
Step 5. Let {z,} be any sequence in X and define {e,} by

En = HZn—H - {(1 - Oén)zn + an[tn - p(tn)
+JJ’\)/[(p(tn) = p(N(S(tn), T(tn), U(tn)) — f))] + anun + wn}l, (4.2)
tp = (1 - ﬂn)zn + Bn[zn _p(zn) '
+ 5 (p(zn) = p(N(S(2n), T(20), U (zn)) — f))] + vn.

Step 6. If €n, zZnt1, tn, Qn, Bn, Un, vn and wy satisfy (4.2) to sufficient
accuracy, stop; otherwise, set n:=mn + 1 and return to Step 3.

Theorem 4.4. Suppose that X, S, T,U,p, N,n and M are the same as in
Theorem 3.2, 6 is defined by (3.9). If Y ° yan = 00 and condition (3.2) holds,
then the perturbed iterative sequence {xy,} defined by (4.1) converges strongly
to the unique solution of problem (1.1). Moreover, if there exists a € (0, ]
for all n > 0, then lim,_ .o 2, = =¥ if and only if lim,_ ., €, = 0, where &, is
defined by (4.2).

Proof. From Theorem 3.2, we know that problem (1.1) has a unique solution
z* € X. It follows from (4.1) and the proof of (3.8) in Theorem 3.2 that

[2nt1 — 2]
< (1= an)llzn — 2"l + anbllyn — 2" [ + an(llup ]| + [lunl) + llwnll
< (1= om)llzn = 2" + anbllyn — 27| + anflup | + (lugll + lwnl), (4.3)

where 6 is the same as in (3.9). Similarly, we have
[yn — 2" < (1 = Bn + Bnb)[lzn — 2™ + [lvnl]- (4.4)
Combining (4.3)-(4.4), we obtain
lnst — 2% < 1= an(l— 01— B+ Bub))ln — 27|
tan([[upll + 0llvnll) + (lupll + llwnll)- (4.5)

Since # < 1,0< 5, <1 (n>0),wehave 1l — 3, + 8,0 <land 1—6(1—75,+
frf) > 1 —60 > 0. Therefore, (4.5) implies

[#nt1 — 27| < [1—an(l = 0)][lzn — 27|
1
+an(1=0) - T (lun || +0lloal)+ (llun | +llwal)-  (4.6)
Since Y ° ; ay, = 00, it follows from Lemma 4.2 and (4.6) that |z, — 2*|| —

0(n — o0), i.e., {z,} converges strongly to the unique solution x* of the
problem (1.1).
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Now we prove the second conclusion. By (4.2), we know
[2nt1 — 2% < (1 — an)zn + anltn — p(tn)
+ 5 (p(tn) = p(N(S(tn), T(tn), U(tn)) — f))]
+anty + wy — || + en. (4.7)
As the proof of inequality (4.6), we have
(1 — an)zn
Fan [ty — p(tn) + T3 (p(ta) — p(N(S(tn), T(tn), U(tn)) — f))]
+apuy, + w, — |
<[ —an(l=0)][zn — 27

1
(1= 0) - ()l + 8l + (] + lon]). (43)

Since 0 < a < a,, it follows from (4.7) and (4.8) that
[zn1 — 27|
<[ —an(l=0)lzn — 27|
Fon(l-0)- 1%Q(HUZH +0llonll) + (lupll + llwnll) + &n
<[ —an(l=0)]llzn — 27|

1 En
oan(1 = 0) - =5 (| + Olonll + )+ (] + wn]).
Suppose that lime, = 0. Then from ) ° &, = oo and Lemma 4.2, we have
lim z,, = =*.
Conversely, if lim z,, = z*, then we get
€n = Hzn—I—l - {(1 - an)zn + an[tn - p(tn)
+ Iy (p(tn) = p(N(S(tn), T(tn), U(t)) = f))] + anun + wil||

< lzngr — 2 + (1 — an)zn + anltn — p(tn)
+ 0 (p(tn) = p(N(S(tn), T(tn), U(tn)) — £))) + antin + wy — 27|
< lzngr =2+ [1 = an(1 = 0)]l|zn — 27
+an(|[ug ]| + Ollvall) + (lun | + [lwnll) = 0 (n — oo).
This completes the proof. O

Remark 4.5. If u, = v, = w, = 0 (n > 0) in Algorithm 4.3, then the
conclusions of Theorem 4.4 also hold. The results of Theorems 3.1 and 4.1
improve and generalize the corresponding results of [3, 7, 10, 11, 13].
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5. CONCLUSIONS

In this paper, we first introduce a new kind of strongly nonlinear operator
inclusion problems (i.e., quasi-variational inclusions) involving generalized m-
accretive mapping in Banach spaces and analyze the generalized m-accretive
mapping introduced by Huang and Fang (see [8, 9]), the definition of the re-
solvent operator for the generalized m-accretive mapping in Banach space and
some correlative results. Secondly, by using the resolvent operator technique
for generalized m-accretive mapping, we translate the kind of strongly non-
linear operator inclusion problems involving generalized m-accretive mapping
into a fixed point problem, and prove the existence and uniqueness of the
solution for this kind operator inclusion problems. Finally, we construct a
new class of perturbed iterative algorithm with mixed errors for solving this
kind of strongly nonlinear operator inclusion problems in Banach spaces and
discuss the convergence and stability of the iterative sequence generated by
the algorithm. Our results improve and generalize the corresponding results
of [3, 7, 10, 11, 13].

On above studied a new kind of strongly nonlinear operator inclusion prob-
lems involving generalized m-accretive mapping in Banach spaces, we can
completely consider three-step perturbed iterative algorithm constructed by
Wang et al. in [20] and easily obtain the same results as Theorem 4.4.
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